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Abstract

We describe a multivariable polynomial invariant for certain class of non
isolated hypersurface singularities generalizing the characteristic polynomial
on monodromy. The starting point is an extension of a theorem due to Lê and
K.Saito on commutativity of the local fundamental groups of certain hyper-
surfaces. The description of multivariable polynomial invariants is given in
terms of the ideals and polytopes of quasiadjunction generalizing correspond-
ing data used in the study of the homotopy groups of the complements to
projective hypersurfaces and Alexander invariants of plane reducible curves.

1 Introduction

One of the central results in the study of the topology of algebraic hypersurfaces near
a singular point is the assertion that the complement to the link of a singularity is
fibered over the circle with the connectivity of the fiber depending on the dimension
of the singular locus of the hypersurface (cf. [20]). More precisely, if X ⊂ Cn+1

is a germ of such a hypersurface, SingX is the singular locus of X which we shall
assume contains the origin 0, k = dimX and Bϵ is ball in Cn+1 of a sufficiently small
radius ϵ centered at 0, then there is a locally trivial fibration ∂Bϵ − ∂Bϵ ∩X → S1.
Moreover, the fiber FX of this fibration is n − k − 1-connected (i.e πi(FX) = 0 for
1 ≤ i < n− k). Existence of a locally trivial fibration allows to restate this Milnor’s
result as follows: the cyclic cover of ∂Bϵ − ∂Bϵ ∩X corresponding to the kernel of
the map π1(∂Bϵ−∂Bϵ ∩X) → Z sending a loop to its linking number with ∂Bϵ∩X
is n− k − 1-connected. In fact this cyclic cover is homotopy equivalent to FX .

In present papers we consider the abelian rather than cyclic covers of the com-
plement ∂Bϵ − ∂Bϵ ∩X and study their connectivity. It is easy to see (cf. lemma
2.1) that H1(∂Bϵ−∂Bϵ ∩X) = Zr where r is the number of irreducible components
of X i.e. a hypersurface must be reducible in order that its complement will admit
abelian but non cyclic covers. This forces singularities already in codimension 1.
We shall assume that these singularities, inherently present in the cases when non
cyclic covers do exist, are normal crossings except perhaps for the origin. In this
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case the Milnor fiber has the fundamental group isomorphic to Zr−1 (cf. [10] and
4.6) but the universal abelian cover is (n− 1)-connected i.e. making this situation
analogous to the case of isolated singularities in cyclic case. This result is proven in
section 3. Standard arguments with hyperplane sections show that if a germ of a
singularity has non-normal crossings only in dimension k then πi(∂Bϵ−∂Bϵ∩X) = 0
for 2 ≤ i ≤ n − k − 1. The fundamental group π1(∂Bϵ − ∂Bϵ ∩ X) is abelian as
was shown by Lê Dung Trang and K.Saito (cf. [10]) and hence is isomorphic to Zr.
Therefore section 3 can be viewed as a generalization of the result of Lê-Saito which
takes into account dimension of the locus of non normal crossings.

In the case n = 1 the topology of abelian covers of the complements to the union
of irreducible germs was studied in [17]. This case is similar to the one considered
in this paper but the role of the homotopy group is played by the homology of the
universal abelian cover. Indeed in the case of isolated non normal crossings of a
union of germs of r hypersurfaces (INNC) the homology and the homotopy of the
universal abelian covers are isomorphic (cf. section 2.3). In [17] we described an
algebro-geometric way to calculate the support of the homology of universal abelian
cover endowed with the structure of Zr-module. In this paper we generalize this
method to the case of isolated non normal crossings. More precisely we consider the
C[Zr]-module πn(∂Bϵ − ∂Bϵ ∩ X) ⊗Z C. Its support, can be defined as the set of
points χ ∈ SpecC[Zr] = C∗r such that:

(πn(∂Bϵ − ∂Bϵ ∩X)⊗Z C)⊗π1(∂Bϵ−∂Bϵ∩X) Cχ ≠ 0

(we identify Spec[π1(∂Bϵ−∂Bϵ∩X)] and Char(π1(∂Bϵ−∂Bϵ∩X) using isomorphism
of their rings of regular function obtained by viewing elements of Zr as functions
on Char(Zr); here Cχ is C with the action of γ ∈ π1(∂Bϵ − ∂Bϵ ∩ X) given by
multiplication by χ(γ)). Notice that the study of the homotopy groups of the
complements with module structure when the fundamental group is Z started in
[13], [14], [1], [2] and in the context of non isolated singularities in [18].

Support loci for homology groups of the universal abelian cover of a CW complex
may have arbitrary codimension in SpecC[Zr] (cf. e.g. calculations in [16]). We
show, however, that in the case of isolated non normal crossings codimSuppπn(∂Bϵ−
∂Bϵ ∩ X) ⊗Z C is equal to one. In fact we calculate several components of the
support of the homotopy group in terms of a resolution of the non normal crossing
singularity. These components correspond to faces of polytopes constructed here
from resolutions and are called the principal components. This calculation is given
in terms of certain ideals associated with the singularity generalizing the ideals of
quasiadjunction studies in [17] in multivariable version and in [11], [19] in the case
of one variable polynomial invariants.

This suggests a polynomial invariant P (t1, t
−1
1 , ..., tr, t−1

r , X) of INNC’s defined as
a generator of the divisorial hull of the first Fitting ideal of πn(∂Bϵ−∂Bϵ∩X)⊗ZC

(it is well defined up to a unit of the ring of Laurent polynomial). In cyclic case
this polynomial is the characteristic polynomial of the monodromy. An interesting
problem is to isolate the cases then the support of πn(∂Bϵ−∂Bϵ∩X) consist entirely
of the principal components described in this paper.
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The content of the paper is the following. In the next section we discuss techni-
cal results used in the paper: (Γ, n)-complexes, Leray-Mayer-Vietoris sequence and
other preliminary results. In section 3 we prove mentioned above extension of the
theorem of Lê-Saito. Next we show that the zero sets of Fitting ideals of homotopy
modules, which we call the characteristic varieties of the homotopy groups (cf. [16]),
can be used to calculate the homology of abelian covers of ∂Bϵ branched over the
intersection of the latter with a germ of INNC. Characteristic varieties also deter-
mine the homology of unbranched covers of the complement to a germ of INNC in
∂Bϵ as well as homology of the Milnor fiber. These results generalize corresponding
results in dimension n = 1 which appear in [12] in unbranched and in [21] in un-
branched case. In section 5 we calculate what we call “the principal component” of
the support of the characteristic variety in question in terms of ideals and polytopes
of quasiadjunciton. In the last section we provide examples and several concluding
remarks relating introduced here ideals and polytopes of quasiadjunction to mul-
tiplier ideals and log-canonical thresholds. Complete calculation of characteristic
varieties remains an interesting problem.

I want to thank A.Dimca for careful reading of an earlier version of this paper
and his useful comments. I also thank the organizers of the VII’th workshop on
Singularities for their warm hospitality during my visit to San Carlos.

2 Preliminaries.

2.1 Complements to reducible germs

We continue to use the notions from the Introduction i.e. X =
⋃i=r

i=1Di ⊂ Cn+1 is
a union of germs of singularities and Bϵ is a small ball about the origin. We shall
start with the following:

Lemma 2.1 H1(∂Bϵ − ∂Bϵ ∩X) = Zr

This is immediate consequence of the Alexander duality and Mayer Vietoris exact
sequence since ∂Bϵ ∩X is a union of r (2n− 1)-dimensional manifolds intersecting
pairwise along (2n− 3)-submanifolds.

Notice that the identification with Zr = ⊕r
i=1Zei depends on the ordering of

irreducible components of X . If such selection is made, the isomorphism in 2.1
sends ei to a loop having the linking number with i-th component equal to 1 and
zero linking number with the remaining ones.

Our main result on the homotopy groups πi(∂Bϵ − ∂Bϵ ∩
⋃
Di), which we prove

in the next section, is the following:

Theorem 2.2 Let X =
⋃i=r

i=1Di ⊂ Cn+1 be is union of r irreducible germs with
normal crossings outside of the origin. If n ≥ 2, then

π1((∂Bϵ − ∂Bϵ ∩X) = Zr πk((∂Bϵ − ∂Bϵ ∩X) = 0 for 2 ≤ k < n
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The term ”normal crossings outside of the origin” is used in the sense that each
components is non singular outside of the origin and intersection of components
at each point outside of the origin is the normal crossing. The claim about the
fundamental group is immediate consequence of the result of Lê and K.Saito (cf.
[10]) coupled with lemma 2.1.

Here we just point out that theorem 2.2 yields the following:

Corollary 2.3 Let NN(X) be the non-normal locus of X =
⋃i=r

i=1Di i.e. subset
of X of points at which X fails to be a normal crossing divisor. If codimension of
NN(X) in X is greater than 1 then:

π1((∂Bϵ−∂Bϵ∩X) = Zr and πk(∂Bϵ−∂Bϵ∩X) = 0 for 2 ≤ k < n−dimNN(X)

Let us consider generic linear subspace L in Cn+1 having codimension equal to
dimNN(X) and passing through the origin. Then by a theorem of Lê and Hamm
(cf. [9]) πk(L ∩ ∂Bϵ − ∂Bϵ ∩X) = πk(∂Bϵ − ∂Bϵ ∩X) for k < dimL− 1. Hence the
corollary follows from theorem 2.2.

2.2 Action of π1(X) on higher homotopy groups

Fundamental group of a CW-complex acts on the homotopy groups πi(X) via White-
head product (cf. [25]). If n ≥ 2 and one has vanishing: πi(X) = 0 for 2 ≤ i < n
then such action on πn(X) coincides with the action of the group of covering trans-
formation on Hn(X̃) = πn(X̃) = πn(X) where X̃ is the universal cover of X (the
first equality is the Hurewicz isomorphism).

We shall use the functoriality of this action. In particular if p : Y → X is a
circle fibration, γ ∈ π1(Y ) is an element corresponding to the fiber and x ∈ πj(Y )
we have: p∗(γ · x) = p∗(γ)ṗ∗(x) = p∗(x). Since p∗ : πj(Y ) → πj(X) is injective for
j ≥ 2 the action of γ is trivial.

2.3 Complexes with vanishing low dimensional homotopy

Definition 2.4 ([3]) A complex K is called a (Γ, k) complex if:
1.dimK = k
2. π1(K) = Γ
3. πi(K) = 0 for 2 ≤ i ≤ k − 1.

For certain Γ the homotopy type of a (Γ, k) complex is determined by the Euler
characteristic. Class of such groups includes Zr (cf. [3], [24]). In particular a (Zr, n)
complex is homotopy equivalent to a wedge of the n-skeleton of a n-torus (S1)r

wedged with several copies of Sn.

2.4 Leray-Mayer-Vietoris spectral sequence

LetX be a paracompact topological space and letM = {Mi|i ∈ S} be a locally finite
cover ofX by closed subsets. For a sheaf A onX one has the Leray spectral sequence
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(cf. [4] Th. 5.2.4) which is one of the two spectral sequence corresponding to the
double complex: C∗,∗(X,M,A) = ⊕CardS=p+1Cq(∩i∈SMi,A) with Cech and usual
cochains differentials. It has as abutment Hp+q(X,A) and Ep,q

2 = Hp(M,Hq(A)).
Here Hq(A) is the system of coefficients on the nerve of the cover M given by
S → Hq(MS,A) where S is a subset of the set S. Moreover Ep,q

1 = Cp(M,Hq) =
⊕CardS=p+1Hq(MS,A). Applying this to the case of finite union of closed subsets
X =

⋃
i∈S Xi, a constant sheaf A and denoting X [p] =

∐
Xi0 ∩ .... ∩Xip we obtain

the spectral sequence:

Ep,q
1 = Hq(X [p]) ⇒ Hp+q(X) (1)

Example 2.5 In the case CardS = 2 this spectral sequence is equivalent to the
Mayer-Vietoris exact sequence. Indeed, only terms E0,q

1 = Hq(X1) ⊕ Hq(X2) and
E1,q

1 = Hq(X1∩X2) in E1-term of the spectral sequence (1) are non trivial. Moreover
E0,q

2 = KerHq(X1)⊕Hq(X2) → Hq(X1∩X2) and E1,q
2 = CokerHq(X1)⊕Hq(X2) →

Hq(X1 ∩ X2). Since the other differentials must be trivial one has: 0 → E0,n
2 →

Hn(X1 ∩ X2) → E1,n−1
2 → 0. The exactness of this sequence is equivalent to the

exactness of the Mayer-Vietories.

3 Homotopy vanishing.

In this section we shall prove the theorem 2.2.

Step 1. The action of π1(∂Bϵ − ∪iDi) on πj(∂Bϵ − ∪iDi) is trivial if j ≤ n− 1.

Let Tδ,l be a sufficiently small tubular of one of the hypersurfaces Dl in Bϵ. Let
L be a generic hyperplane passing through the origin which belongs to Tδ,l. By a
Zariski-Lefschetz type theorem (cf. [9]) we have surjection for j ≤ n − 1 and an
isomorphism for j < n− 1 (the first and last equalities due to the conical structure
of singularities and are valid for all i):

πj(∂Bϵ−∪iDi)∩L) = πj((Bϵ−∪iDi)∩L) → πj((Bϵ−∪iDi)) = πj(∂Bϵ−∪iDi) (2)

This implies that the second map in the composition:

πj(∂(Bϵ − ∪iDi) ∩ L) → πj(Tδ,l ∩ ∂Bϵ − ∪iDi) → πj(∂Bϵ − ∪iDi) (3)

is surjective for j ≤ n− 1
On the other hand we have a locally trivial fibration:

Tδ,l ∩ (∂Bϵ − ∪iDi) → ∂Bϵ ∩ (Dl −Dl ∩i≠l Di) (4)

which yields that the action on πj(Tδ,l ∩ (∂Bϵ − ∪iDi)) of the element of π1(Tδ,l ∩
(∂Bϵ − ∪iDi)) corresponding to the loop which the boundary of the transversal
to Dl disk in ∂Bϵ is trivial (cf. sect. 2.2) Therefore the action of the element of
π1(∂Bϵ −∪Di) corresponding to the boundary of a small 2-disk normal to Dl ∩ ∂Bϵ
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in ∂Bϵ on πi(∂Bϵ − ∪Di) is trivial for j ≤ n − 1. Since this is the case for all
l, (l = 1, ..., r) and π1(∂Bϵ − ∪Di) is generated by these loops the claim follows.

Step 2. For j ≤ n− 1 one has the isomorphism:

Hj(∂Bϵ − ∪iDi) = Λj(Zr) (5)

and for j = n the surjection:

Hn(∂Bϵ − ∪iDi) → Λn(Zr) (6)

First notice that exact sequence of the pair (∂Bϵ, ∂Bϵ−∪iDi) and the duality yields:

Hj(∂Bϵ − ∪iDi) = H2n−j(∂Bϵ ∩ ∪iDi) (7)

The spectral sequence

Ep,q
1 = Hq(D[p]) ⇒ Hp+q(∪i∂Bϵ ∩Di) (8)

discussed in 2.4 in the case Xi = Di ∩ ∂Bϵ has non zeros in the term E1 only for
q = 0, n− 1 − p, n− p, 2n− 1 − 2p. Moreover Ep,2n−1−p

1 = ⊕i0<...<ipH
2n−1−p(Di0 ∩

....∩Dip) = Λp+1(Zr) as can be seen by induction from the Mayer-Vietoris sequence.
For p + q ≥ n + 1 the terms in Ep,q

1 are unaffected by subsequent differentials and
hence:

Λp(Zr) = Ep−1,2n+1−2p
1 = Ep−1,2n+1−2p

∞ = H2n−p(∪iDi) = Hp(∂Bϵ−∪iDi) (p ≤ n−1)
(9)

If r < n then Ep,q
1 = 0 for p ≥ r and for p = n it follows that En−1,1

1 = Λn(Zr) = 0
which proves the claim if the number of components of the divisor is less than the
dimension of the ambient space. On the other hand the case of arbitrary r can be
reduced to this one as follows. Notice that adding sufficiently high powers of new
variables to equations defining Di’s yields the system of r equations defining INNC
∪D̃i in CN such that all sections of ∪D̃i by linear subspace through the origin are
diffeomorphic (since by Tougeron’s theorem adding terms of sufficiently high degree
does not change topological type). By Lefschetz theorem (cf. [9]) one has surjection
πn(∂Bϵ − ∪iDi) → πn(∂Bϵ − ∪iD̃i) = ΛnZr. Taking N > r we obtain the claim.

Step 3. End of the proof.

We shall finish the proof of the theorem 2.2 by induction over j in πj(∂Bϵ − ∪Di).
For j = 1 the claim is proven in [10]. Next assuming vanishing of the homotopy up
to dimension j − 1 let us consider the five terms exact sequence for a space X on
which a group π acts freely ((πj)π is the quotient of covariants):

Hj+1(X ) → Hj+1(π) → (πj)π → Hj(X ) → Hj(π) → 0 (10)

In the case when X is the universal abelian cover of ∂Bϵ − ∂Bϵ ∩
⋃

iDi and π =
π1(∂Bϵ − ∂Bϵ ∩ (

⋃
1≤i≤r Di)) it follows from the step 2 and the isomorphism π = Zr

that the right homomorphism is isomorphism for j ≤ n − 1, while the left is the
isomorphism for j ≤ n − 2 and surjective for j = n − 1. On the other hand the
step 1 yields that (πj(X))π1

= πj(X). Hence πj(X) = 0 as long as j ≤ n− 1 which
yields the claim of theorem 2.2.
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4 Homotopy module and the homology of abelian

covers.

We shall describe now the characteristic varieties corresponding to INNC, which are
the invariants of the first non-vanishing higher homotopy group of the complement to
the link. Then we shall use them to calculate the homology of the covers associated
with INNC and the homology of Milnor fibers of INNC’s.

Definition 4.1 Homotopy module of an INNC is πn(∂Bϵ − ∂Bϵ ∩ (
⋃

1≤i≤r Di) con-
sidered as the module over π1(∂Bϵ − ∂Bϵ ∩ (

⋃
1≤i≤r Di).

Let Char(π1(∂Bϵ − ∂Bϵ ∩ (
⋃

1≤i≤r Di))) = Hom(π1(∂Bϵ−∂Bϵ∩ (
⋃

1≤i≤r Di)),C∗) be
the group of characters of the fundamental group. This group can be identified
with SpecC[π1(∂Bϵ−∂Bϵ ∩ (

⋃
1≤i≤r Di))] since any γ ∈ π1(∂Bϵ−∂Bϵ ∩ (

⋃
1≤i≤r Di))

defines the function χ → χ(γ) on the group of characters and so does any linear
combination of the elements of the group algebra.

Let R = C[π1(∂Bϵ − ∂Bϵ ∩ (
⋃

1≤i≤r Di))]. Using the identification of π1(∂Bϵ −
∂Bϵ ∩ (

⋃
1≤i≤r Di)) = H1(∂Bϵ − ∂Bϵ ∩ (

⋃
1≤i≤r Di)) with Zr from 2.1 we obtain

identification of R with the ring of Laurent polynomials C[t1, t
−1
1 , ..., tr, t−1

r ]. The
k-th Fitting ideal of the homotopy module 4.1 is the ideal generated by the minors
of order (n − k + 1) × (n − k + 1) of the map Φ : Rm → Rn such that CokerΦ =
πn(∂Bϵ − ∂Bϵ ∩ (

⋃
1≤i≤r Di)⊗Z C (cf. [16]).

Definition 4.2 k-th characteristic variety Vk(X) of an isolated non-normal cross-
ing X = ∪i=r

i=1Di is the subset of zeros of the k-th Fitting ideal in SpecC[π1(∂Bϵ −
∂Bϵ ∩ (

⋃
1≤i≤r Di))]. Alternatively (cf. [16]) this is the set of P such that

rkCπn(∂Bϵ − ∂Bϵ ∩X)⊗Z C⊗π1(∂Bϵ−∂Bϵ∩X) CP ≥ k

with the structure of π1(∂Bϵ − ∂Bϵ ∩ X)-module on CP defined as the standard
structure on a quotient of C[π1(∂Bϵ − ∂Bϵ ∩X)]-module (cf. [16]).

Notice that if Xi is obtained from X by deleting the component Di we have sur-
jections ψi : π1(∂Bϵ − ∂Bϵ ∩ X) → π1(∂Bϵ − ∂Bϵ ∩ Xi) and hence embedding:
ψ∗
i : Spec[π1(∂Bϵ − ∂Bϵ ∩Xi)] → Spec[π1(∂Bϵ − ∂Bϵ ∩X)].

Definition 4.3 The nonessential part of k-th characteristic variety of INNC X
is the subset of this characteristic variety which consist of points which belong to
Imψ∗

i (Vk(Xi)). Complement to the non essential part is called the essential part of
characteristic variety.

Now we shall describe the homology of branched and unbranched covers in terms of
characteristic varieties. For each P ∈ SpecC[π1(∂Bϵ − ∂Bϵ ∩X)] let:

f(P,X) = {max k |P ∈ Vk(X)} (11)

We have the following:
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Proposition 4.4 Let Um1,...,mr be unbranched cover of ∂Bϵ−∂Bϵ∩(
⋃

1≤i≤r Di) corre-
sponding to the homomorphism π1(∂Bϵ−∂Bϵ ∩ (

⋃
1≤i≤r Di)) = Zr → ⊕1≤i≤rZ/miZ.

Then
rkHp(Um1,...,mr ,C) = Λp(Zr) p ≤ n− 1

rkHn(Um1,...,mr ,C) =
∑

(...,ωj,...),ω
mj
j

=1

f((...,ωj, ...), πn(∂Bϵ − ∂Bϵ ∩ (
⋃

1≤i≤r

Di))

A proof, similar to the one given in [12] in the case of links in S3, can be obtained
by applying the sequence (10) to the case when X is the universal abelian cover of
∂Bϵ − ∂Bϵ ∩ (

⋃
1≤i≤r Di) and when π is the kernel of the homomorphism π1(∂Bϵ −

∂Bϵ ∩ (
⋃

1≤i≤r Di)) = Zr → ⊕1≤i≤rZ/miZ.

In branched case we have:

Proposition 4.5 Let Vm1,...,mr be branched cover of ∂Bϵ branched over
∂Bϵ ∩ (

⋃
1≤i≤r Di) with the Galois group G = ⊕1≤i≤rZ/miZ. For each χ ∈ CharG

let Iχ = {i|1 ≤ i ≤ r,χ(Zmi
) ≠ 1} where Zmi

is the i-th summand of G. Such χ can
also be considered as a character of π1(∂Bϵ − ∂Bϵ ∩ (

⋃
i∈Iχ Di)) in which case it will

be called reduced and denoted χred. Let Vχ be the branched cover of ∂Bϵ branched
over ∂Bϵ ∩ (

⋃
i∈Iχ Di) and having Imχ = G/Kerχ as its Galois group. Then

πp(Vm1,...,mr) = 0 1 ≤ p ≤ n− 1

rkHn(Vm1,...,mr ,C) =
∑

χ∈Char

f(χred,
⋃

i∈Iχ

Di)

Proof. The abelian cover Vm1,...,mr is the link of an isolated complete intersection
singularity:

zm1

1 = f1(x1, ..., xn), ..., z
mr
r = fr(x1, ..., xn) (12)

where fi(x1, ..., xn) = 0, 1 ≤ i ≤ r is an equation of the divisor Di. Hence we obtain
the first equality in the proposition (cf. [6]).

For χ ∈ CharG and a G-vector space W let W χ = {w ∈ W |gw = χ(g)w}. We
also will denote by Uχ the unbranched cover of ∂Bϵ−∂Bϵ∩(

⋃
1≤i≤r Di) corresponding

to the subgroup Imχ ⊂ G. We have Uχ = Um1,...,mr/Kerχ and Vχ = Vm1,...,mr/Kerχ.
Hence

Hp(Vχ,C) = Hp(Vm1,...,mr ,C)Kerχ (13)

(on the right is the quotient group of covariants:

Hp(Vm1,...,mr ,C)/(1− g)Hp(Vm1,...,mr ,C)

with g ∈ Kerχ). The latter implies that

Hp(Um1,...,mr)
χ = Hp(Uχ)

χ Hp(Vm1,...,mr)
χ = Hp(Vχ)

χ (14)

If a character χ is such that χ(ti) ≠ 1, q ≤ i ≤ r where ti’s are the standard
generators of H1(∂Bϵ − ∂Bϵ ∩ (

⋃
1≤i≤r Di) (cf. section 2.1) then

Hn(Um1,...,mr)
χ = Hn(Vm1,...,mr)

χ (15)
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Indeed in the exact sequence of the pair:

Hn+1(Vm1,...,mr , Um1,...,mr) → Hn(Um1,...,mr) → Hn(Vm1,...,mr) → Hn(Vm1,...,mr , Um1,...,mr)

the terms on the ends are isomorphic to the cohomology of preimage of branching
locus of the cover. All eigenspaces there have characters trivial on one of ti which
yields (15). Finally for a character χ such that χ(ti1) = ... = χ(tik) = 1 we have:

Hn(Vm1,...,mr)
χ = Hn(Vχ)

χ = Hn(Vm1,...,m̂i,..mr)
χ = Hn(Um1,...m̂i,..,mr)

χ) (i = i1, ..., ik)
(16)

(the second equality takes place since for selected χ the space Vχ constructed for
Vm1,...,mr and Vm1,...,m̂i,..mr are the same. Now the conclusion follows form the propo-
sition 4.4

Similar to the above approach can be used to describe the homology of the Milnor
fiber of the singularity of X in terms of the homotopy module.

Proposition 4.6 The homology of the Milnor fiber FX of the INNC singularity X
is given by:

Hp(FX ,Z) = Λp(Zr−1) for 1 ≤ p < n

The action of the monodromy of this homology is trivial. The multiplicity of ω ≠ 1
as a root of the characteristic polynomial ∆n(X, t) of the Milnor’s monodromy on
Hn(FX ,C) is equal to:

mω = f((...,ω, ...), X) = max{i|(ω, ....,ω) ∈ Vi(X) ⊂ SpecC[π1(∂Bϵ − ∂Bϵ ∩X)]}

Proof. As follows the from Milnor’s fibration theorem (cf. [20]), the Milnor fiber
is homotopy equivalent to the cyclic cover of ∂Bϵ − ∂Bϵ ∩ X corresponding to the
subgroup Zr−1 = Kerπ ⊂ π1(∂Bϵ−∂Bϵ∩X) where the homomorphism π : π1(∂Bϵ−
∂Bϵ ∩X) → Z is given by ei → 1 with generators ei described in 2.1. The fibration
of the classifying spaces corresponding to the homomorphism π: S1r → S1 is trivial
and hence the action of the monodromy yielded by S1 on the cohomology of the
classifying space of Kerπ is trivial as well. We have π1(FX) = Kerπ = Zr−1. We
can calculate the homology of the Milnor fiber using the induction starting with
j = 2 and the exact sequence (10) corresponding to the group acting freely on the
universal abelian cover with the quotient FX . In this case it looks as follows:

Hj+1(FX) → Hj+1(Z
r−1) → (πj(∂Bϵ − ∂Bϵ ∩X)Zr−1) → Hj(FX) → Hj(Z

r−1) → 0
(17)

As long as j < n the middle term is trivial by vanishing theorem of section 3
and we obtains the first claim of the proposition. For j = n the second from the
left term may affect only the root t = 1 of ∆n(X, t). Other roots of ∆(X, t) are
the elements of characteristic variety of C[t, t−1]-module Hn(FX ,C) and the second
claim follows since the map SpecC[t, t−1] → SpecC[π1(∂Bϵ−∂Bϵ∩X)] corresponding
to homomorphism π is given by ω → (ω, ...,ω) (cf. [16]).
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Proposition 4.7 Let X be a germ of INNC having r − 1 irreducible components
and let D be a hypersurface with isolated singularity at the origin. Let iD be the
surjection: π1(∂Bϵ − ∂Bϵ ∩ (X ∪D)) → π1(∂Bϵ − ∂Bϵ ∩X) inducing the map of the
groups of characters:

i∗D : Charπ1(∂Bϵ − ∂Bϵ ∩X) → Charπ1(∂Bϵ − ∂Bϵ ∩ (X ∪D))

Then
i∗D(Vi(X) ∩ Tor Charπ1(∂Bϵ − ∂Bϵ ∩X) ⊂ Vi(X ∪D)

Proof. First notice that if Y is a link of INCC and h is a diffeomorphism of Y
leaving irreducible components and their orientations invariant then

h∗|Hi(Y,Z) = id for [
dimY

2
] + 1 < i ≤ dimY (18)

(here [...] denotes the integer part). This follows from the Mayer-Vietoris spectral
sequence considered in section 3. Indeed, the action of h∗ is trivial on the terms Ep,q

1

with p+q > [dimY
2 ]+1 since each such non zero Ep,q

1 is generated by the fundamental
class of a link of isolated hypersurface singularity.

The map i∗D, in coordinates dual to coordinates from the identification described
in 2.1: H1(∂Bϵ − ∂Bϵ ∩X,Z) = Zr−1, takes (ω1, ...,ωr−1) → (ω1, ...,ωr−1, 1) (where
ωi is a root unity of degree mi). Let πm1,...,mr−1

: Um1,...,mr−1
→ ∂Bϵ − ∂Bϵ ∩ X be

the covering map. We have the exact sequence:

Hn(Um1,...,mr−1
− π−1

m1,...,mr−1
(D ∩ (∂Bϵ − ∂Bϵ ∩X))) → Hn(Um1,...,mr−1

) →

→ Hn(Um1,...,mr−1
− π−1

m1,...,mr−1
(D ∩ (∂Bϵ − ∂Bϵ ∩X)), Um1,...,mr−1

) → (19)

Using Lefschetz duality one obtains that the above relative homology group is
isomorphic to

Hn+1(π̄−1
m1,...,mr−1

(D ∩Bϵ), π̄
−1
m1,...,mr−1

(D ∩X ∩ Bϵ)) (20)

π−1
m1,...,mr−1

(D∩∂Bϵ), which is the abelian cover ofD∩∂Bϵ branched over D∩X∩∂Bϵ

can be identified with the link of singularity

um1

1 = g1(x1, ..., xn+1), ..., u
mr
r = gr(x1, ..., xn+1), f(x1, ..., xn+1) = 0

where gi are the equations of the components of X and f is the equation of D.
Similarly the preimage of the ramification locus π̄m1,..,mr−1

can be identified with
the link of INNC. Hence the exact sequence of pair and (18) yield that the action
of the covering transformation on the last term in (19) is trivial. Therefore the
multiplicity of the character corresponding to (ω1, ...,ωr−1) in Hn(Um1,..,mr−1

) does
not exceed the multiplicity of (ω1, ..,ωr−1, 1) in Hn(Um1,..,mr−1

−π−1
m1,...,mr−1

(D)). Now
the result follows from Prop. 4.4.

Remark 4.8 The proposition 4.7 shows that non empty components of an INNC
X containing the torsion points (in particular principal components described in
the next section) always define components of characteristic varieties of homotopy
modules of X ′ obtained from X by adding extra-components.
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5 Polynomial invariants of INNC.

In this section we show how one can calculate the components of characteristic
varieties using resolution of singularities.

Recall first the results on the mixed Hodge structure on the cohomology of links
of isolated singularities ([22]). Let V be a germ of a complex m-dimensional space
having isolated singularity at p ∈ V and L be the link of this singularity. Let
π : Ṽ → V be a resolution such that the exceptional locus E is a divisor with
normal crossings. The cohomology groups H∗(L), which can also be viewed as the
cohomology with support H∗+1

{p} (V ), carry the canonical mixed Hodge structure (cf.
[22] (1.7)). Its Hodge numbers we denote

hipq(L) = dimGrqFGrp
F̄
Grp+q

W H i(L) = dimGrqFGrp
F̄
Grp+q

W H i+1
{p} (V )

We will need the expression of hipq in terms of differentials on the smooth part of
V . We have:

h(m−1)pq(L) = h(m−1)pq(E) for p+ q < m− 1

h(m−1)p(m−1−p)(L) = h(m−1)p(m−1−p)(E)− h(m+1)(m−p)(p+1)(E) (21)

(cf. [22] Cor.(1.12), the first exact sequence and GrWp+qH
i
E(Ṽ ) = 0 for p + q ≠

i, i ≤ m). Notice that Mayer Vietors exact sequence and induction over the number
components of E yield that hm+1,i,j(E) = 0 if i > m − 1 or j > m − 1 since each
irreducible component of E has dimension equal to m− 1. Therefore:

h(m−1)k0(L) = h(m−1)k0(E) 0 ≤ k ≤ m− 1 (22)

Moreover, the Fujiki duality Hom(H i(E),Q(−m)) = H2m−i
E (Ṽ ) (cf. [22] (1.6))

allows to interpret the cohomology of E in terms of cohomology of with support on
E:

h(m−1)pq(E) = h(m+1)(m−p)(m−q)
E (Ṽ )

where
h(m+1)ab
E = dimGraFGrbF̄Gra+b

W Hm+1
E (Ṽ )

Filtrations on Hm+1
E have the form:

Hm+1
E = F 0 ⊇ F 1 ⊇ ... ⊇ Fm+1 ⊇ 0

0 = Wm ⊆ Wm+1... ⊆ W2m = Hm+1
E

Therefore, since
∑

p≥m+2,a+b=w h(m+1)ab = rkFm+2(Ww(H
m+1
E )/Ww−1(H

m+1
E )) = 0,

we have:

Fm+1(Ww(H
m+1
E )/Ww−1(H

m+1
E )) = h(m+1)(m+1)(w−m−1)

E (m+ 1 ≤ w ≤ 2m) (23)

Hence:

h(m+1)(m+1)0
E +...+h(m+1)(m+1)(l−m−1)

E = dimWm+lF
m+1Hm+1

E = dimH0(WlΩ
m

Ṽ
(logE)/Ωm

Ṽ
)

11



The last equality is a consequence of the bifiltered isomorphism H∗
E(Ṽ ) =

H∗(Ω∗−1

Ṽ
(logE)/Ω∗−1

Ṽ
) (i.e. respecting weight and Hodge filtrations) with the Hodge

filtration on the latter obtained from the spectral sequence starting with
Hq(WlΩ

p

Ṽ
(logE)/Ωm

Ṽ
) and abuting to H∗(WlΩ

∗−1

Ṽ
(logE)/Ω∗−1

Ṽ
) and degeneration of

this spectral sequence (cf. [22],(1.6)). We have H1(Ωm
Ṽ
) = 0 by a theorem of Grauert

and Riemenschneider ([5]). Hence we obtain:

h(m+1)(m+1)l
E = dimCoker(H0(Ωm

Ṽ
) → H0(WlΩ

m(logE)))− dimCoker(H0(Ωm

Ṽ
) →

→ H0(Wl−1Ω
m(logE))) (24)

We shall apply this identity to calculation of the Hodge numbers of branched
covers Vm1,...,mr of ∂Bϵ (cf. Prop. 4.5).

Definition 5.1 Let fi = 0 be the equation of divisor Di and let π : C̃n+1 → Cn+1

be a resolution of the singularities of
⋃
Di (i.e. the proper preimage of the latter

is a normal crossings divisor). Let Vm1,...,mr be the singularity (12) having Vm1,...,mr

as its link. Let Ṽ be a normalization of C̃n+1 ×Cn+1 Vm1,..,mr (cf. (12)) The ideal
of quasiadjunction of type (j1, ..., jr|m1, ..., mr) is the ideal A(j1, ..., jr|m1, ...., mr) of
germs φ ∈ O0,Cn+1 such that (n + 1)-form:

ωφ =
φzj11 · ... · zjrr dx1 ∧ ... ∧ dxn+1

zm1−1
1 · ... · zmr−1

r

(25)

on the non singular locus of Vm1,...,mr after the pull back on Ṽ extends over the
exceptional set.

The l-th ideal of log-quasiadjunction Al(logE)(j1, ..., jr|m1, ...., mr) is the ideal
of φ ∈ O0,Cn+1 such that the the pull back of the corresponding form ωφ on Ṽ is
log-form on (Ṽ , E) having weight at most l.

Collection of ideals of log-quasiadjunction (which is finite, cf. [16]) allows to
define the following collection of subsets in the unit cube.

Proposition 5.2 There exist a collection of subsets Pκ, (κ ∈ K) in the unit cube

U = {(x1, ...., xr)|0 ≤ xi ≤ 1}

in Rr and a collection of affine hyperplanes li(x1, ..., xr) = αi such that each Pκ is
the boundary of the polytope consisting of solutions to the system of inequalities:

li(x1, ..., xr) ≥ αi

and such that

(
j1 + 1

m1
, ...,

jr + 1

mr

) ∈ U (26)

belongs to Pκ if and only if
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dimA(logE)(j1, ..., jr|m1, ...., mr)/A(j1, ..., jr|m1, ...., mr) ≥ 1 (27)

Moreover

dimAl(logE)(j1, ..., jr|m1, ...., mr)/Al−1(j1, ..., jr|m1, ...., mr) ≥ k (28)

if only if (26) belongs to a collection of certain faces Pk,l
κ,ι(ι ∈ Ik,l) of polytopes Pκ.

The proof is completely analogous to the proof of the proposition 2.2 in [17] or
proposition 2.3.1 in [16] and details will be omitted. We shall record, however, the
equations for the affine hyperplanes mentioned in proposition 5.2. Let π : C̃n+1 →
Cn+1 be a resolution of singularities of

⋃
Di i.e. the irreducible components Ej of

the exceptional set of π and the proper π-transforms of Di’s form a normal crossing
divisor. Let, as in (12), fi be the defining equations of Di. Let ordEj

π∗(fi) = ai,j
and ordEj

π∗(dx1 ∧ ... ∧ dxn+1) = cj. Finally for

φ ∈ A(logE)(j1, ..., jr|m1, ...., mr)/A(j1, ..., jr|m1, ...., mr)

for some array (j1, ..., jr|m1, ..., mr) let ej(φ) = ordEj
π∗(φ). Then (cf. [17]):

a1,j(1− x1) + ...ar,j(1− xr) = ej(φ) + cj + 1 (29)

is equation of the hyperplane containing a face of a polytope of quasiadjunction.
Moreover, φ ∈ A(logE)(j1, ..., jr|m1, ...., mr) if and only if:

a1,j(1−
j1
m1

) + ...+ ar,j(1−
jr
mr

) ≤ ej(φ) + cj + 1 (30)

In the case of ideal of quasiadjunction we have: φ ∈ A(j1, ..., jr|m1, ...., mr) if and
only if:

a1,j(1−
j1
m1

) + ...+ ar,j(1−
jr
mr

) < ej(φ) + cj + 1 (31)

Hence the existence of φ satisfying (27) is equivalent to ( j1+1
m1

, ..., jr+1
mr

) being so-
lution to all inequalities (30) with at least one of them being solution to equal-
ity (29). Moreover, for φ ∈ A(logE)(j1, ..., jr|m1, ...., mr) the corresponding form
ωφ ∈ Ω

Ṽ
(logE) has weight at most l if and only if ( j1+1

m1
, ..., jr+1

mr
) satisfies at most

l equalities corresponding to components of exceptional divisor having l-fold inter-
sections. This yields the second claim of the propositon.

Definition 5.3 The polytopes Pκ existence of which is asserted in the Proposition
5.2 are called the polytopes of quasiadjunction.

One has the following description of the smallest element in the Hodge filtration of
the cohomology of a link of singularity (12) in terms of polytopes of quasiadjunciton
and their faces.
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Theorem 5.4 A character of π1(∂Bϵ−∂Bϵ∩(
⋃

1≤i≤r Di) acting onWl(F nHn(Vm1,....,mr))
via the action of the Galois group has the eigenspace of dimension at least k if and
only if it has the form:

(exp2π
√
−1a1, ..., exp2π

√
−1ar)

where (a1, ...., ar) belongs to one of the faces Pk,l
κ,ι of a polytope Pκ of quasiadjunction

of
⋃
Di.

The proof is similar to the proof in the case of reducible curves given in [17] and
will be omitted.

Definition 5.5 Zariski closure of the image of a face of quasiadjunction Pk,l
κ,ι will be

called a principal component of the characteristic variety Vk. Polynomial invariant
of X is a generator of the divisorial hull of the first Fitting ideal of πn(∂Bϵ − ∂Bϵ ∩
X)⊗C.

For k > 1 the varieties Vk may have codimension greater than one. We don’t
know if the union of principal components is equal to the characteristic variety Vk

of πn(∂Bϵ − ∂Bϵ ∩X)⊗C. However we shall conjecture the following (i.e. that the
situation is similar to the one in the case of curves (cf. [17])):

Conjecture 5.6 Characteristic variety is a union of translated subtori of
SpecC[π1(∂Bϵ − ∂Bϵ ∩X)] with each translations given by a point of finite order.

This is the true in irreducible case since the roots of the characteristic polynomial
of the monodromy are roots of unity. Conjecture is also true in the case of curves
essentially since algebraic links are iterated torus links (cf. [17]).

6 Examples and Remarks

Example 6.1 Let Li(x0, ..., xn) = 0 i = 1, ...r be generic linear forms. Then the
subset

⋃
Di in Cn+1 given by:

L1 · ... · Lr = 0 (32)

is the divisor with normal crossings except for the origin. The complement to divisor
(32) is C∗-fibration over the complement in Pn to the divisor

⋃
P (Di) given by the

same equation (32) in homogeneous coordinates of Pn. Hence

πn(C
n+1 −

⋃
Di) = πn(P

n −
⋃

PDi) (33)

Here the left hand side is considered as the module over Z[t1, t
−1
1 , ..., tr, t−1

r ] while
the right hand side is the Z[t1, t

−1
1 , ..., tr, t−1

r ]/(t1...tr − 1)-module.
The complement Pn − ⋃

PDi latter has the homotopy type of the n-skeleton of
the torus (S1)r−1 (cf. [7]) and hence is a (Zr, n) complex (cf. section 2.3). The
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universal abelian cover has cell structure obtained by removing from Rr the Zr-orbits
of interiors of faces of dimension greater than n in the unit cube. This shows that
the chain complex of the universal abelian cover is the truncated Koszul complex
corresponding to the system of parameters (t−1, ...., tr − 1) over the ring of Laurent
polynomials R = Z[t1, t

−1
1 , ..., tr, t−1

r ]/(t1...tr − 1):

0 → Λn(Rr) → Λn−1(Rr) → ....Λ1(R) → (t1 − 1, ..., tr − 1)R → 0 (34)

This yields that

πn(S
2n+1 −

⋃
Di) = Hn(S

2n+1 −
⋃

Di) = KerΛn(Rr) → Λn−1(Rr) (35)

Hence we obtain the presentation for the homotopy group:

Λn+1(Z[t1, t
−1
1 , ..., tr, t

−1
r ]/(t1..., tr − 1)r) → Λn(Z[t1, t

−1
1 , ..., tr, t

−1
r ]/(t1..., tr − 1)r) →

(36)
πn(C

n+1 −
⋃

Di) → 0

In particular the support of πn(Cn+1 − ⋃
Di) is given by t1....tr = 1

Example 6.2 More generally, consider the cone over union of non singular hy-
persurfaces Di0 , ..., Dir in Pn having the degrees degDik = dk and forming there a
divisor with normal crossings. Indeed, Pn is (Zr/(d1, ..., dr), n) complex such that
passing to finite cover yields the K-complex over a finite abelian cover which by
[24] is homotopy equivalent to the wedge of spheres Sn. Hence the support of the
homotopy group is given by

td11 · ... · tdrr − 1 = 0 (37)

This result can be obtained using the method of previous section. Indeed, the
cone singularity can be resolved by single blow up which yields the polytope of quasi-
adjunction with the faces:

d1x1 + ...drxr ≥ l (38)

Indeed if fi are the defining equations of Di and φ ∈ Mr−l−1 we obtainmultEπ∗(fi) =
di, multEφ = r − l − 1, multπ∗dx1 ∧ ... ∧ dxn+1 = n. It follows that the ideals of
quasiadjunction are the powers of the maximal ideal and hence the claim (38). The
exponential map takes the union of the faces of quasiadjunction (38) into the set
having as its Zariski closure (37).

Remark 6.3 Multiplier ideals and log-canonical thresholds in terms of

ideals of quasiadjunction. Recall that for a divisor D in X one defines the
multiplier ideal as J (D) = f∗(O(KY − f ∗(KX) − ⌊E⌋)) where f : Y → X is an
embedded resolution of pair (X,D). Consider divisor Dγ1,....,γr = f γ1

1 · ... · f γr
r on Cn.

We have J (Dγ1,...,γr) = A(j1, ..., jr|m1, ...., mr) where γi = 1− ji+1
mi

The face of quasiadjunction corresponding to φ = 1 can be described as the closure
of the set of points (γ1, ..., γr) in the unit cube such that the divisor

∑
i(1− γi)Di is

log canonical i.e. the face is formed by log-canonical thresholds.
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