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Let P be a parabolic subgroup of G, a finite group with split BN-pair. Let P = L;V} be
the Levi decomposition where I C S is the corresponding set of generators. We defined
the truncation

TLG,f = tJGD/V,§

to be the character afforded by Invy, {z € X : vz = 2} = X7 and Harish-Chandra in-
duction

RS X\ = Ind$\
where X is the lift of A € ch (Ly). We also showed the following.
Proposition 1 (Reciprocity) Let & € ch (G) and A € ch (Ly). Then

(& REN) g = (TE A, -
Recall the following theorem from representation theory.

Theorem 1 (Mackey) Let K, K < G, let 0 be a character of H, and let ) be a character
of K. Write 8% for the character of H* = x7'Hzx defined 6* (h®) = 6 (x). Let D be a set
of double coset representatives for H\G /K. Then

<Indg9, Ind?(n> = Z < 0| e 77‘H’¢ﬂK> .
G xeD H*NK
This gives us the following formula.

Theorem 2 (Mackey’s Formula) Let I,J C S and let Pr = L;V; be the Levi decomposi-
tion. Let X\ € ch (P;) and p € ch (Py). Then

<R€,A,R€,u>: > <T£,§A, x(TLL;,c)u>
{L'ED[,J

where Dy j is the set of distinguished double coset representative of PI\G/D;, K =1N*.J
and K' = K.

Proof. (Sketch)

LHS — <Indf§, Indeﬁ> _ Z <Xm|mePJ,ﬁ|pmeJ> = Z <X|Pm ep,y il zPJ>P Aep
oD I J

= PENP;
We have from the third structure theorem that
Prn IPJ:LK(L[m IVJ) (V[ﬂ mLJ) (V[ﬂ mVj)

and
O, (LN Py).

Now for each fixed z, we have

<X, zﬁ> = m ZX(lvyz) i (lvyz)



forl € Lg,ve L'n *V;, y € VN *L;, and z € V; N *V; so the sum comes out to
L[ |Op (P N Li)[|Op (P N Ly)| vy 0 Vil

We ultimatly have
lvyz=1lv (mod Vy)=1%y (mod *Vj)

so that A (lvgz) = A (lv) and % (lvgz) =* p (I *y) and finally

<X,w ﬁ> _ <TLLI’{>\,"’3 TLL,;,u> .

Definition 1 Let £ € Irr (G). We say that £ is cuspdial if Tgﬁ =0 foralll CS.
Proposition 2 The following are equivalent.
1. € is cuspidal.
2. For all 1 C S, we have ) i, § (vx) =0 for allx € Ly.
3. (&,Ind{, (1)) =0 for all I C S.
4. <£,R€I)\> =0 forall I CS and all A € ch (L)
The proof follows from recriprocity.
Proposition 3 Let £ € Irr (G). Then either £ is cuspidal or there exists I C .S such that
(& REA) >0
for some X\ € Irr (Ly).

Proof. Suppose £ is not cuspidal. Then there exists a proper subset I C S such that
T LGI ¢ # 0. Choose a minimal I C S satsifying the above condition. Then

TLGI§ = Z <TLGI§’ )‘>L1 A= Z (& Rgz/\>c)‘
B

Aelrr(Ly)

but at least summand (£, RY A) > 0 for some A € Irr (L;). m
We claim now that if X is as in the proposition, then A is cuspidal. Suppose A is not

cuspidal. We have K C I and TH X # 0. By transitivity, we have
- Li

TEE=TE (TR =T | D2 (GRENA) =3 (G REN T ().
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