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McKay correspondence for elliptic genera

By LEv BoRrisov and ANATOLY LIBGOBER*

Abstract

We establish a correspondence between orbifold and singular elliptic gen-
era of a global quotient. While the former is defined in terms of the fixed point
set of the action, the latter is defined in terms of the resolution of singularities.
As a byproduct, the second quantization formula of Dijkgraaf, Moore, Verlinde
and Verlinde is extended to arbitrary Kawamata log-terminal pairs.

1. Introduction

One of the fundamental problems suggested by the intersection homology
theory is to determine which characteristic numbers can be defined for singular
varieties. Elliptic genus appears to be a key tool for a solution to this problem.
In [30] it was shown that the Chern numbers invariant in small resolutions are
determined by the elliptic genus of such a resolution. In [7] the elliptic genus
was defined for singular varieties with Q-Gorenstein, Kawamata-logterminal
singularities and its behavior in resolutions of singularities was studied. Among
other things, [7] shows that the elliptic genus is invariant in crepant, and in
particular small, resolutions, whenever they exist. Hence, the elliptic genus for
such class of singular varieties provides the complete class of Chern numbers
which is possible to define in such singular setting.

In present work, we study the elliptic genus of singular varieties which
are global quotients. We obtain generalizations for several relations between
the numerical invariants of actions of finite groups acting on algebraic varieties
and invariant of resolutions. Much of the interest in such relations comes from
works in physics and the work on Hilbert schemes (cf. [12], [18], [11], [16]) but
starts with the work of McKay [28].

The McKay correspondence was originally proposed in [28] as a relation
between minimal resolutions of quotient singularities C?/G, where G is a finite
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subgroup of SLs(C), and the representations of G. Shortly after that, L. Dixon,
J. Harvey, C. Vafa and E. Witten (cf. [12]) discovered a formula for the Euler
characteristic of certain resolutions of quotients:

|—é| S e(x7h)

gh=hg

(1) e(X]G) =

where X is a complex manifold, 7* : )/(76 — X/G is aresolution of singularities
such that ™ Kx/q = K)?/@ and X9/ is the submanifold of X of points fixed
by both f and g. The right-hand side in (1) can be written as the sum over
the conjugacy classes: } ;, e(X9/C(g)), where C(g) is the centralizer of g,
which for X = C? is the number of irreducible representations of G. At
the same time, the other side in (1) is the number of exceptional curves in a
minimal resolution plus 1 and one obtains the McKay correspondence on the
numerical level (cf. [18]). The McKay correspondence became the subject of
intense study and the term is now primarily used to indicate a relationship
between the various invariants of the actions of finite automorphism groups
on quasiprojective varieties and resolutions of the corresponding quotients by
such actions generalizing (1). We refer to the report [29] for a survey of the
evolution of ideas since original empirical observation of McKay.

One of the main results to date on the relationship between the invariants
of actions and resolutions of quotients is the description of the E-function of
a crepant resolution in terms of the invariants of the action (cf. [5], [10]). We
recall that for a quasiprojective variety M its E-function is defined as

E(M;u,v) Zupqu 1)"RPI(HZ (M)

where h?9(H(M)) are the Hodge numbers of Deligne’s mixed Hodge structure
on the compactly supported cohomology of M. The E-function incorporates
many classical numerical invariants of manifolds. For example, if M is a pro-
jective manifold and (u,v) = (y,1) one obtains Hirzebruch’s y,-genus which
in turn has the topological and holomorphic Euler characteristics and the sig-
nature as its special values.

In [5], Batyrev extended the definition of the E-function to the case of a
global quotient of a smooth variety M by a finite group G. He defined the
orbifold E-function, E(M,G;u,v) in terms of the action of a finite group
G. Moreover, he extended this definition to G-normal pairs (M, D) composed
of a smooth variety M and a simple normal crossing G-qui\@riant divisor D
on it. Batyrev showed that the E-function of the pair (M /G, D) consisting

of a resolution p: J\/[/E? — M/G and the divisor defined via the discrepancy
D=K e w* (Kpr/q) (with trivial group action) coincides with the orbifold
FE-function. The fact that the E-function of the pair does not change under
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birational morphisms, as well as an alternative proof of the McKay correspon-
dence for E-functions are based on Kontsevich’s idea of motivic integration
(cf. [23], [5], [10], [26]).

Another generalization of Hirzebruch’s y,-genus is the (two-variable) el-
liptic genus, and this paper grew from an attempt to prove the relationship
between elliptic genera of resolutions of the quotients M/G and the elliptic
genera associated with the actions of G on M. These two versions of the ellip-
tic genus of a global quotient were introduced in our previous paper [7] where
the McKay correspondence was stated as a conjecture. The proof given below,
similarly to Batyrev’s approach, requires a generalization of the elliptic genera
considered in [7] to the elliptic genus associated with triples consisting of a
manifold, the group acting on it and the divisor with simple normal crossings.

The elliptic genus was extensively studied in recent years (cf. [25], [24],
[19], [17], [30], [6], [8] and further references in the latter). For an almost
complex compact manifold X with Chern roots z; (i.e. the total Chern class
is [](1 4 x;)) the elliptic genus can be defined as

(2) EN(X;z,7) /H 27“ .7)

27r1 ’ T)
where
=00 =00
0(z,7) = ¢ (2sinmz) Hl—q Hl—qy )1 =gy
=1 =1
is the classical theta function (cf. [9]) where y = e?™#, ¢ = ™17,
Alternatively, the elliptic genus can be written as
3) EI(X; 2,7) = / Ch(ELL. )td(X)
X
where
E/’Eﬁzﬂ_ — y dlmX ®n>1 (A_yqn 1TX ® A_y anX ® S TX ® S TX)

Here T'x (resp. T%) is the complex tangent (resp. cotangent) bundle and as
usual for a bundle V, Ay(V) = 3", AY V)t and S;(V) = 3, Sym’ (V)¢ denote
generating functions for the exterior and symmetric powers of V' (by Riemann-
Roch this is also the holomorphic Euler characteristic of ELL, ). The elliptic
genus of a projective manifold is a holomorphic function of (z,7) € C x H.
Moreover, if ¢1(X) = 0 then it is a weak Jacobi form (of weight 0 and index

diI;X , see [6] or earlier references in [8]).

Since y_%x,y (X) = limg—o EII(X; 2, 7), Hirzebruch’s x,-genus is a spe-
cialization of the elliptic genus (and so are various one-variable versions of the
elliptic genus due to Landweber-Stong, Ochanine, Witten and Hirzebruch).
On the other hand, elliptic genus is a combination of the Chern numbers of X,
as is apparent from (2), but it cannot be expressed via the Hodge numbers
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of X (cf. [19], [6]). Therefore the information about elliptic genera of reso-
lutions of X/G cannot be derived from corresponding information about the
E-function, though it can be done for the specialization ¢ — 0 of the elliptic
genus. Since the elliptic genus depends only on the Chern numbers, it is a
cobordism invariant. Totaro [30] found a characterization of the elliptic genus
(2) of SU-manifolds from the point of view of cobordisms as the universal genus
invariant under classical flops.

A major difference between the elliptic genus and the E-function is that
the latter is defined for quasiprojective varieties. Unfortunately, we do not
know if a useful definition of the elliptic genus can be given for arbitrary
quasiprojective manifolds. Moreover, while the E-function enjoys strong ad-
ditivity properties there appears to be no analog of them in the case of the
elliptic genus. Additivity allows one to work with F-functions not just in the
category of manifolds but in the category of of arbitrary quasiprojective va-
rieties. Nevertheless, in [7] (extending [6]) a definition of the elliptic genus
for some singular spaces was proposed as follows. Let X be a Q-Gorenstein
complex projective variety and m: Y — X be a resolution of singularities with
the simply normal crossing divisor UE, k = 1,...,r as its exceptional locus.
If the canonical classes of X and Y are related via

(4) Ky =m"Kx + Y _ apEy,

then

(5)

_ (2)0(L — 2) e Oék“‘ 1)2)0(—2)
Elly (X;2,7) ::/Y(IZI : 9(—22)9( ) (He - (ak+1)2)>

27r 27r1

is independent of the resolution 7 (here ej are the cohomology classes of the
components Ly of the exceptional divisor and y; are the Chern roots of Y) and
depends only on X. Elly(X;z,7) was called the singular elliptic genus of X.
When ¢ — 0, the singular elliptic genus specializes to the singular x,-genus
calculated from Batyrev’s E-function. We refer the reader to [7] for further
discussion of this invariant.

On the other hand, for a finite group G of automorphisms of a manifold X,
an orbifold elliptic genus was defined in [7] in terms of the action of G on
X as follows. For a pair of commuting elements g,h € G, let X" be a
connected component of the fixed point set of both g and h. Let TX|xsn =
@V, A(g),\(h) € QN [0, 1), be the decomposition into a direct sum, such that
g (resp. h) acts on Vy as multiplication by ™9 (resp. e2™A(")). Then

(6) Eorb(X G;z,7)
0(? + )\(g) - T)‘(h) - Z) Tiz Z[ Y9,
Z ( 11 “)1:[ 5(I—a+A(g) —7A(h)) e

gh hg Mg)=A(h)=
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In [7] it was conjectured that these two notions of elliptic genus coincide. More
precisely (cf. Conjecture 5.1, ibid.), let X be a nonsingular projective variety
on which a group G acts effectively by biholomorphic transformations. Let
w: X — X/G be the quotient map, D = > (v; — 1)D; be the ramification

divisor, and let
vi—1
Axjg=> ( — ) 1(D;).
- J
J

Then

2mif(~z,7) dimxﬁ(X/G Ax/ci2,T)
9,(0’7_) yBX/Gy 2 T

(7) Ellow, (X, G; 2, 7) = (
where the elliptic genus of the pair ET](X/G, Ax/q;#,7) is defined by (5) but
with discrepancies oy, obtained from the relation

Ky =" (Kx/c + Axjc) + > arEy

rather than the relation (4).

The main goal of this paper is to prove the identity (7), which we accom-
plish in Theorem 5.3. One of the ingredients of the proof is the systematic use
of the “hybrid” orbifold elliptic genus of pairs generalizing both the singular
and orbifold elliptic genera. It is defined as follows. Let (X, E) be a reso-
lution of singularities of a Kawamata log-terminal pair (cf. [22] and §2) with
E = -3, 0,EL. Let X support an action of a finite group G such that (X, E)
is a G-normal pair (cf. [5] and Section 3). In addition to notation used in the
above definition (6) of the orbifold elliptic genus, let ex(g),ex(h) € QN [0,1)
be defined as follows. If Ej, does not contain X9" then they are zero and if
X9 C Ey, then g (resp. h) acts on O(E}) as multiplication by e>™=(9) (resp.
¢?m€(9)). Then we define (cf. Definition 3.2):

(8) &L (X, E,G;z,7)
1
. g,h
=g 2 2K (1T =)
g,h,gh=hg X9: Ag)=A(h)=0
H 0(52 + Ag) — TA(h) — 2) G2RiA()
0(2 + A(g) — 7A(h))

2mi

% H 9(% +er(g) —ex(h)T — (0 +1)2) 0(—=2) o2midker(h)2
0(3% +erlg) —ex(R)T —2)  6(=(0k +1)2) '

k 27

If G is trivial, then this expression yields the elliptic genus (5) if E = ()
and the version of (5) for pairs as described earlier for arbitrary E. On
the other hand, if G is nontrivial but E = (), then one obtains (6). More-
over Ell,, (X, E,G) for ¢ — 0 specializes into Batyrev’s Eq, (X, E,G;y, 1)
(cf. [5]). Thus the defined orbifold elliptic genus of pairs is birationally invariant
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(cf. §3). In fact, we show that the contribution of each pair of commuting el-
ements in the above definition is invariant under the blowups with normal
crossing nonsingular G-invariant centers, which allows us to show that the
contribution of each pair (g, h) is a birational invariant.

The second main ingredient of the proof is the pushforward formula for
the class in (8) for toroidal morphisms. Finally, we use the results of [3] to
show that X — X/G can be lifted to a toroidal map Z — Z so that in the
diagram

7 — VA
! !
X - X/G

the vertical arrows are resolutions of singularities.

As was already pointed out, the singular (resp. orbifold) elliptic genus
specializes into some known invariants of singular varieties (resp. orbifolds).
The simplest corollary of our main theorem is obtained in the limit ¢ = 0, y = 1.
We see that if X/G admits a crepant resolution of singularities (i.e. such that
in (4), one has aj, = 0 for any k) then the topological Euler characteristic of a
crepant resolution is given by the Dixon, Harvey, Vafa and Witten formula (1).
While previous proofs of this relation were based on motivic integration (cf.
[5], [10]) the proof presented here uses only birational geometry (but depends
on [1] and [3]). Moreover, in projective case, the results in [5], [10] for E(u,1)
also get an alternative proof, independent of motivic integration.

Another corollary is the further clarification of a remarkable formula due
to Dijkgraaf, Moore, Verlinde and Verlinde. It was shown in [7] that

(9) S Bl (XS5 = [ =

n>0 = llm

pi y qm c(mi,l)

where Y, is the symmetric group acting on the product of n copies of a manifold
X such that EI(X) = > c(m,)y'q lgm. A formula of such type was first
proposed in [11]. The main theorem of this paper shows that the orbifold
elliptic genus in (9) can be replaced by the singular elliptic genus. While for
general X it is not clear how to construct a crepant resolution of the symmetric
product (or other kind of resolution leading to a calculation of the singular
elliptic genus) in the case dimX = 2 it is well-known that the Hilbert scheme
X () of subschemes of length n in X yields a crepant resolution. A corollary
of the main theorem is the the following:

COROLLARY 6.7. Let X be a complex projective surface and X™ be its
n'™ Hilbert scheme. Let Zm,l c(m, Dytq™ be the elliptic genus of X. Then

> sz e = [T

n>0 lem pyq

c(mi,l) ’
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This is a generalization of results due to Géttsche on the generating series
of x,-genera of Hilbert schemes (cf. [16]) which one obtains for ¢ = 0. In fact
in this paper a substantial generalization of (9) is proposed. We are able to
extend the DMVYV formula to symmetric powers of log-terminal varieties and,
more generally, to symmetric powers of Kawamata log-terminal pairs.

The paper is organized as follows. In Section 2 we recall the concept of
Kawamata log-terminal pairs, to the extent necessary for our purposes. Section
3 contains our main definition of the orbifold elliptic genus of a Kawamata log-
terminal pair. We prove that it is well-defined, for which we use the full force
of the machinery of [1]. In Section 4 we introduce toroidal morphisms between
pairs that consist of varieties and simple normal crossing divisors on them. Our
main result is the description of the pushforward and pullback in the Chow
rings in terms of the combinatorics of the conical polyhedral complexes. In the
process we use some combinatorial results related to toric varieties, which are
collected in the Appendix 8. In Section 5 we apply these calculations to prove
our main Theorem 5.3. In Section 6 we generalize the second quantization
formula of [11] to the case of Kawamata log-terminal pairs. Various open
questions related to our arguments are collected in Section 7.

The authors would like to thank Dan Abramovich for helpful discussions
and the proof of the important Lemma 5.4. We thank Arthur Greenspoon
for proofreading the original version of the paper. We also thank Nora Ganter
whose question focused our attention on the problem of defining orbifold elliptic
genera for pairs. Finally, we thank the referee for numerous helpful suggestions
on improving the exposition.

2. Kawamata log-terminal pairs

In this section we present the background material for Kawamata log-
terminal pairs, which are a standard tool in the minimal model program. Our
main reference is [22].

PROPOSITION 2.1 (][22, Def. 2.25, Notation 2.26]). Let (X, D) be a pair
where X is a normal variety and D = Y, a;D; is a sum of distinct prime
divisors on X. We allow a; to be arbitrary rational numbers. Assume that
m(Kx + D) is a Cartier divisor for some m > 0. Suppose f: Y — X is a
birational morphism from a normal variety Y. Denote by E; the irreducible
exceptional divisors and the proper preimages of the components of D. Then
there are naturally defined rational numbers a(F;, X, D) such that

Ky = f*(Kx + D)+ Y _a(E;, X, D)E;.
E;
Here the equality holds in the sense that a nonzero multiple of the difference is a
divisor of a rational function. The number a(E;, X, D) is called the discrepancy
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of E; with respect to (X, D) and it depends only on E;, but not on f. By
definition a(D;, X,D) = —a; and o(F,X,D) = 0 for any divisor F© C X
different from all D;.

Remark 2.2. In the notation of the above proposition, we will often call
the pair (Y, — > 5 a(E;, X, D)E;) the pair on Y that corresponds to (X, D) or
the pullback of (X, D) by f. It is easy to see that for any birational morphism
g: Z — Y from a normal variety Z the pullback by g of the pullback of (X, D)
by f is equal to the pullback of (X, D) by fog.

Definition 2.3. We call a morphism f: Y — X from a nonsingular variety
Y to a normal variety X a resolution of singularities of the pair (X, D) if
the exceptional locus of f is a divisor with simple normal crossings, which is
additionally simple normal crossing with the proper preimage of D. Every pair
admits a resolution; see [22, Theorem 0.2].

Definition 2.4. A pair (X, D) is called Kawamata log-terminal if there
is a resolution of singularities f: Y — X of (X, D) such that the pullback
(Y, = >, a;E;) satisfies a; > —1 for all 4.

Remark 2.5. Tt is easy to see that our definition of Kawamata log-terminal
pair coincides with [22, Definition 2.34] in view of [22, Corollary 2.31]. This
corollary also implies that any resolution of singularities of a Kawamata log-
terminal pair satisfies the condition a; > —1 for all i.

We will also need to describe the behavior of Kawamata log-terminal pairs
under finite morphisms, in particular under quotient morphisms. We will use
the following result.

PROPOSITION 2.6 ([22, Prop. 5.20]). Let g: X' — X be a finite mor-
phism between normal varieties. Let D' and D be Q-Weil divisors on X' and
X respectively such that

K\ + D' =g"(Kx + D).
Then K + D' is Q-Cartier if and only if Kx + D is. Moreover, (X', D’) is
Kawamata log-terminal if and only if (X, D) is.

Definition 2.7. Let G be a finite group which acts effectively on a normal
variety X and preserves a Q-Weil divisor D. Let g: X — X /G be the quotient
morphism. Then there is a unique divisor D/G on X/G such that

g (Kx/q+D/G) = Kx + D.

The components of D /G are the images of the components of D and the images
of the ramification divisors of f. We call the pair (X/G, D/G) the quotient
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of (X,D) by G. By the above proposition, the quotient pair is Kawamata
log-terminal if and only if (X, D) is Kawamata log-terminal.

We remark that this definition is contained in [5] in the particular case
of a smooth variety X and trivial divisor D. It allows us to generalize the
definition of the pullback of a pair to the case of G-equivariant morphisms as
follows.

Definition 2.8. Let g: X’ — X be a generically finite morphism from a
normal G-variety X’ to a normal variety X which is birationally equivalent
to the quotient morphism f: X’ — X’/G. We say that a pair (X', D’) is a
pullback of a pair (X, D) if the pullback of (X, D) to X’/G coincides with the
quotient of (X’, D') by G. Just as in the birational case, this pullback preserves
Kawamata log-terminality.

3. Orbifold elliptic genera of pairs

Definition 3.1 ([5]). Let X be a smooth manifold with the action of a
finite group G. Let E be a G-invariant divisor on X. The pair (X, E) is called
G-normal if Supp(F) has simple normal crossings and for every point z € X
the action of the isotropy subgroup of x on the set of irreducible components
of Supp(FE) that pass through x is trivial.

We will extensively use the theta function 0(z,7) of [9]. By default, the
second argument will be 7. We will suppress it from the notation, unless it
is different from 7. We will implicitly assume the standard properties of 6,
namely its zeroes and transformation properties under the Jacobi group.

Definition 3.2. Let (X, FE) be a Kawamata log-terminal G-normal pair
(in particular, X is smooth and E has simple normal crossings) with E =
— > 1 0k Ex. We define the orbifold elliptic class of the triple (X, E,G) as an
element of the Chow group A.(X) by the formula

ELLo (X, E,G; 2, 7)
1 )
::@ Z Z(ng,h)*< H 9:)\>
g,h,gh=hg X 9:h A(g)=A(h)=0
H 0(52 + A(g) — TA(h) — 2) SmiN(h) >
0(32 + Ag) — TA(R))

2mi

A
TI 0(5% +er(g) —ex(h)T — (0 + 1)2)  0(—2) o2midien (h)2
0(5% +er(g) —ex(W)T—2)  0(—(0k +1)2) '

27

k

Here X9" denotes an irreducible component of the fixed set of the commuting
elements g and h and ix.n : Xy, — X is the corresponding embedding. The
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restriction of TX to X9" has the splitting ©Vy, A(g), A(h) € QN [0, 1), where
g (resp. h) acts on Vy as multiplication by ™9 (resp. ™M) and z) are
the Chern roots of Vy; see [7]. In addition, e; = ¢1(E)) and g, € QN [0,1)
is the character of O(E}) restricted to X9" if Ej, contains X9" and is zero
otherwise.

We define the orbifold elliptic genus Ell,,(X, E,G) of (X, E,G) as the
degree of the top component of the orbifold elliptic class ELLo (X, E, G).

Remark 3.3. Throughout this section and elsewhere in the paper the
Chow groups A, and A* will always be thought of as Chow groups with com-
plex coefficients.

Remark 3.4. Notice that in the particular cases of |G| = 1 and E = 0
the above definition restricts to that of the singular elliptic genus (up to a
normalization factor) and orbifold elliptic genus; see [7]. However, the notion
of orbifold elliptic class appears to be new.

Remark 3.5. The Kawamata log-terminality assures that we never divide
by zero in the above formulas.

Our first goal is to show that the orbifold elliptic class is compatible with
blowups.

THEOREM 3.6. Let (X, E) be a Kawamata log-terminal G-normal pair
and let Z be a smooth G-equivariant locus in X which is normal crossing to
Supp( ). Let f : X — X denote the blowup of X along Z. We define E
by E = >k owEy — 5Exc(f) where Ej, is the proper transform of Ej and
§ is determined from K¢ + E = f*(Kx + E). Then (X,E) is a Kawamata
log-terminal G-normal pair and

FoLLow (X, B, G; 2,7) = ELLow (X, E, G; 2, 7).

Proof. 1t is clear that (X , E’) is Kawamata log-terminal. Because of the
normal crossing conditions on Z and Supp(E), the divisor Supp(F) has simple
normal crossings. The G-normality is clearly preserved since the exceptional
divisors do not intersect and any intersection of Ej, on X induces an intersection
of B on X.

We will prove the theorem by showing that for every pair (g, h) and ev-
ery connected component X h the contributions to f*EL'Lorb(X E,G;z ,T) of
connected components X9" such that f (X 9:h) C X 9" equals the contribution
of X9" to ELL,, (X, E,G; 2, 7). So from now on g, h and X9" are fixed.

The set of connected components of the fixed point set of (g, h) that
maps inside X9" is described as follows. Let Z9" denote the intersection of
X9" and Z. Since Z is G-equivariant, the intersection is a union of some
connected components of (g, h)-invariant points of Z. Locally at every point
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of the intersection, Z and X9" intersect normally, since the normal spaces to
Z9M inside Z and X9" have different characters. For simplicity, we assume
that Z9" is connected, and we will remark later on the general case.

If X9 £ Z9" then one of the X9" will be obtained as the proper preim-
age of X9" under f and will be isomorphic to the blowup of X along Z9".
Other components will lie in the preimage of Z9" and are described as follows.
The restriction of the normal bundle to Z in X to Z9" splits into character
subbundles. For each character A the projectivization of the corresponding
bundle over Z9" is naturally embedded into the preimage of Z9" under f
(which is the projectivization of the whole normal bundle to Z restricted to
Z9h.

We first concentrate on the case X9" # Z9" Let N; be the subbundle
of the normal bundle to Z%" in X that is the image of the normal bundle of
Z9h in Z. Let Ny be the subbundle of the normal bundle to Z9" that is the
image of the normal bundle of Z9" in X9". Finally let N3 be the quotient of
N Z9h by the sum of N; and Ny. The transversality implies that it is also a
bundle, i.e. the rank of the fibers is constant.

Let us calculate the contribution to f*é’ﬁ[,orb(f( B, G;z,7) that comes
from Xg ’h, which is the proper preimage of X9", provided Ny # 0. As in [7],
we make a technical assumption that all bundles we consider are restrictions
of some bundles defined on X. We will later explain why this assumption can
be dropped. The calculation follows closely those of [7]. We have

(1+ f*'m; — 2)

o(TX) = e(f TX)(1+2)]]. (1 + f*my)

where 2 is the first Chern class of the exceptional divisor of f and H(l +m;)

is the Chern class of the bundle on X whose restriction to Z is the normal
bundle of Z in X. Similarly,

comy _ iy g o o] (LS5 = 2)
o(TXG") = e(f TXT )(1+Z)Hi (1+ f*s4)

where Z and f are restrictions to X M (mild abuse of notation) and H(l + ;)
1

restricts to ¢(Ny) on Z9",
Thus the Chern class of the normal bundle to Xg s

. 1+ f*ti — 2)
(NXG) = o xom T L= 2)
where H(l +t;) restricts to ¢(N3) on Z9".
7
We will also need to know how the E; change. For F; that do not contain
Z we have F; = f*F;, and for F; that contain Z we have F; = f*F; — Z.
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As a result, the contribution of Xg’h to Sﬁﬁorb(f(, E,G; 2, T) is

. 2l = 2) p Urmi= D0(CpE — ) 6(k%)
(i) 1L =52 1;[ o2 (Fni)0( gz = 2)
(220055 — 20/ 0)
0(3m)0(=2)
05 + Xilg) = Mi(W)T — 2) o2miNi(h)z
Niog fgm (g) )‘Z(h)T)
G(f*;‘n_z (g )‘Z(h)T ) 271'1)\ (h)z

) —
Ns gLz 4 Xi(g) — Ai(Rh)T)
( (h

27
)T _ (5 + 1) ) 9(—2) 627ri571€7:(h)z

2mi

H(f &t 4 o g) — &
€

EDZ  9(LaE 4 gi(g) —ei(h)r —2)  0(=(0i +1)z)
(55 +eilg) —a(h)T— (6 +1)z)  6(—2) Q2midie ()2

EZ (L% 4 ei(g) — ()T —2)  0(=(0i+1)2)
(5 —(0+1)2)  0(-2)
0(s —2) O(=(0+1)2)

In the above formula the first two lines account for the tangent bundle to Xg ’h,
the next two lines account for the normal bundle to it, and the remaining three
lines account for the divisors. We use the notation H to indicate the product
over the Chern roots of the corresponding bundle. Notice the normalization
factor in the second line. The symbol ¢ Xoh denotes the embedding of Xg’
into X.

As in [7], we rewrite the above expression as a power series ) R,2" in Z.
Clearly, f.Ry is precisely the contribution of the X9" to &L (X, E, G; 2, 7).
If we denote r = rkNay, we have f.2" ™™ = i, (s,(i* N2))(=1)""""1 where i, is
the pushforward from Z9" to X9". We can therefore rewrite the contribution
of fyR~o as

(1za.m)x Z 5p (1" No) (—=1)" "1 (Coeff. at ") (above expression)
n>0

where iz is the embedding on Z9" into X. Taking into account

tr
Sp(i*No)(-1)"t™T" = ——,
r;) : HN2(t )
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we can rewrite this as

1)2)6'(0) 11 yif (55 — 2)
TZg:n

(—1)R€St:0(izg,h) 0(27” (()S

+
(271)0(55)0(—(0 + 1)2) 0(3%)
N 9(’;2’ +A( ) — Az(h)T) Na gLt
] f;ﬁ Xilg) = M(W)T = 2) amin s
N3 fZTL:t Nilg) — N

)

(h)7)

XH 9(f2677r1 +5l( ) El( )T _ (5 + 1) ) 0<_Z) eQTri(SiEi(h)z
252 gLt 4 oy(g) — e —2)  O(—(0; + 1)2)

27

XH 9(f27r1 + El(g) - Ei(h)T B (51 + 1)2) ‘9(72) e27ri5isi(h)z
EpZ QL% 1 gi(g) —ei(h)r —2)  O(=(6i + 1)) '

2mi

We will denote the expression above by F'(t), to be thought of as a meromorphic
function on C with values in the Chow group A.(Z9").

Let us now calculate the contributions from other components X9 that
map inside X9". As we have discussed earlier, these components correspond
to nontrivial characters A that are present in N3. We want to find the normal
and tangent bundles of X X’h >~ PN, inside X. The Chern class of the tangent
bundle can be described as the restriction from X of

HNA(l + ffni—2) HTZg,h(l + fyi),

so the normal bundle has Chern class which is a restriction of
(1+][, a+f ”Z’)HNQ@NS/NAO + fri — 2).

Therefore, the contribution of X f{’h to Sﬁﬁorb(f( B, G) is

) 0'(0) (f*n; — 2)0(L 52 — 2) Fryb(Le — 2)
(Zng\'h)*QﬂiG(—Z) HNA H(f 1= z) HTZ“" 9(’;?;)

0(5= + Alg) — A(h)T — 2) 2miA(h)z

0(55; + Alg) — A(h)7)

27i

(
AU o) N —2)
A e -

H 6(]6;—;”2 + (N — A)(g) — (N — A)(R)T — )egm(,\i_/\)(h)z
N2®Ns/Na (L8 ;m—z + A= N)(g) — (N = AN)(h)T)

H % + (Ei - A)(g) - (52- — A)(h)
Bz (L2 4 (e, — N)(g) — (e — M) ()T ZW

)Z) (—z )ezma( A)(h)z
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H 0(];*:11 + 51(9) — 81(h)7_ — (61 + ]‘)Z) 9(_2) eQ-rriéisi(h)z
Ei2Z 0( L +e;(9) —ei(h)T — 2) 0(—(9; +1)2) '

0= +Alg) —AR)T—(6+1)2)  0(—2) 2miSA(h) 2
(% +A(g) —Ah)T —2)  O(—(0+1)z)

27r1

where Xoh is the embedding of X /g\’h into X. Here we used the fact that the

line bundle O(Z A) has character A on X - We again expand the integrand in

terms of powers of 2 and use f, 271" = 5, (Np)(—=1)" 71" where | = 7k(Ny),
to rewrite the pushforward to X of the above as

05 + A9) — AT — 0+ D200 srigsrnyacn:
(2mi)0(5L; + Alg) — A(R)T)0(—(0 + 1)2)

27
yif(35 — 2)
X Hng,hr 9(&)

2mi

(*I)Restzo(izg,h)*

N 0L T (v — A)(g) — O — A) (o))

h)T — (0; +1)2)0(—2) 28 (i~ A) (k)=
) — 2)0(—(0; + 1)2)

0 27i

(
ZG(f e,—t

(o

(5

+
frei— t (51 A
+ (&

27

11
11
1 O3+ (i = M)(9) = i = M(BIT —2) oriia,—ayn:
1L,
1L,

™
~.
>

> |1 |-

&i(
Z0 ci(g) —&i h) —2)0(=(6 +1)2)

which can be rewritten as

(=1)Resi—p(g)—A(n)-F'(1)

because the additional exponential factors cancel due to 6 = ) p -, +
rk(N3) + rk(Ns) — 1.
So in the case X9" £ Z9" all we need is to show that

Rest OF + Z Rest Alg)—A (h)rF(t) =0.

This follows from the observation that F' is periodic with respect to t — ¢+ 2mxi
and t — t+27iT and has poles at 0 and A(g)—A(h) only. Indeed, the periodicity
is a corollary of the transformation properties of # and the definition of §. The
statement on poles follows from the fact that for every E; D Z the theta
function in the denominator is precisely offset by of the theta functions in
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the numerator. Indeed, in view of the normal crossing condition on Supp(F)
and Z, each Ej gives a quotient bundle of the normal bundle to Z and the
sum over all Ej, is (locally) a quotient of Ny @ N3. As a result, ej is a Chern
root of N3 or Ny depending on whether or not Ej, contains X 9"

As in [7], we remark that we can ignore the assumption that the N; come
from bundles on X, because the expression for F'(t) makes sense without it
and deformation to the normal cone can be used in general. We also observe
that in the case when Z9" has several connected components, the above cal-
culation shows that the contributions of the components, other than X§ ’h, to
f*&lﬁorb(f( , E ,G; z,7) cancel the f,R~( contributions of the connected com-
ponent X " The f,Ry contribution of X§ " is again the contribution of X 9"
to ELLon (X, E, G 2, 7).

The case X9" = Z9" is handled similarly. This time, the contributions
to EII(X, E,G: z,T) equal

- / > Res;_p(g)-amyr F(t) = Res;—oF(t)
Zon 0 Xeo:h
which is precisely the contribution of X9" to Ell(X, E,G;z,7). Indeed, since
Ny = 0, and no divisor E; that contains Z can have € = 0, F(t) has a simple
pole at ¢t = 0 and the residue is easy to calculate. Similar calculation works at
the elliptic class level. O

We will now use the invariance under blowups to define the orbifold elliptic
genus and orbifold elliptic class for an arbitrary G-equivariant Kawamata log-
terminal pair.

Definition 3.7. Let (Z, D) be an arbitrary G-equivariant Kawamata log-
terminal pair with no additional conditions on its singularities. Let m: X — Z
be a G-equivariant resolution of singularities of (Z, D), such that the corre-
sponding pair (X, E) is G-normal. Then the orbifold elliptic class of (Z, D) in
A.(Z) is defined as the pushforward 7, of the orbifold elliptic class of (X, E)
and the orbifold elliptic genus of (Z, D) is defined as the orbifold elliptic genus
of (X, F) or alternatively as the degree of the orbifold elliptic class.

Clearly, this definition does not make sense unless we can prove that it
does not depend on the resolution 7.

THEOREM 3.8. Definition 3.7 makes sense; that is, the pushforwards of
the orbifold elliptic classes do not depend on the resolution of singularities.

Proof. In view of Theorem 3.6, it is enough to show that any two G-normal
resolutions of singularities (X_, E_) and (X4, F1) of (Z, D) can be connected
by a sequence of equivariant blowups and blowdowns among G-normal reso-
lutions of singularities of (Z, D). This is a G-normality strengthening of the
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equivariant version of the Weak Factorization Theorem of [1]. The equivariant
version itself assures that such a sequence of blowups and blowdowns exists in
the category of simple normal crossing G-equivariant divisors F.

In order to get G-normality, observe that for every simple normal crossing
G-equivariant divisor £ on smooth X there is a canonical sequence of blowups
that makes the preimage G-normal. Namely, this is the toroidal morphism that
corresponds to the barycentric subdivision of the corresponding polyhedral
complex (see Section 5.6 of [1]). In the notation of Section 4.3 of [1], we apply
this procedure in the definition of W{*. Then the additional sequences of
blowups r;+ preserve G-normality and the statement is reduced to the case
of the toroidal birational map ¢§*". The group G acts by interchanging the
vertices of the polyhedral complexes Ay of W". We apply the barycentric
subdivision blowup to both of them, and then observe that all intermediate
varieties in the toroidal version of weak factorization have G-normal divisors.
Indeed, each of them comes from a subdivision A of BA, or BA_, where B
stands for barycentric subdivision, and we assume the former with no loss of
generality. If a cone C in A maps to itself by some group element g € GG, then
the same is true for the smallest cone Cy in BA, that contains its image.
However as observed in Section 5.6 of [1], this implies that g acts trivially on
the span of C*, hence on C. This implies G-normality, since every fixed point
of g comes from a stratum that corresponds to some cone of A. O

Remark 3.9. The Weak Factorization Theorem also works in the cate-
gory of G-strict divisors, defined by the condition that the translates of ev-
ery irreducible component of F are either equal or disjoint. Indeed, the
above argument works, since G-strictness is preserved under normal crossing
G-equivariant blowups with smooth centers and the barycentric subdivision
assures G-strictness, not just G-normality.

Remark 3.10. It is clear from the definition that the orbifold elliptic genus
of a log-terminal G-variety is unchanged under equivariant crepant morphisms.

Remark 3.11. The arguments of this section clearly show that the contri-
bution of each pair (g, h) of commuting elements of G to the orbifold elliptic
class and genus is well-defined. Indeed, in the proof of Theorem 3.6 each pair
was considered separately.

Remark 3.12. The orbifold elliptic genus for the product of triples
(X1, F1,G1) and (X9, B9, G3) equals the product of elliptic genera. The prod-
uct of the triples is defined as the product of the varieties, the sum of the
pullbacks of the divisors and the direct product of the group actions.

We observe that our definition of orbifold elliptic genus is compatible with
the definition of the orbifold string E-function of Ey (X, E,G) of [5] in the
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sense that the limit of the orbifold elliptic genus as 7 — ico recovers the orbifold
string function analog of the x,-genus. For this, we will need the following easy
lemma.

LEMMA 3.13. Let X be a complete stratified G-variety with at most quo-
tient singularities such that the action of G is effective and free and preserves
the stratification. Let X1 be any stratum of X and let Gy be the subgroup of G
that maps X1 to itself. Then

WX /G) = i (X).
1

Proof. We will argue by induction on the dimension of the stratum. In
dimension zero the freeness of the action implies |G1| = 1 and x,(X1/G1) =
xy(X1) = 1. For the induction step, it is enough to assume that X; = X and
X is connected. It is easy to see that the induction assumption allows us to
consider X7 to be a part of the nonsingular locus of X. After an equivariant
desingularization, we may assume that X is smooth and X; is the open stra-
tum. Notice that desingularization preserves the freeness of the action, which
implies

Xy(X/G) = éXy(X)-
By additivity of x,, we can split the above identity according to the contribu-
tions of the strata. Each stratum Y; in X/G is a quotient of a stratum Y in X.
If H is the subgroup of G that fixes Y, then there are |G : H| disjoint strata

of X that map to Y;. By the induction assumption, x, (Y1) = ﬁxy(Y) =

ﬁ > (v} Xy(9Y') where the sum is taken over the cosets of H. Consequently,
the terms corresponding to smaller dimensional strata cancel, which finishes
the proof of the lemma. We remark that the statement generally fails for free
actions on noncomplete varieties. It is crucial that the action stays free on the
completion of the stratum. O

PROPOSITION 3.14. Let Eq, (X, E, G;u,v) be defined as in [5]. Then

lim Elloy (X, E,G;2,7) =y "% Eon(X, E,G;y,1)
T—100

where y = e2™%,

Proof. From the product formula for 0, i.e.:

l=00 =00
9(2, T) = q§(2sin7rz) H (1 _ ql) H (1 o qle27r12)(1 - qlef2mz)
=1 I=1

(see [9]), we have

_ — o 2mi(u—p) .
lim e(u /87 T) —_ (1 e i ) —mif
T—100 0(u, T) (1 — 6_27”u)
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and 0
lim (u—ar—f7) = e
r—ico  O(u—ar,T)

for 0 < o < 1. Hence, by taking the limit in Definition 3.2,
lim Ell,w(X, E,G; 2z, 7)

T—100

1— e—xx+27riz)

) N
Z Z/ " Mo)= h)O)\ (I—em)

g,h gh=hg X9
(1 _ efxxf27ri/\(g)+27riz)

(1 _ e—mx—27ri>\(g))

o o—m(dimX)z 2mi(32, A(h))z H
A(R)=0,A(g)#0

(1 _ e—ek—27Ti5k(g)+27ri(5k+1)z) (1 _ ezwiz)
(1 _ efek727ri€k(g)+27riz) (1 _ e27ri(5k+1)z)

X 6271'le 6;,15;‘,(h)z H

k?,&‘k (h):0

(1 _ eQﬂ'iz)
< 11 .
_ a27mi(0r+1)z
kyen (h)£0 (1 — e2m0tD)z)

Z Z/ Xgh wt(h,X",E)

g,h,gh=hg Xa:"

% Ch(A—yQXh’ngh(g)) H (1-— e’ek*QﬂiEk(g)yékH) 1-y)
ch(A—1N%,ncxn(9)) (1—ee2mialay) LL(1— o)

Here wt(h, X", E) is the same weight as defined in [5] (cf. 6.1), for the irre-
ducible component X" of the fixed point set of h that contains X9". We have
also used

Ey2X"h

ch(A_,Q%.

xon(9)) = H (1-— e_x*_QWi)‘(g)-&-?WiZ)
A(h)=0

and

Ch(Ale}k(g,thh (9)) = H (1-— e—ﬂfA—?Wi/\(g)).
A(R)=0,A(g)#0

We use a trick to rearrange the product over Ej, 2 X" as follows.

lim Ello, (X, E,G;2,7)

Z Z / )(g7 wt(h,X’L,E) Ch(A*yQ.th ‘Xg’” (g))
g,h,gh=hg X 9:h Ch(A—lNXg,thh)
X H < 5k+1 _ 1)(1 _ ye—ek—27ri6k(g))> H m
Ep2X"h EDX"h

de
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dme
Z Z / (X9 t(h. X" ) ch(A_yﬁkh\Xg,h(g))
g, hgh hg Xa.h Ch(A Xg hCXh)
Z H 5k+1 (1 _ e—ek—27ri£k(g)) H (y _ 1)
T keJ 5k+1 _ 1 1 — ye e 27r1£k(g)) Bioxt (y5k+1 _ 1)

_dimX

Z Z Z / A(XTH O )y ethX".E)

g,h,gh=hg Xo:» JCI(Xm) 2" h”EJ

x Ch(A_yQXhﬁE ‘Xq hﬂEJ(g H 6k+1 H (y — 1)
5k — Ok _ :
h(A1N%y g, cxrne, ) (9) keJ H 1) EuOX" (yortt —1)

Here the set I(X") is defined as the set of all k such that Ej, 2 X" and
E;, N X" # 0, which in particular implies that Ej, is mapped to itself by h due
to G-normality. We have also used the identities

WXt n By =taxery ] L)

ek
keJ,Xorg B,
ch(A_y Q) ) xonnp, (9) = ch(A_y Q%) [xon (g) [[ (1 — yemor—2menl9)) =1
keJ
ch(A1Nkonng,cxing, ) (@) =ch(A 1 Nxoncxn)g) [ (1 — e o72meel)),
keJ X9hCE,

Changing the order of summation, one obtains

lim Ello, (X, E,G;2,7)

T—100

de

_ ’G‘ IDNLEECE SIS /X L, A Ey)

heG X JCI(X") geC(h, X", J

Ch(A—yQX'mEJ)’XMOE (9) H( y—1 —1) H ( (y—1)

Ch(‘/\—lNXg,hmEJthmEJ)(g) y6k+1 -1 yék—H - 1)

keJ E,DX"

where the group C(h, X", .J) is defined as the subgroup of the centralizer of h
that consists of group elements that map X" to itself and preserve all elements
of J. By the equivariant Riemann-Roch theorem the above expression equals

y_% w I3
W Z Yy th.X ’E)|C(h7Xh7J)|Xy(XhﬂEJ/C(h’a th‘]))
h,Xh JCI(X™)

—1
<[]« ak+1 -1 I &T)D

kGJ E,DX"
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y_dir;)X . .
=E X IO X ) (X 0 B O, XN )
B, X", JCI(X")
111l -1
S0 ety T ey
J1CJ k€J1 E.DXh

We observe that we can replace the group C(h, X", .J) by a possibly bigger
group C’(h, X" .J) characterized by the condition of fixing h and X" and
fixing J as a set. Indeed, the G-normality of F implies that the action of
C(h, X" J)/C(h, X", J) on X" N E;/C(h, X", J) is free and we can rewrite
the above as

y_dir;X . . ) )
rel Z gyt X ,E)‘C(h,Xh7J)|Xy(XhmEJ/C(h7Xh’J))
h,XP,JCI(X™M)
x 37 (=11l H 11 -1
J1CJ keJl EyDX"

The variety X" is stratified by intersections with various E5 which induces a
stratification on X"NE;/C(h, X", J). Every Jo D J gives a stratum X" NES,
on X" N Ey, but different such strata may map to the same stratum in X" N
E;/C(h, X" J). In fact, the strata for all possible sets of J from the same
orbit of C(h, X", J)-action on the set of J that contain J will map to the
same stratum S on X" N E;/C(h, X", J). This stratum S will be isomorphic
to X" N EjQ/C‘(h,Xh,J C Jy) where C(h, X" J C Jp) is the subgroup of G
that fixes h and X" and fixes J and Jy as sets. By Lemma 3.13, we get

|C(h, X", J3)|
|C(h, X, J C Jy)|

Xy(9) = Xy (X" N B3, /C(h, X", Ja)).

Indeed, both groups CA'(h,Xh7 J C Jp) and é(h,Xh, J2) act freely on the vari-
ety X" N E;,/C(h, X", J;) and preserve the stratification which allows one to
compare the x,-genera of the quotients. Using the additivity property of the
Xy-genus we now get

é h, X", J .
Xy(X"NE;/C(h, X", J Z j))" y(X" N ES,/C(h, X", J2))
J22J
with the rational coefficients included to account for the fact that the same
stratum on the quotient may come from different strata on X*NE;. We notice
that ZJ,JQQJ;Jl(_l)‘JI_IJll equals 1 for J; = Jy and equals zero otherwise,
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to get
lim Ellw (X, E,G;2,7)
T—100
_ dimX
_y e wi(h, X", B)
= — )
X

h,XP, JCI(XM)

x]C’(h,Xh,J)\Xy(XhﬁEf}/C“(h,Xh,J))H% 11 %
keJ E,OX"

Sy Y XN ek S, X 0))
{R}AX"} AT}

(y—1) (y—1)

X — —

U= 1 Gy
Here we are summing over representatives h of conjugacy classes of G, then
over representatives X" of the orbits of the action of C'(h) on the components
of the fixed point set of h and finally over the orbits of the action of C'(h, X", )
on the subsets of I(X"). This can be compared with Definitions 6.1 and 6.3
of [5]. Our sum over the subsets of the set of components fixed by h that
contain the set of components Ej, that contain X" coincides with the set from
the definition of [5] up to trivial contributions. Indeed, in Definition 6.1 of [5]
W is empty unless J consists of the elements that correspond to divisors that
intersect W and moreover contains all elements that correspond to the divisors
that contain W.

However, it appears that we are summing over the orbits {J} whereas
Definition 6.3 of [5] contains the sum over all J. The extra factor is equal to
the length of the orbit of J under the action of C'(h, X" (). This appears to
be a typo in [5], which can be easily seen for a fixed point free action of G. O

Remark 3.15. Clearly, the comparison between the orbifold elliptic genus
and the orbifold E-function follows from Theorem 5.3 and the main result
of [5]. However, it would be strange to rely on such a roundabout way of
proving it.

PROPOSITION 3.16. Let X be a smooth G-variety and let EE be a G-normal
divisor on it such that (X, E) is Kawamata log-terminal. Let m(Kx + E) be a
trivial Cartier divisor for some integer m. Denote by n the order of the image
of the homomorphism G — AutH®(X, m(Kx + E)), where the homomorphism
can be defined due to G-invariance of E. Then Ellg, (X, E, G) is a weak Jacobi
form of weight 0 and index dimX /2 with respect to the subgroup of the Jacobi
group 'Y generated by the transformations

z 1

(z,7) = (z4mn,7), (2,7) = (z+mn1,7), (2,7) = (2,7+1), (2,7) — (;, —;)
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Proof. As in the proof of Theorem 4.3 in [7], we introduce

05+ 5lg) =~ T8~ 2) it
0(5% + k(g) — TK(h))

2mi

Q(g? h7 K-/’ Z7 T? x) =

where k is a character of the subgroup of G generated by g and h considered
acting on a line bundle with the first Chern class . Then the contribution of
a connected component X 9" in Definition 3.2 is

( H x,\) ><H<I>(g,h,>\,z,7',x)\)
A

Alg)=A(h)=0

y H O(g, h, ek, (14 k)2, T, ex) 0(—=2) [Xg’h].

A (I)(ga hvgkaszv ek) 9(—(5k+ 1)2)

The proposition follows from the transformation properties of ®(g, h, k, z, T, )
proven in Theorem 4.3 of [7]. Note that these properties yield that the trans-
formation (z,7) — (z + mn7) transforms Ell,, (X, E,G) as a Jacobi form
provided: >, zx + > 0xE; = 0 and for any g € G one has

mn <Z Ag) + Z 5k€k(g)) €Z.
A k

Those are the assumptions of the proposition. The Jacobi property for the
transformation (z,7) — (z + 1,7) also uses the above condition. The other
two generators of I'/ mentioned above transform the contribution of the pair
(g,h) into the contribution for the pairs (gh=!,h) and (h,g~!) respectively,
multiplied by the corresponding Jacobi factor.

We remark that the result of this proposition also follows from the main
Theorem 5.3 of this paper and [7, Prop. 3.8]. O

4. Toroidal morphisms of nonsingular pairs

The goal of this section is to derive pullback and pushforward formulas
for functions of divisor classes for certain maps of varieties with simple normal
crossing divisors on them.

Let Z be a smooth algebraic variety, together with an open set Uz whose
complement is a simple normal crossing divisor D = ", 1, Di, where D; are
the irreducible components of D. To every subset I C I, and every connected
component Zr.; of Z; = N;erD; we associate a cone Cp;; in the lattice Ny; =
ZM!. We denote the standard basis of N.; by {ex.;},k € I. The cone Cr,; is
defined as @recrR>pex;;. For any cone C' its relative interior will be denoted
by C°.

If Iy C I> and a connected component Zy,.;, contains a connected com-
ponent Zy,.;, then we define a face inclusion map from Ny,.; to Ny,.;, by
mapping ey.;, to ey, for every k € I;. The image of the cone Cy,,;, under
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this map is a face of C1,;,, which explains the terminology. In agreement with
the terminology of [21] we define the conical polyhedral complex X7 of (Z, D)
as the union of all cones Cr.; glued according to the face inclusion maps. We
will often refer to it as the conical complex. This is the same as the conical
polyhedral complex with an integral structure for the smooth toroidal embed-
ding without self-intersection, in the terminology of [21]. We also observe that
closed subvarieties Z,; induce a stratification on Z. The corresponding locally
closed strata will be denoted by Z}’; =

We define piecewise linear (resp. polynomial) functions on ¥  as collec-
tions of linear (resp. polynomial) functions on each Cr.; € ¥z which are com-
patible with all face inclusions. We will analogously talk about formal power
series on the conical complex by considering the completion of the space of
polynomial functions by the degree filtration, i.e. the space of collections of
formal power series on the vector space Ny.; ®z C for each Zr.; that are com-
patible with the face inclusions. There is a natural ring structure on the space
of formal power series, which we will denote by C[[Xz]].

Another natural ring to consider is the partial semigroup ring defined by
the conical complex Y. It is a vector space whose basis elements [v] are in
one-to-one correspondence with lattice points v of ¥ 7. For every pair of points
v1,v2 € Xz, the product [v1][vs] is defined as follows:

[][va] = > [or +wal,

Cexy
v1,v2€C

where 2 means that the same point of ¥ that appears from different cones is
counted only once. Alternatively, it is enough to consider the cones C 3 vy, v9
that do not contain any smaller such cone. In particular, the product is zero
if there are no cones C' that contain both v; and ve. This ring will be denoted
by C[Xz]. It can also be thought of as a subring of the direct sum of the
semigroup rings @r,;C[Cr,;] that consists of collections that are compatible
with the face inclusions. The identification is via mapping [v] to the collection
of [v] for C' > v and 0 otherwise.

It will be crucial to our calculations to construct a natural isomorphism
between the ring C[X 7] and the subring of C[[Xz]] that consists of piecewise
polynomial functions. Namely, for every cone C}.; we denote by x.; the linear
functions on Nr.; such that xy.;(e;;) = (5,@, where ¢ is the Kronecker sym-
bol. The element [v] = [}, arer;;] of C[Cr;] is mapped to the polynomial
erl(xk;j)ak. If a collection of elements of C[CT.;] is compatible with face re-

strictions, then so is the collection of the corresponding polynomial functions.
Indeed for any face inclusion between Cy,.;, and C1,.;, the linear functions .,
restrict to xy.;, if £ € I; and to 0 otherwise. It is straightforward to see that
this identification is compatible with the product structure. The inverse map
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from piecewise polynomial functions on X7 to C[Xz] is easy to construct as
well. In what follows we will frequently pass from one description of C[X] to
the other.

Definition 4.1. We define a map p: C[[Xz]] — A*(Z) as follows. For every
lattice point v € C7,; given by

v = Zkiei;jaki > 1
i€l
we define by f the corresponding piecewise polynomial function on ¥z and set

p(f) = Zr; 0 (Nier(Di)* ).

We extend the definition of p to arbitrary piecewise polynomial functions by
linearity. We extend it to arbitrary piecewise formal power series by noticing
that that only v with ), k; < dimZ contribute nontrivially.

PROPOSITION 4.2. The map p defined above is a ring homomorphism.

Proof. Tt is enough to calculate the image of the product of two monomial
functions fi; and fo that correspond to points v; and vy in the conical complex.
If there is no cone Cf,; € Xz that contains both vy and v9, then fifo = 0. On
the other hand, in this case the components Zj,.;, and Zj,.;, do not intersect,

so p(f1)p(f2) = 0.

In general, the product f; fo will correspond to

> [vey,]

CI:j2011§.717011j20125j2
where I = I U I and
vor, = > kiters+ Y kigeky
i€l i€l

The cones Cy,; are in one-to-one correspondence with the connected compo-
nents of the intersection Zy,,;, N Zr,.;,. The image of each f¢, , under p is

kiitki2—1
p(fCI;j) = ZI;j N (ﬂie[luj2Di AR )

where ;1 is defined to be zero for ¢ € I; and similarly for k; 2. On the other
hand, the excess intersection formula [14] gives

Z11§j1 N Zfz;jz = ZZI?j N (mi'EhﬁIzDi)
J

in A*(Z). Then it is easy to see that p(f1f2) = p(f1)p(f2). O
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Remark 4.3. If all Z; = N;crD; are either empty or connected, then the
above discussion simplifies greatly. Then the image of p is precisely the subring
of A*(Z) generated by the classes of D;. The difficulty was to somehow localize
a polynomial in D; to the correct connected component.

Remark 4.4. The relation between lattice points of >z and piecewise poly-
nomial functions on ¥z becomes important for what follows. While the former
are easier to describe, the latter behave better under pullbacks.

We now define a certain class of morphisms between two varieties Z and
Z with the normal crossing divisors D and D respectively. This is a particular
case of the general definition of [2].

Definition 4.5. We call a proper generically finite morphism pu: 7 — Z
toroidal if the following conditions hold.

e D = u D and the morphism y is finite and nonramified outside of D.

e The image of the closure of any stratum of Z is the closure of a stratum
in Z.

e For every pair of points 2 € Z and z € Z such that u(2) = z and every
system of local analytic coordinates at z such that the components of D
that pass through z are coordinate hyperplanes, there exists a system of
local analytic coordinates at Z such that the map pu is given by monomials.

We claim that locally in Z a toroidal morphism is given by a finite toric
morphism. A local description of a finite toric morphism can be seen in Figure 1
where the positive orthant in one lattice is subdivided into cones of determinant
1 in a smaller lattice. We refer the reader to [15] for the background on toric
geometry.

Remark 4.6. Let C be a positive orthant in a lattice N and let N be a
finite index sublattice of N. Then to each subdivision ¥ of C' into cones of
determinant one in N (see Figure 1) one can associate a proper generically
finite toric morphism between the smooth toric variety that corresponds to
(N, %) and the smooth toric variety C**V that corresponds to (N, C).

As in [2], to every toroidal morphism we associate a map v: ¥, — Xz as
follows. For a cone C' P pick a generic point Z on the corresponding connected

component A i and consider the above monomial map between the neighbor-
hoods of 2 and z = p(£). The point z lies in the stratum Zr.; for some I and j.
For every i € I consider the point in Cr.; whose coordinates are the degrees of
the local variables that correspond to 7 in the expressions of the variables that
correspond to D;, ¢ € I. This defines the image of the point €. in Cr,j and the



1546 LEV BORISOV AND ANATOLY LIBGOBER

L) L)
& &

Figure 1

map is extended to the whole X, by linearity. This map is compatible with
the face inclusions and is thus well-defined. Indeed, it encodes the coefficients
of f)g in the divisors p*D;.

Moreover, we can describe the preimage of any cone Cr.; as follows. Let
z be a generic point of the corresponding stratum Z7. j and let U be a small

analytic neighborhood of z. Let U be one of the connected components of the
preimage of U. We denote by U° and U° the intersections of U and U with
the complements of D and D respectively. Then p induces a finite nonramified
covering map from U° to U. Since the fundamental group of U° is naturally
isomorphic to Ny,;, this covering gives a map from Np; to a finite group. The
kernel of this map is the fundamental group of U°. Tt is a finite index subgroup
of N = Nr.; which we denote by N. The map from U to U can be factored
through the singular variety U; which is the preimage of U under the natural
map from Spec[C7; N N] — Spec] 7.; A N]. Then the arguments of [21, Ch. 2,
§2] show that the map from U to U; comes from a subdivision of the cone Cr;
in N into cones of volume 1 as in Figure 1.

In general, it is possible that different connected components of the preim-
age of U are part of the same connected component of the preimage of Z7 ..
However, we have just shown that the preimage VﬁlC}’; ; of the interior of Cr;;
is a union of connected components, each of which corresponds to a finite toric
morphism. Namely, for each component, there is a sublattice N of finite index
in the lattice N = Ny,;. The relative interior of cone Cfr; is subdivided into
several simplicial cones of volume 1 in the lattice N asin Figure 1. We will de-
note this subdivision by ¥¢, , if it is clear from the discussion which connected
component of VﬁlC}’; ; we are referring to. Then every cone of ¢, | is a cone of
Y., with the lattice N as the corresponding lattice. For the stratum 27, j the re-
striction of 41 to the preimage of an analytic neighborhood U of Z7 ; is described
by v in the following sense. The connected components of this preimage are
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in one-to-one correspondence with the connected components of y_lC}’, ;- Let

us fix one such connected component, which we will denote by U. It is easily
seen to be a neighborhood of the union of the strata ZOJ for all C; - € Yo,
Moreover, it is a locally trivial fibration with fibers isomorphic to the preim-
age in Py NSe,, of a disc around the origin under the map of Remark 4.6. The

base is isomorphic to some smooth variety W which is a nonramified cover of
degree d;.; of Z7. ;- The map p on U is locally on Z isomorphic to a product of
the map from Remark 4.6 and an identity map along. Here W can be taken
to be any stratum on Z that corresponds to a maximum-dimensional cone in
Y¢;.,- The numbers dr.; depend on the connected component U and they will
be important in our description of the pushforward.

Our goal is to investigate the restriction of p* and p. to the subrings of
A*(Z) and A*(Z) which are images of p = py and p = pz.

ProproSITION 4.7. The data of finite toroidal morphism define a map
v C[Ez]] — C[[E,]]

stmply by pulling back the corresponding functions via v. This map is a lifting
of u* in the sense that

pov' =pu*op.

Proof. Let us first check this for a linear function on ¥z. Every such
function corresponds to a divisor ), a; D;. Then locally this is a statement of
toric geometry, namely that the preimage of a divisor under a map between two
toric varieties is given by the same piecewise-linear function, which is apparent
from the definition of v.

It is then enough to check this statement for a function f that corresponds
to a point v = Zid e;;j in the relative interior of a cone Cr,; € ¥z, since both
v* and p* are ring homomorphisms. We can restrict our attention to a Zariski
neighborhood U of Z;,; such that UNZ; = Zy,;. Then all we need is the above
statement in toric geometry, restricted to U, together with the fact that p*
and v* are ring homomorphisms. O

It is a bit more difficult to describe the pushforward.

THEOREM 4.8. Let v, be defined as follows. For every f € C[[X,]] and
every cone Cr; € Xz consider the subdivision Y, of each connected com-

ponent of 1/_10}’ For each Cj; of X¢,,; with 1] = ||, the power series in
the variables x;, i €I that corresponds to the restriction of f to CA 5~ glves a

power series in the variables x;,1 € I via the linear change of vamables that
corresponds to the inclusion of Cf-j’ into Cr.;. This power series will be denoted
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by fr.;. Then we define the element of C((zi;)),i € I

(10) Wefhig= D dig Y fi %
el ;g

Yoy, Ci;€%0,,,, =11

where the outer sum is taken over all connected components of 1/_16'}’;]-. These
functions (vif)r,; are compatible with face restrictions and actually lie in
Cllwsj,4 € I]]. Thus they define a map vy: C[[X,]] — C[[Xz]]. Moreover,
Vs 18 a lift of s in the sense that

[ © P = P O Vy.

Proof. Let us check that the image of the function f is actually in C[[CT]]
for every given cone Cp ;. It is enough to consider one cone subdivision ¥, ..
The function v, f may have simple poles over hyperplanes that correspond to
cones of ¥, of dimension |I| — 1. Each such cone has two adjacent cones of
maximum dimension, and it is straightforward to see that the terms of (10) for
two such cones will contribute opposite residues for this hyperplane, because
of the compatibility condition on f.

Let us now show that v, f is well-defined as a map from C[[X]] to C[[Xz]],
that is, the definition of (v f),; is compatible with face inclusions. Let Cf,.;, be
a codimension one face of Cr,.;,. Hence Iy = I1 U {ip}. The cones Ci,5, €2z
that map to the cone Cf,.;, and have the same dimension may or may not
contain a face C 5 that maps to C,.;,. In the latter case, the contribution of
such Cj = 0 (V4 f) L3, is going to restrict to zero on the face C7,;5,. Indeed,
in equation (10), the restriction of the numerator to Cf,.;, vanishes, because
it contains the linear factor z;,.;,, whereas the denominator does not vanish.
In the former case, the factor w;,.;, will appear in the numerator while ;5
will appear in the denominator,where i is the linear function that vanishes on
Ofl;j‘l‘ It is easy to see that

|NI2§j2 : N

Ligsjo In32
Tiga  Nng s Njs, |

The other factors in the fraction would restrict to those for the contribution
of C [ to (v f)1, .j,- For each cone C s there may be several different cones

C; - as above, but we observe that for each C; -
I3;72 11501
(11) Z |N12§j2 : Nf2;32|d12;j2 = |N11§j1 : Nfl;31|dl1;j1'
Clyiy

Indeed, both sides depend only on the connected component of v~ *Cf, .j; rather
than the specific cone Cfl G The right-hand side then describes the number
of points in the preimage of a point in the neighborhood of the stratum Z7, i
that lie near a certain connected component Y of p~1Z;,.;,. Indeed, for any
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z €27 " there is a neighborhood U > z such that the preimage is isomorphic
to a union of dy,.;, copies of a toric variety IP)er;jchzl;jl' For each copy the
map on the big open set is finite unramified of degree |Ny,.;, : N fl;j‘l" The
left-hand side describes the sum of numbers of points in the preimage of a
point in the neighborhood of Z7 2 sorted by the connected component of its
preimage. However, since we are summing over the connected components of
the preimage of Zy,.;, that are part of the component of the preimage of Zy,.;,
both sides are the same.

Next, we observe that v, is a module homomorphism with respect to the
Cl[[Xz]]-algebra structure on C[[X,]] induced by v*. Indeed, multiplication by
a pullback of a function g on ¥z results in multiplication of all f i; in equation
(10) by g.

Because p, is also a module homomorphism, it is now enough to check
that p(v«(f)) = p«(p(f)) for functions f from some generating set of C[X,]
as a module over C[Xz]. We claim that such a generating set can be taken
to be the set of f that correspond to minimal lattice points in the interiors
of cones. Indeed, for every cone C i.» € X, consider a cone Cr;; € ¥z that
it maps into the interior of under V It is easy to see that products of the
function f that correspond to the minimum interior point of v = » -, €. by
pullbacks of polynomial functions on C.; span precisely the space of functions
that correspond to monomials from the interior of Cf;ﬁ" So it is now enough
to consider the function f that comes from the minimum interior point, where
we keep the notation as above. We recall that for such f we have p(f) = Z i

In the case of |I| < |I| the stratum Z i ; has image of smaller dimension,
so p«p(f) = 0. Consider all cones C; [ in Z(;I that contain Cj; and have
dimension |I;| = |I|. These cones form the star of the neighborhood of Cj -
in the fan X¢, ;. The contributions of the fractions of equation (10) times the

corresponding f will be proportional to

I s

Ci 5y iehigl B

Since all these linear functions x; 5, vanish on the span of Cf ~, one can work
on the quotient, where Lemma 8. 5 implies that (v f)r,; = 0.

We also need to check that (v.f)r,.;, = 0 for all cones Cr,.;, € X7 that
contain Cfr.;. These calculations are analogous and are left to the reader.

Let us now consider the case |I| = |I]. In this case there will be only one
contribution to (v, f)r,; and we get

a1y = dry [ [ wag-

el
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We also claim that for every other cone C7y,,;, that contains Cr.; we will have

( 117]1 dIy] H‘r%]l

el

Indeed, for every connected component of v~ (C’ 1.7) the terms of equation (10)
will be zero except for the cones Cj = with |I1] = |I;| that contain Cpse If we
again work in the quotient by the span of C'; - 150 We see that Lemma 8.3 implies
that the total contribution of such C'AI’A1 is

d ) |[v1nj1: fvfujl‘ o
I N7 < Nov Lisgy -
Ly -2Vl Ger

Then an analog of equation (11) finishes the calculation of (v f)r,.j,-

Then we conclude that v, f corresponds to dy;; times the minimum lattice
point of Cr;. On the other hand, the corresponding cycle 7 7; maps onto
Zr.; and the morphism is is generically finite of degree dr.;. Therefore, we get
M*Zfﬁ = dy.j 4.5, which finishes the proof. O

5. Main theorem

Our goal is to prove that any G-equivariant morphism g : Z — Z of
smooth varieties which is birational to a quotient by G has the property that
the pushforward of the orbifold elliptic class in A*(Z ) is the elliptic class in
A*(Z). The strategy of the proof is to reduce the situation to a toroidal
morphism.

Let u : Z — Z be such a G-equivariant toroidal morphism. Let k be any
linear function on the fan ¥7. The function h corresponds to the divisor

Dh = Z OéiD

i€ly

We will also consider the divisor Dh on Z such that

(12) 1 (Kz + Dy) = K, + Dy,
and
Dp=> &D;.
%EIQ

The set I splits into two sets I%XC and Ier““ according to whether or not D;
is contracted by p to a smaller-dimensional variety. We will abuse notation
and call the divisors lA)g for ¢ € IrZam ramification divisors, and assign to each
of them the ramification index r; (which may be equal to 1). We observe that
if ,u(D%) = D,, then

@z +1= T%(ai + 1).
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Since p is birationally equivalent to a quotient morphism and is locally given
by the map between two toric varieties, it is easy to see that locally the group
G acts as a subgroup of the torus. The isotropy group of every point of the
stratum that corresponds to the cone Cf} - is equal to the index of dicil

in the restriction of N¢,, to the Q-span of €. We will denote this group
by Gi,j

Consider the following function E of z, 7 with values in A*(Z).

E(Z,T):é Z Z Zj5 X De(Z’” 200

9,h€Gigh=hg Z9"=7; ; el 2if( £5)0(~2)

1 e<£ ;= i — (8 + DD rigaysn.s
+g; — he)0(—(G; +1)2)0( 2% — z)

e(f — (& + 1)2)0(—2)
X ~ .
z-l;lf@(zD% )0(—(&; +1)2)

Here g; and h; are the rational numbers in the range [0, 1) which describe the

characters of the action of g and h on the divisor ﬁg at each point of Z i
The following theorem describes the pushforward of F to Z.

THEOREM 5.1.

D' (0)0(L5 — (0 +1)2)

FE(z,7)= .
peB(z,7) zl_I[ 27r19(2ﬂ1)9(_(0‘i+1)z)

Proof. We will use Theorem 4.8 to reduce the statement to a combinatorial
result. First, we observe that E(z,7) can be obtained as p(F(z,7)) where F
is defined as follows.

Consider the cone C} - that is a part of the subdivision ¥¢, ;. Denote by
GA ~ the quotlent of the mtersectlon of the lattice @;c1Ze;; Wlth the rational

span of &, ielby ®;jZé; ;. The value of F(z,7) on this cone is

2:-6'(0 9(

Ff;ﬁ'( Z H -

gheGI s ief 27719(

out T 9; — Iy — (6 + 1)2)
i4 g; — heT)0(—(&; + 1)2)

e27r1(04;+1)h;2

27r1

Indeed, for every g,h € GAj there is a unique connected component of the
fixed point set of g and h that contains Z . Then we use the definition and
multiplicative properties of p, together Wlth the fact that ]j% corresponds to
the function on ¥, that equals ;5 for every C'f;j. such that 7 3 7 and equals
zero otherwise.
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Now we need to calculate v, F(z,7). Let us calculate the component of
vy F(z,7) on a cone Cr,j. By the definition of v, we get

dr.j
viF(2, 7)1 = (H fEm) ﬁ
ECI;J'

iel

Z Z H 27r1 Lt — Iyt - (df +1)2) Q2@+ 1)hz

Cr €0y, [ I=I1| M€ ; iel 2mi0( gt +g; — hym)0(—(G; +1)2)

We now apply Lemma 8.1. Indeed, it is easy to check that equation (12) implies
that the values (a; 4 1)z are values of a linear function on Cr.;. As a result,
we get

dr. — (a; +1)2)
*F o i ,j 27r1
v (2, 7)1 (H“’J) : ]G\ IJ‘HQ 9 720)0(—(ai +1)z)

el

CE

oy 2i? (0)0(5 — (o +1)2)
H 2;'19 IJ)ZG( (a; +1)z)

2#1

Here we use ZE d1J|N1,] IJ| = |G|, which follows from the count of the
number of prelmage points of a point close to the stratum Z7.;.
We now use Theorem 4.8 to get

D0 (0)0(£: — (i + 1)z )
27719(22) (—(a; + 1)2)

pB(2) = ppF (2.7) = proF(z7) = |
i€ly

Indeed, the calculation of pv, F(z, T) is accomplished by the multiplicativity of

p and the fact that the power series in D; has constant term 1. O

We will also need the following lemma that connects the Chern classes of
TZ and p*TZ

LEMMA 5.2.
c(12) =[] +Dy) [0+ wDi) " we(T2).
iEIZ* el

Proof. First of all, it is easy to see that the pullback of the bundle of
logarithmic differentials on Z is the bundle of logarithmic differentials on Z.
Then it is straightforward to calculate the ratio of Chern classes for the bundles
of logarithmic differentials and usual differentials for a variety with normal
crossing divisor. The details are left to the reader. O

We are now ready to formulate and prove our main theorem.
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THEOREM 5.3. Let (X;Dx) be a Kawamata log-terminal pair which is
invariant under an effective action of G on X. Let ¥: X — X/G be the
quotient morphism. Let (X/G; Dx;q) be the quotient pair; see Definition 2.7.
Then

VuELLom (X, Dx, G5 2,7) = ELL(X/G, Dx /s 2, 7).

Proof. The following lemma allows us to reduce the problem to the situ-
ation of a G-equivariant toroidal morphism.

LEMMA 5.4. There exists a commutative diagram

Z

!

e

N(—N>

!
P — X/G
where the vertical arrows are resolutions of singularities and p is a G-equivariant
toroidal morphism.

Proof. We define Z as a desingularization of (X/G, Dx/¢). Consider the
normalization of Z in the function field of X and the corresponding normal-
ization morphism. By Abhyankar’s lemma it is a (typically singular) toroidal
embedding with the toroidal morphism to Z. Then toroidal desingularization
finishes the job. See [3] for details. O

Proof of Theorem 5.3 continues. By Lemma 5.4, Definition 3.7 and compo-
sition properties of pushforwards, it is sufficient to prove the pushforward result
for a G-equivariant toroidal morphism g : Z — Z which is birational to 1. By
Lemma 5.2 and Definition 3.2 of the orbifold elliptic class 55[,(2, D, G;z,7),
we see that

. 21.0(Zs — 2 2mif(L2:)0(—=
ELL(Z, Dy, Gy 2,7) = E(z, )" (H : é(QZfa) : 11 Dié?’((())le()f:’_i( i)) '

k 2mi iely 2mi

Then Theorem 5.1 and the definition of the elliptic class ELL(Z, D; z, T) finishes
the proof. O

Remark 5.5. Theorem 5.3 gives an affirmative answer to the conjecture
of [7]. We call it the McKay correspondence for elliptic genera, analogously to
the homological McKay correspondence for stringy E-functions.



1554 LEV BORISOV AND ANATOLY LIBGOBER
6. DMVYV formula for pairs

One of the motivations of the definition of orbifold elliptic genus in [7]
was the formula for the generating functions of elliptic genera of symmetric
products.

(13) > P Ellony (X", Spi2,7) = HH

)
n>0 i= llm pyq C(ml)

Here X is a Kéahler manifold, S, is the symmetric group acting on the n-fold
product and ¢(m,[) are the coefficients of the elliptic genus Y, c(m,l)y'q™
of X. 7

This formula was originally derived in [11] by means of some string-
theoretic arguments. In particular, the orbifold elliptic genus of a quotient
of a variety X™ by the symmetric group S,, was defined as the trace of a cer-
tain operator over the Hilbert space of the conformal field theory quotient of
C", where C is the superconformal field theory conjecturally associated to X.
In [7], DMVYV formula was shown for the mathematically defined orbifold el-
liptic genus. Our goal now is to extend this result to singular varieties and
more generally to arbitrary Kawamata log-terminal pairs.

THEOREM 6.1. Let (X, D) be a Kawamata log-terminal pair. For every
n > 0 consider the quotient of (X, D)™ by the symmetric group Sy, which we
will denote by (X™/S,, D™ /S,). Here we denote by D™ the sum of pullbacks
of D under n canonical projections to X. Then we have

> P EI(X"/S,, DM /Sy; 2, 7) H H

)
n>0 = 1lm pyq (mZ)

where the elliptic genus of (X, D) is

DO elm)y'q"

m>0 [
and y = e27riz7 q= e27ri7"

Remark 6.2. In the case of smooth X with D = 0, the Fourier coefficient
of Ell(X,z,7) at ¢" is a polynomial in yi%. In general other rational [ are
possible, but more importantly, the coefficient at g™ is no longer a polynomial
in yii, rather it is a rational function. However, we will always assume that
this function is Laurent expanded around y = 0, so we will be working in the
field of formal power series in yii, where d is divisible by 2 and all denomina-
tors of the discrepancy coefficients for some resolution of (X, D). The issue of
non-polynomiality was first raised in [4] at the ¢° level.
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Proof. First of all, observe that the quotient of the tensor power of a
Kawamata log-terminal pair is again a Kawamata log-terminal pair. Moreover,
by Theorem 5.3, we can calculate the elliptic genus of (X"/S,,, D(™/S,,) as an
orbifold elliptic genus of (X", D™ S,). A resolution of singularities (X , 15) of
the pair (X, D) induces a birational morphism X" — X" so we may assume
that (X, D) is nonsingular, i.e. X is smooth and D is a normal crossing divisor
>, ;D; with ; > —1. While the divisor D™ on X™ has simple normal
crossings, it is not Sp,-normal. Indeed the pullbacks of the same component
D; via different projections are group translates of each other and certainly
intersect and are nontrivially permuted by the isotropy group of any such
intersection point that lies on the main diagonal X C X™. To rectify this
situation we need to consider an appropriate blowup of X™. By Remark 3.11,
each pair of commuting elements (g, h) can be handled separately.

Let us describe the pairs of commuting elements g, h € S,, and the con-
nected components of their fixed point set. If the cycle decomposition of h has
a; cycles of degree j, then the fixed point set of h on X™ is the product of
> ; @j copies of X, embedded into X" by the product of diagonal embeddings
of X into X7 for each cycle of length j. Elements g of S,, that commute with
h form a semidirect product of the group Cj, = [[;(Z/jZ)* which consists of
the products of powers of cycle components of h and the group B = [] j S,
which consists of the group that permutes cycles of the same length without
disturbing the order in the cycle. A fixed point set of each such pair (g,h)
consists of points on X 2;% that are preserved by the image of g in By. It
is easy to see that the contribution of each such (X™)9" is the product of the
contributions of each factor. As a result, it is enough to consider the con-
tribution of the diagonal embedding of X into X% = (X7)* where h acts by
permuting the copies of X inside each X7 and ¢ acts by a product of a cyclic
permutation of i copies of X7 and some cyclic permutations within each X7,
that does not change the cyclic orders of the components of X7. Then ¢ = h®
for some 0 < s < j — 1, and s determines the action uniquely. Namely, if
w1,k € Z/iZ,l € 7/jZ denote the components of X%, then we may assume
that h acts by x; — 2,41 and g acts by x; — xp41,; for £ =0,...,79—2
and z;_1; — Zo4+s. We will denote by G the group generated by g and h.
It is an abelian group of order ij given by the generators g, h and relations
gh = hg,g* = h®, hJ = 1. We denote the corresponding product of ij copies of
X by X©, which indicates the action of G on it.

We now need to make (X¢, D(@)) into a G-normal pair. Let D.,1 < ¢ <k
be the irreducible components of D on X. We will denote by D, .,r € G the
pullback of D, under the r*® projection map X¢ — X. We will perform the
following sequence of blowups to X&. First, we blow up NregDr,1, then we blow
up the proper preimage of N,cqD; 2, and so on. We can describe this blowup in
terms of the subdivision of the conical complex that corresponds to the simple
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normal crossing divisor D(@) on X&. For the sake of simplicity we assume that
the intersection of every number of components D. on X is connected. The
general case is completely analogous, it can also be reduced to the connected
case by further blowups of X. Every cone C of the conical complex ¥ xc
is generated by elements e, . for some subset of Ic C G x {1,...,k}. We
denote by Jo the subset of {1,...,k} that consists of all ¢ for which I D
G x {c}. The subdivision of C' that corresponds to this sequence of blowups
is then the product of Z>pe, . for (r,¢) € Ic,c ¢ Jo and the product over all
c € Jo of the subdivisions of ) - Z>oe, . where the extra vertex ) .. enc
is added and the cone is subdivided accordingly. It is clear that this is a
well-defined subdivision of ¥ x¢ and we denote the corresponding variety by
XG and the corresponding divisor by D@, We observe that there are k
exceptional components of ﬁ(G), which we will call E., and the rest are the
proper preimages of the components of D(©).

We need to describe connected components of the fixed point set of G on
X6, Every such fixed point maps to the diagonal X C X<, and should lie on
the stratum of the stratification by the intersections of components of D(@) that
is stable under the group action. Since the construction is local in X, we need to
see what happens when X is a C" with D given as a union of some coordinate
hyperplanes z; = 0,20 = 0,...,2; = 0. The extra coordinates z;11,..., 2,
will have an effect of tensoring the construction by an affine space, so it is
enough to look at the [ = n case. Then we need to investigate the fixed point
sets of the toric variety that corresponds to a certain blowup of the positive
orthant in Z“* where the generators are denoted by ere,” € G,1 < ¢ < L.
The group G acts by multiplication on the first component of the index of
the coordinate. The rays of the fan of the blowup that are fixed under G
correspond to ey . = Y ¢ €re. Moreover, it is easy to see that the only strata
that are preserved by G are the intersections of the corresponding divisors. In
other words, we need to consider the faces of the [-dimensional cone C which
is a part of the subdivision of the positive orthant and is the span of all e, .
This cone corresponds to the affine set which is isomorphic to

(14) C! x (Cr)ut=t,

m%c and the coordinates on C!
are given by zg.. Let P be a fixed point of G. For each ¢, x, /2, . =
exp(2miA(r — r1)) for some character \: G — Q/Z. If X is nontrivial then zg .
is zero, and otherwise arbitrary values of xg . are allowed. Moreover, for each
component of the fixed point set the map to C* C (C") is an embedding.
Indeed, it is clear for each factor C@ that corresponds to the D.. Basically, for
each factor, the blowup locus intersects the main diagonal of C¢ in codimension

one, namely at the origin.

The coordinates on (C*)¥!~! are given by z, .x
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Returning to the global situation, the above description tells us that con-
nected components of the fixed point set Y of X&) correspond to the collec-
tions of characters A.: G — Q/Z. The fixed point set for each such character
is isomorphic to D; = N;erD; where I is the set of those components ¢ for
which A, is nontrivial. Indeed, this follows from the fact that locally the map
from the component of the fixed point set to X is an embedding. We observe
that for some combinations of characters we may have Dy = ().

We now need to calculate the tangent bundle to such a component, which
we will denote by Yy, . \,. Notice that the divisors ZA?TVC do not intersect with Y.
Indeed, every G-invariant point of DT,C would belong to lA)ThC for all 1, but the
intersection of all these divisors is empty since 7 factors through the blowup
of the intersection of D, ¢,r € G. As far as intersection with E, is concerned,
Y\, ... is contained in E. for A, # 0 and intersects transversally the other
E.. For A\. = 0 the intersection of E. and Y}, ., can be identified with the
intersection by D, under the isomorphism Y, ., = D;. The character of G
that corresponds to E. 2 Yy, ., is equal to A..

The Chern classes of the tangent bundles of X and X are related by
Lemma 5.2, namely

k A
O * (1 +D ) )
o(TXY) = n*e¢(TXY) H(l + E.) H ﬁ
c=1 reG,1<c<k e

where ]_A)m is the proper preimage of D, .. Notice that as classes in A*(X &,
lA)r,C = "D, . — E.. Moreover, we can write c(TXY) as ®,ccTX, where TX,
is the pullback of the tangent bundle of X under the " projection. Since bm
are disjoint from Y}, )., we get

k
c(i*TXY) = i*r*e(TXC) [ (1 +i*E.)' ¢
c=1

where 7: Yy, \, — XC is the embedding. Notice that 7 restricts to an em-
bedding on Y), .\, with image D; € X C XC where I is the set of all ¢
that for which ). is nontrivial. The following lemma describes i*T X in more
detail.

LEMMA 6.3. Let A be a character of G. Then the A-component Vy of
the restriction of TXC to Y, ...a tdentified with Dy # 0 can be described as
follows. If A =0, then V\ =TDy. If X\ # 0, then there is an exact sequence

0= " TXieg = Va — E O(De) =0
CA=A

where j is the embedding D — X and TXog is the dual to the bundle of
log-differentials for (X, D).
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Proof. We observe that Yy, .\, is contained in the intersection of K.
for A, # 0, which induces a G-equivariant surjection from the restriction of
TXC to the restriction of @ A.2£00(E.) with the kernel being the restriction
of the tangent space to Ny xoE. to Yy, .. It is easy to see that under the
identification of Yy, ), with Dy the restriction of O(E,.) is isomorphic to
O(D.) and has character ..

So we now need to investigate the restriction of the tangent space of
Mx.20E: and its eigenbundles. The A = 0 case is clear, so it is enough to
consider the normal bundle to Y), .\, in Ny x0E.. Locally, in the notation
of (14), this bundle is isomorphic to the restriction of the tangent bundle of
(C*)h=k. The cotangent bundle of (C*)*~* is generated by = re _ i%l:, SO

its A-eigenbundle is isomorphic to a bundle generated by Cg“, Wthh is precisely

the bundle of logarithmic differential forms. Even though (14) refers to the

neighborhood of a point of the intersection of dimX divisors D, it is clear
that the general case is obtained by a Cartesian product with a disc and the
identification is still valid. It remains to notice that this identification behaves
well under coordinate changes. O

Proof of Theorem 6.1 continues. In view of Lemma 6.3, the contribution
of (g, h) to the orbifold elliptic genus of (X, D(©)) is

l‘l€92m Z) 0(5:1)
/ I1 » b(25) cgoDw 2)

{1, 7)\k} Nxgz0DeAD c,Ae7#0 2mi 7ri

« H H 2921 + )\ )\(h)T — Z) eQﬂ’i)\(h)z

s\ 2ﬁ1+)\() Ah)T)

. ﬁ 0(25 + Mg) = AB)T)INg) = A(h)T — )
0(25 + Ag) = AD)T = 2)0(Mg) = Mh)7)
2)

c=1 27’1’1

% zm Ac(g) = Ac(R)T —
H + Ac(g) = Ac(R)T)

A #0 27r1

27r1)\ .(h)z

y H 9(27” + Ae(g) = Ae(h)T — |G (e + 1)z)9(_z)e27ri(|G|ac+\G|—1)>\c(h)z
0(2% + Ae(g) — Ae(h)T — 2)0(—|G|(cc +1)2)

27r1

0(55 — |Gl(ac +1)2)0(—2)
0(55 — 2)0(~|Gl(ac + 1)2)

c,Ae=0

where we have used the fact that the coefficients by F. in the log-pair on XG
are (|Glae — |G| — 1) and other divisors do not intersect the fixed point set
and are thus irrelevant. After observing that the formula gives 0 for the case
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Dy = (), the above can be rewritten as

L —AMI)T = 2) rinim)s
Fijs= 2. /H ‘”H e (& +)\() LR )

A, Ak} S

A(g) — AM)T)O(g) — AT — 2)
: EH Xg) — MR — 2)0(Ag) — (M)

H ‘9(2[3;1)9(% + Ac(9) = Ac(R)T — |Gl(ac + 1)2)0(—2) 2milGl (@t DA (R)z
0(55 — 2)0(55 + Ac(9) — Ae(W)T)O(—|G(ac + 1)2)

We will use the following lemmas that take into account the specific form
of G.

C

LEMMA 6.4.
H 0(27r1 + )‘( ) /\(h)T — Z) e27ri/\(h)z _ 9(% — iz, “—]—_s)
A 0(271'1 + A( ) )\(h)T) 9(5:;?1’ 7’7-] s)

Proof. First, we observe that the set of pairs (A(g), A(h)) can be taken to
be the set of pairs (%,%) suchthat 0 < n<j-1,0<m<4j—1and m =ns
mod j.

Let us check the transformation properties of the left-hand side of the
equation under z — z + 1/i. The exponential factors contribute

exp( 27r1— Z)\ = exp 2%12 g) — (_1)3‘—1_

For each n =0,...,7 — 1, the set of A\(g) is given by the fractional parts of
U 3 k= 0,...,7—1. There will be exactly one such fractional part which is
less than 1 7. The transformation z — z + 1/i switches these fractions around
except for the extra 1 for the fraction with A(g) < % As a result, we get
the extra factor (—1)7 from the numerator, so overall the left-hand side of the
equation changes sign under z — 2z + %, as does the right-hand side.

Now, let us check the transformation properties of the left-hand side under
zZ— z+ =
moves around the s in the numerator, except for the cases when new values
of m and n fall out of their prescribed ranges. In the case of m falling out
of its range, the extra factor required to put it back in is (—1). It is easy to
calculate the number of such occurrences, because the sum of all m is going to
change by ijs which require s switches to put into the correct range. So the
extra factor from the switches of m is (—1)%. In the case of n, it falls out of

the range when it goes from (j — 1) to j. In this case we get m = 0 mod j,

=5 This variable change amounts to n — n + 1, m — m + s, which
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so A(g) = %, k=0,...,7—1. The extra factors come from the transformation
properties of € and equal

. i—1 (T kN g ST
(—1)ZeZk:0(2ﬂl(2wi+i z)—miT) — o Titiz —27iiz—miiT

(’L’T s)

The exponential factors contribute exp(7i(j — 1) ), so the overall factor is

e*ﬂ'lﬁ*ll‘l 2miiz—mitT+mi(j— 1) )+7ns o _emlfQﬂ'iizfﬂi

(it—s)
J

which is exactly the effect of the transformation z — z+ % to the right-hand
side of the equation.

It is straightforward to check that both sides have no poles and the same
zeroes as functions of z, therefore their ratio is a holomorphic elliptic function,
hence a constant. It remains to observe that both sides equal 1 for z = 0. O

LEMMA 6.5.

T £ M) = A1) - A(h)r - z)

i O(2 + Ag) = A()T = 2)0(A(9) -
e< ”-S) (2 — 2)0(~iz, T=2)0/(0)

2mi

=) 9( 250 (0, ) 9(—2)

S~—

y
/‘\
\_/
\/

>
~

Proof. We use the result of Lemma 6.4 with x; replaced by D, and the
limit of the same calculation as x; — 0. O

Proof of Theorem 6.1 continues. By Lemmas 6.4 and 6.5, we can rewrite
Fjjs as

ﬂ _ ’LZ iT— s
2771 J 27iij (ae+1)Ae(h)z
’]’ xl zx iT—8 €
=T

{1, Ae } 2771’ J c=1
y ﬁ 9(’2?57”,-5)9(—12 228 (0)8( 535 + Ae(9) = Ae(h)T — ij(cc +1)2)
o 00 — iz, %)W(m T)0( 85 + Ae(g) — Ae(h)7)0(—ij (e +1)2)
We will use the following lemma.
LEMMA 6.6.
§ A M0) A7 =) iy, B0, T8 0)iu — 5, )
~ 9(u + )\(g) _ )\(h)T) - 9/(0)9(7%7 iT]-_S)H(iU, iq—j_s) .

Proof. We use the following basic formula which is essentially contained
in [6], where the right-hand side converges for (1) > (u) > 0.

0 g
2rif(u)0(z) =1 o2mizg2mikT °
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We also recall the description of (A(g), A(h)) from Lemma 6.4. Not that the
quotient depends on the choice of A(g) mod 1 only, so we can assume that
Ag) = ’Z_;’ + 2, m € Z/iZ. Then,

Z O(u+ A(g) — A(M)T — U)eQﬂ'i)\(h)v

)\ O(u+ Ag) — A(h)T)

LIl gy —p s _ng

:ZZ i i 7 )e2wiv;—?
Ou+ 2 + 22 — 7;7')

m=0n=0 i

i—1 27r1k(u+ +”S ”7‘7)

j—1
27710 omiv® € :
- Z Z 67271'11)627”]97—

m=0n=0keZ
27r19( v) I7L  rivd omikiug —2mikn
B 0’ (0) 7;) P 1 — e—2mive2mikit
_ 27‘(’19( 1)) Z e27rikiu (1 - e27rive—27rik(i7——s))
= (9/(0) = (1 _ e—27rive27riki'r) (1 . eQWiv%e—gmk iTj—s)
271'10( v) e2mikiug2miv —2mikiT
= 6'(0) = (1- e27rivj—1.e—27rikifj—fs)

27r1k(zu—(] 1)i7=%)

_ie27'('1’l)( 27”9( U) Z I

) (-
0/(0 iT— s) ( 1})9 Zu—% if—s)
)

In the above calculations the series are absolutely convergent, as long as
(1) >0and 1 > (\E 3 > ] L Then analytic continuation finishes the proof.
O

00) - o Q2mik
_o2miv(- ) ,0(=0)0' (0, =2 (iu — (j — 1) — %a =s)
0(0)0iu — (j — 1), T2)g(— 2, %)
(
)

9/()(UZT80(

Proof of Theorem 6.1 continues. By Lemma 6.6 we can rewrite

= II i %‘” TR g SC i TR0 — et Dz )
) 05 — iz, T5)6(~i(oe + 1)z, 752).

271'1 g c=1 "\ 2mi J

We notice that when we calculate | > we only pick up the polynomials of

degree dimX in x; and D,, which allows us to conclude that
T — 8

Fi,jjs(z, 7') = EH(X, D;iz, —)
J

We now recall that the contribution of the commuting pair of elements g, h € S,
to the orbifold elliptic genus of (X ”,D(")) is n— times the product of several
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F; j s, each one corresponding to an orbit of the action of (g,h) on {1,...,n}.
Every such orbit I,,, will have i,,, jm, and s, € Z/jnZ uniquely specified. So

we have

anEll(X"/Sn, D(”)/Sn; Z,T)

>

n>0  gh=hg,g,h€S, L

pzi.j igr(4,5)

|H Zﬂlv]mysm z T)

=2 I,

T ZsoXZs0—Z>0

In this calculation we have used the fact that for n = Zl

1

Jj—1 -
7 (i, §)!(ig)r () H <ZF,]S(Z T)r(z,j)> .

2, s=0
;jr(i,j) there are

n!

[T (o) Ty () ) 6

ways to split {1,...
“type (i,7)”.

Then for each set of type (i,7) there are

,n} into groups of subsets so that there r(i,j) subsets of

(li) different ways to

define the action of the g and h conjugate to the Standard action we have

discussed earlier. We now conclude that

Z p"EN(X"/S,, D™ /S,: 2, 7) = exp
n>0
=exp

=exp

=exp

¢ T T
A=l

i m —C ‘7
HH :
j=1m,l

which finishes the proof.

I

YD) DA INEE

4,j>0 s=0

Z ZILEHX D iz,

2,7>0 s=0

J—1
>SS e

%,7>0 m,l s=

N
Z C(mj,l)Tydqlm

1,7>0

c(mj,1) Zp

>0

yzlqzm>
Xp(— (mg, 1) In(1 — p/y'q™))

(mg,l)



MCKAY CORRESPONDENCE FOR ELLIPTIC GENERA 1563

COROLLARY 6.7. Let X be a complex projective surface and X™ be the
Hilbert scheme of subschemes of X of length n. Let Zm,l c(m, Dylq™ be the
elliptic genus of X. Then

n n r L
Zp EH(X( ); 2,T) = HH (1 — piylgm)etmil)”

n>0 i=11[m

Proof. By Theorem 5.3, the orbifold elliptic genus of the symmetric power
X"/S, equals the elliptic genus of its crepant resolution, which is provided by
X () in the surface case. O

Remark 6.8. As a corollary of our work we easily deduce the analog of
the DMVV conjecture for wreath products; see [32].

7. Open questions

In this section we mention possible directions in which the results of this
paper could be extended.

The biggest drawback of our technique is that it does not establish the
elliptic genus of a Kawamata log-terminal pair as a graded dimension of some
natural vector space. In the smooth nonequivariant case such a description
is provided by (3). Even more interesting is the description of the elliptic
genus as the graded dimension of the vertex algebra which is the cohomology
of the chiral de Rham complex of [27]; see [6]. This is still open even in the
nonequivariant case. This would be very interesting even at the ¢ = 0 level,
since it may give a vector space that realizes the stringy Hodge numbers of a
singular variety X.

It would also be interesting to try to somehow extend the results of this
paper to more general orbifolds (smooth stacks). The definition of orbifold
elliptic genus (no divisor) was extended to this generality in [13]. While our
paper focuses on the global quotient case, it is possible that its techniques may
still apply to the case of an algebraic variety with at most quotient singularities.
Indeed, the toroidal techniques are in some sense local. In a related remark, we
do believe that the analog of our main theorem holds for the orbifold elliptic
classes of (X, E,G) and (X/G1, E/G1,G/G1) where G is an arbitrary normal
subgroup of G.

The birational properties of elliptic genus mean that it is preserved under
K-equivalence (cf. [20], [31]). It is conjectured in [20] that K-equivalent va-
rieties have equivalent derived categories. This therefore points to a possible
connection between elliptic classes considered above and derived categories. It
is however more likely that both objects are a part of a bigger structure of
a conformal field theory which somehow behaves well under K-equivalence.
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This is largely speculative at this point, but it would be interesting to define
mathematically an invariant of a variety which would encompass both its de-
rived category and its elliptic genus. The situation is even more murky for
Kawamata log-terminal pairs, since it is unclear what the correct definition of
the derived category of the pair may be.

A mirror symmetric analog of a resolution of singularities is a deformation
to a smooth variety. Unfortunately, this theory is not nearly as developed as
the theory of birational morphisms. It would be interesting to define an analog
of a crepant resolution in this setting and to try to check the invariance of the
elliptic genus.

It is known that the elliptic genus for smooth manifolds has a rigidity
property. Recently, this property has been extended to the orbifold case in [13].
It is reasonable to try to extend this property to the case of Kawamata log-
terminal pairs. It is possible that the framework of pairs that consist of an
orbifold and an equivariant bundle over it (see [13]) will be useful.

It would be also interesting to see how the orbifold elliptic class of a singu-
lar variety X compares to the Mather Chern class of X; see for example [14].

8. Appendix. Assorted toric lemmas

In this appendix we collect several combinatorial statements which are
useful in our study of toroidal morphisms.

LEMMA 8.1. Let X be a simplicial fan in the first orthant of a lattice
N = @,;Ze;. Moreover, let N be a sublattice of N of finite index. We denote
the quotient group N/N by G. We further assume that each cone C' of ¥ is
generated by a part of a basis of N. We denote by x; the linear functions on
N¢ that are dual to e;. For each cone C of mazimum dimension we denote by
{xi,c} the linear combinations of x; which are dual to the generators of C. Let
a be a linear function on N which takes values a; on e; and values a;.c on the
generators of C. Then

sz

Z Z H 27r1 + giic — hieT — ai0) e2miaichic
27r1c9 —a;

Cex,dimC=rkN g,heG i 27"1 T 950 hi; CT)G( az;C)

— N N H 27“ — )

(—a;)

where gi.c and h;c denote rational numbers in the range [0, 1) that are frac-
tional parts of the coordinates of the lifts of g and h to N in the basis of C.

In the case when the lattice IV is one-dimensional one obtains the following
identity not involving toric data:
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COROLLARY 8.2.

The scheme of the proof is the same as in the general case below: one
checks that both sides have the pole of order 1 for x = 0 the residues are the
same and, moreover, the ratio of both sides is an elliptic function with respect
tox — z + 27, x — x + 27ir.

Proof. We will argue by induction on rk/N, with rk/N = 0 being the trivial
base of the induction (or checking first 8.2 as outlined above).

Let us study transformation properties of both sides of the equation under
the translations x1 — x1 + 271 and 1 — 21 + 27iT. Under the transformation
x1 — 21 + 2mi the term of the sum that corresponds to C g, h changes into the
term that corresponds to C, g+ e1, h. Indeed, the coefficients of e; in the basis
of the cone C' are the same as the coefficients of x; in the linear functions z;.c.
As a result, both sides of the equation are unchanged under z; — x1 + 2mi.
Under the transformation 1 — x1 + 27ir the term that corresponds to C, g, h
changes into the term that corresponds to C,g,h — e; times €*™% . Indeed,
the extra factor comes from the exponential terms since a; is the difference
between the value of @ on h and h — e;. We also observe that the terms of
the product are such that any lift of h to N gives the same value, so the
fact that some of the coefficients of h — e; in the basis of C' are not in [0,1)
is not a problem. Clearly, the right-hand side of the equation has the same
transformation properties.

We will now show that the left-hand side of the equation of the lemma has
only simple poles at x1 = 27i(Z+Z7), considered as a function of 2 with fixed
generic values of other parameters. By the above transformation argument, it
is enough to show there are no poles at the solutions to linear equations on
x1 given by z;;c = 0. We only need to worry about such z;c that define
a noncoordinate hyperplane which corresponds to some cone C' of dimension
rkN — 1 in the interior of the first orthant. This cone C is contained in two
cones C' and C’ of maximum dimension and we argue that the contributions
of these cones to the singular part of the Laurent expansion around z;c = 0
cancel. Let vq,...,vxNn_1,v be the generators of C and vy,...,vun—_1,0" be
the generators of C’. It is easy to see that v+v' = ngf_l c;v; for some integer
¢; and

o = Ty + cGxn:c, 1 <1 <rkN — 15 Zun.c = —Tkv;or-

There are similar transformation formulas for g;c and h;c. The poles at
Zxkn;c = 0 can be of order at most 1, and they can only occur in the case
GkN:e = henie = giknv:er = hocnv,er = 0. As a result, we only need to
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calculate the residue at this pole. The residue of the term that corresponds to
C’, g,h is equal to

rtkN—1 i
L 208G +gic — huoT —as0) e
c 271'10(?75 + g0 — h“CT)e(iai;C)

where c is the coefficient of z1 in .k n.c. This cancels the residue of the term
that corresponds to C, g, h.

By a standard argument from the theory of elliptic functions we conclude
that the left-hand side of the equation of the lemma has simple zeros at 1 =
27i(a1 + Z + Z7) and at no other points. Moreover, the ratio of the two sides
of the equation is independent of z1. It is therefore enough to verify that the
residues at 1 = 0 of both sides are same. Only the terms with cones C' that
have a face C of dimension rk/N — 1 that lies in the side of the orthant spanned
by es1 can contribute to the residue. We will denote the generator of C' that
does not lie in C by e;. The residue occurs only for g1.c = h1,c = 0 and then
it equals

1 H 27” 2 9.6 — hl cT — z‘;@) e2miaichic
27r10 2m + 9.0 — hi;CT)e(_ ";é)

where cis the coefﬁ(nent of z1 in x1,c. Here we have observed that x;.c restricts

to z;. o on x1 = 0, and similarly for g;.c and h;,c. If the intersection of N and
N with the span of e~ are lattices Ny and Ny respectively, then

RS
|N : N|
It remains to apply the induction hypothesis to the fan ¥; induced by ¥ on
the span of e~1. O

LEMMA 8.3. Let ¥ be a simplicial fan in the first orthant of a lattice
N = @®,Ze;. Moreover, let N be a sublattice of N of finite index. We further
assume that each cone C of ¥ is generated by a part of a basis of N. We
denote by x; the linear functions on N¢ that are dual to e;. For each cone C of
mazimum dimension we denote by {z;c} the linear combinations of x; which
are dual to the generators of C. Then

1 A 1
Z kN =N N|l—F

Cexs,dimC=rkN [T:2] zic [L) =

Proof. By Lemma 8.1,

5x7, C

5$zC
PP Qme —i—gzc thT)Q( ai;c)

EIl

=N Mf[2 1(,

_ az)

ai).
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It remains to look at the coefficient by e ™ in the Laurent expansion of both
sides around ¢ = 0. O

Ezample 8.4. In the case of Figure 1 the identity of Lemma 8.3 is

1 1 1 3
+ + =

x2(x1—32x2) (21’23—501)(25013—.1‘2) xl(%&) $1$2.

LEMMA 8.5. Let X be a simplicial fan in a lattice N such that the union
of all of its cones is a product of a subspace and a positive orthant. In addition,
we assume that all mazimum-dimensional cones of ¥ are generated by a basis

of N. Then
1
Z rkN =0
Cex,dimC=rkN [T:Z1 zic

where x;.c denote the basis of linear forms dual to the lattice generators of C.

Proof. By Lemma 8.3, applied to the case N = N, the function T o

is additive on X, so we can replace X by any of its subdivisions with the same
properties. After an appropriate subdivision, we can assume that each cone of
Y sits in one of the orthants and the support of X is @;¢rR>0e; + @icrRe; for
some basis {e;} and some nonempty set I. Then we apply Lemma 8.3 again
to show that

1 R
) TV e b H@gx—izo' H

cexdimC=rkN Llli=1 ¥4C ;e —1yrier ©1
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