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We will use a surface integral to calculate the surface are of a sphere of radius a.

Recall from section 13.5: spherical coordinates are (p, ¢, ) where p is the radius, ¢ is the
angle from the positive z-axis, and # is the angle on the zy-plane from the positive z-axis
going counterclockwise (same as in polar coordinates).

The conversion from spherical to rectangular coordinates is

x = psin ¢ cosf

y = psin¢sing
Z = pcoso

Consider the sphere of radius a. This can be described in spherical coordinates by
S={(p,0,0):p=0a,0<¢<m0<0<2r}.

So we may parameterize the sphere by letting v = ¢ and v = 6 via
t(u,v) = (asinu cos v, asin usinv, a cos u)

with 0 <u <7mand 0 <wv <27.
The surface area of S can be calculated by

//1dS://|tu><tv|dA
S R

where R is the region in the wv-plane {(u,v):0 <u < 7,0 <v < 27}.
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= (a®sin®*u cosv)i + (a? sm usinv)j + (a sin u cos u cos® v + a? sin u cos u sin® v)k
= (a%sin® ucosv)i + (a? sm usinv)j + (a?sin u cos u(sin® v + cos? v))k
)j +
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= (a®sin* ucosv)i + (a?sin® usinv (a®sinu cosu)k since sin?v + cos?v = 1.
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Now we need the length of this vector.

|(a?sin? u cos v, a? sin® usin v, a® sin u cos u))|

= v/(a%sin> ucosv)? + (a2 sin® usin v)? + (a2 sin u cos u)?
= Vatsin® ucos? v + a4 sin® usin? v + a2 sin® u cos? u

= a*V/sin wcos? v + sin usin® v + sin® u cos? u

= a®y/sin? u(cos? v + sin® v) + sin u cos? u

= a?v/sin* u + sin® ucos? v since cos?v + sin®v = 1
= a?/sin® u(sin u + cos? u)

= a®Vsin?u since sin® u + cos?u = 1

= a’sinu

Note that this coincides with the correction factor given in section 13.5 for integrals over
spherical coordinates. This is where it comes from.

So the surface are is
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= 2a*(27 — 0)

= 47a?



