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0. Introduction

Let £ be an algebraically closed field of char-
acteristic 0. Recent classification results for
certain large classes of pointed Hopf algebras
by Andruskiewitsch and Schneider show that
generalizations of quantized enveloping alge-
bras and the small quantum groups of Lusztig
cover quite a bit of ground.

We discuss generalizations of complete reducibil-
ity theorems for the quantized enveloping alge-
bras. The arguments follow those in Lusztig’s
book to a good extent. We describe aspects
of nearly completed work by Andruskiewitsch,
Radford, and Schneider.

As background we will discuss the ideas behind
the classification results. We will also describe
a basic class of modules which is at the heart
of the theory of simple modules for our Hopf
algebras of interest. This is based on joint
work of Radford and Schneider.



1. The Andruskiewitsch—Schneider
Classification Program

This is a program to classify Hopf algebras
whose coradical Hg is a sub-Hopf algebra.

Step 1: Pass from H to the coradically graded
Hopf algebra gr (H).

Step 2: Determine the possible Hopf algebra
structures for gr (H).

Since gr(H)g = Hp, Step 2 is to treat the
graded case. In passing from H to gr(H) in-
formation may be lost. gr(H) = R#Hg is a
bi-product (gr (H) — Hp).

Step 3: Lifting: Given a particular Hopf alge-
bra structure for gr (H), determine the possible
Hopf algebra structures for H.




Two illustrations, where k = C. Let n,m > 1,
where n|m, and q,a € k, where ¢ ={/1.

A(a) = a®a and A(z) = 201 + a®z,

where z = x, y.
Example 1. Partial algebra structure:

In H: ax = qxa, |2" = a(a™ — 1)

Ingr(H): ax =¢gxa, |x"=0|, am™=1;

wherea=a, 1 =1, x=x 4+ Hp.
Example 2. Partial algebra structure:

In H: ax = qxra, ay = q_lya, Ty — q_lyx = a2 -1

Ingr(H): ax =g¢gxa, ay = ¢ lya, |xy —q lyx=0]|

Remark 1. xy — q_lym iIs a commutator in a
certain context.

From this point on k = k and chark = 0.



2. R

From now on: H is pointed, ' = G(H) is
abelian, gr (H) — Hy = k[] is the projection.

R=1{h € gr (H) | h(1>®7'('(h(2)) = h®1}.
R is a subalgebra of H, A(R) C gr (H)®R,

RRKE[N — gr (H) (rh +— rh)

is a linear isomorphism. |w(rh) = e(r)h.| Define
M:gr(H) — R by |[M(rh) = re(h) |

N2 =1n, ImMN=R| and R is a coalgebra

Ar = (N@M(AIR),e = ¢|R.

M:gr(H) — R is an onto coalgebra map.

e R is not always a Hopf algebra over k; the
coproduct Ap is can fail to be an algebra map.

R is a left k[']-module/comodule where



h-r = h(l)’l“S(h(z)),

p(r) = r(_1)®r(0) = m(r(1))@r(2).

plhr) = hyr-1)S((3))®he) )| (1)

for h € k[I'], » € R holds. Braided monoidal
category: YD = Z{HJJD: objects left k[I]-
modules and comodules such that (1) holds.
Braiding (iso)morphisms: MQN MY N®M given
by

0M7N(m®’n,) = m(_l)-n@)m(o) .

A, B € YD algebras. A®B a k-algebra with

m = (ma@mp)(d@op 4@Id)

~

(a®b)®(d'@b) — aa’@bb’, 1, — 1,4015.
Write AQ B for this structure, a®b = a®b.

(a®b) (a’@b’) = a(b(_l) -a’)@b(o)b’.




A _
e The coproduct R =% RQR is an algebra
morphism and R is a Hopf algebra of [ VD.

V.S.

The bi-product R#k[[] = R®k[I'] is defined,
the smash product and coproduct, and is a
Hopf algebra over k. The linear isomorphism

R#K[I'l — gr(H) (r#h = r®h — rh)

IS an isomorphism of Hopf algebras.

The appropriate notion of “commutator” in
FVYD is braided commutator. For a,b € R the
usual commutator

ada (b) = [a,b] = ab—ba = mg(Id— 7R r)(a®b).

Replacing TR.R by OR.R

adca (b) = [a,b]e = ab — (a(_1y-b)a(g)

and adq a iS a morphism.



3. Nichols Algebras

Forn >0 set gr(H)(n) = Hn/H,,_1 and
R(n) = RNgr(H)(n).

Then R = @52 45 R(n) is a coradically graded
Hopf algebra of FYD.

(N.1) R = @72y R(n) is a graded pointed
irreducible Hopf algebra in FYD;

(N.2) P(R) = R(1); and possibly
(N.3) R(1) generates R as an algebra.

An algebra in FYD satisfying (N.1)—(N.3) is a
Nichols algebra. [Nichols 78, A-S 02]

e The subalgebra of R generated by V = R(1)
is a Nichols algebra B(V).

e Determining whether or not R = B(V) is
a Mmajor problem in the classification pro-
gram.




If W € FYD there exists B(W) € FYD with
W = B(W)(1).

Let ' = G(H). Then V =@ cr Vy, where

Vg ={veV]p(w) = gQu}.

Suppose V is finite-dimensional and ' acts on
V' as diagonalizable operators, e.g. H f-dim.

The module/comodule condition for h € I and
v € Vyis |p(hv) = hgh~1@hv = gh-v |, Vy is
a [-submodule; has weight space decomposi-
tion. There exists a basis {z1,...,zn} for V,
and ¢1,...,gn € [, characters x1,...,xn € T,
such that for1 <:<nandgel

p(x;) = g;®x; and g-x; = x;(g)x;. (2)

c:=oyyv and qj = x;(8;)-

c(z;®z;) = gi'zjQz; = X;(9:)zjQx; = gjjT;QT;;



(¢;;) := infinitesimal braiding matrix.

c: VRV — VV = infinitesimal braiding.

adcz; (z;) = 4, jle = ziwj — gj5zj;.

Remark 2. an abelian group, g1,...,g9n € I

and x1,...,xn € [. W with basis {z1,...,zn}
such that (2) is satisfied forl <i<nandgeTl
iIs an object of FyD and thus determines the

Nichols algebra B(W).

A braiding matrix (g;;) is of Cartan type if

a;q
Q%5 = 4 Qi 7= 1
for all ¢,5 where qa;; are integers with a;; = 2
and —ord(g;;) < a;; <0 for all i # j. [A-S 00]

Example 3. From Uq(g), g a semisimple Lie
algebra with Cartan matrix (a;;), q;j = q%i%i




4. Classification Results

Theorem 1 (6.2, A-S 07). H f.-d. pointed,
I = G(H) abelian, V i ord(q;) > 7 is odd,
QivQe; = qz._i?’, q[f for some ¢ implies 3 1 ord(q;;).
Then H ~ u(D, )\, 1) for some D, )\, 1. L]

i,j €I ={1,...,n}. Parameters of u(D, \, u):

Datum of finite Cartan type D(I', {g;}, {xi}, (aij)).
aij = x;(9i), x;(9:)xi(g5) = xi(9:)",x:(g:) # 1.

I := {points of Dynkin diagram}, ~ on I de-
fines components, X := {components}.

Linking parameters A = {\;;} C k. \j; = — —Iii
A\ij 7 0 implies i % j, g;#g; ", and x; = x; .

Root vector parameters u = {ua} + Ck.

aced




V with basis {z1,...,zn}. Then V € LYD where
g-z; = x;(g)z; and p(x;) = g;®z; for all g €T,
i€l. T(V) is an algebra in [YVD.

U(D,)\) :=T(V)#k[l'] mod the relations

(QSR) (adew;) =% (z;) = 0,i~ j,i # ji
(LR) (adcx;)*~%i(x;) = [z;2]c
= ;%5 — qijT;T; = Nij (1 — gig;),% 7% J.

gzig 1 = xi(9)zs, A(g) = g®g, A(x;) = 2;01+g;Qu;
forgel, e l.

w(D,\, ) ;= U(D, ) mod the relations

(RVR) Y7 = ua(p) € k[G(H)],a € T, J e X.




U(D,\)'s account for Uy(g)'s, g a semisimple
Lie algebra, in the generic case; x;(g;) = g;;
IS not a root of unity for 7 € I.

D = (I',{g9:},{xi}> (a;;)) is a datum of finite
Cartan type. [A-S 07]

e If ord(gq;;) is prime to 2,3 then e
gr(u(D, A, n)) ~ B(V)#k[l']. [A-S O7]

U(D,)\) is a quotient of a generalized dou-
ble when the linking graph is bipartite, for
example

e in the generic case, or

e when the Cartan matrix is simply laced and
ord(g;;) is odd for i € I, or

e for all s € I thereis a j € I with \;; 7 0 and
ord(g;;) > 3. [Radford-Schneider 07]




The linking graph G(\,D): points = compo-
nents x of the Dynkin diagram of (a;;); edge
x—y if A\;; 70 for somei€x, jeEy.

Assume that A = 0 and G(\, D) is bipartite.
Let X = X~ UXT be a bipartite decomposition.
Let A\ be the free abelian group on {z;};cs, let

I = U x and IT = U X,
xeX— xeXT
e n; €A ni(z;) = xi(g5), 4,J €1,

e D7 =D\ {zi}icr— Aniticr- (@il jer-)
® D+ — D(ra {gi}iej-l-? {Xi}iej-l—v (aij)i,jej-l-)?
o U=B(V)#K[A] and A= B(VT)#K[I].

Restrictions Alg (A, k) — I, Alg(U, k) — A
are bijective. For x € T let L(x) = L(x,p) €
U(p,x)/M be as defined in §5, where

p(2;) = x(gi) forie ™.



The character y is dominant for (D, \, IT) if
for all there are integers m; > 0 for ¢« € I~ such
that j € IT and \;; # O implies x(g;g;) = a5
[R-S 07]

Theorem 2 (R-S 07). In the generic case

U(D,N) ~ (U®A)s/(2Qg9; —1Q1[i € I7),

where o is a 2-cocycle for URA. x — [L(x)]
determines a bijection between the dominant
characters and the isomorphism classes of
finite-dimensional left U (D, \)-modules. L]

There is a similar result for u(D, A, 0); here
xévj = 0 for all o € <I>j‘, J € X. '"the charac-
ters’ replaces “dominant characters’.

The linking graph of u(D, A,0) may not be bi-
partite; however u(D, \,0) can be replaced with
u(D’, N, 0) which has the same finite-dimensional
irreducibles and whose linking graph is bipar-
tite.



5. Generalized Doubles

U, A are Hopf algebras and URA —— k satisfies

70 U — A” and i A— U*P

are algebra maps, where

T¢(u)(a) = 7(u,a) = 1r(a)(u)
forueU, ae A. Then (URA)QA((URA) - k,

(u®a)R (' ®d") — e(w)T(W, a)e(a’)

IS a 2-cocycle and thus determines a Hopf al-
gebra (U®A)? = U®RA as a coalgebra with mul-
tiplication given by

(u®a)(u'®a’)
— uT(ul(l) ,G(1) )ul(z) ®a(2)7_1 (u/(3) , G(3) )a'

for all w,v/ € U and a,a’ € A. This product
satisfies

(u®a) (v'®a’) = vv’'®aa’ when a =1 or v/ = 1.




Example 4 (Doi-Takeuchi 94). H f.-d., U =
(H°P)*, A = H, and 7(p,a) = p(a) for all p €
U and a € A. Then (URA)° = D(H) is the
quantum double of H.

Hopf algebras of the type (U®RA), are gener-
alized doubles. [Doi-Takeuchi 94, Joseph
95] The representation theory of §6 applies to
generalized doubles.



6. An Abstract Highest Weight Theory

[R-S 07] H is an algebra with subalgebras U, A
URA L5 H (u®a — ua) (3)

is bijective. Commutation rule:

au = Y 1 u;a; Where p(auw) = > q U Ray.

With the identification of (3) the vector space
URA has an algebra structure such that

(u®a) (v'®a’) = vv'®aa’ when a =1 or v/ = 1.

Let p € Alg (U, k). Then (A, <,) € My, where

a <p ua’ = ((p&1d) (u~ (au) ) o = (S7y p(ui)as) of

for all a,a’ € A and v € U. If au = ua observe
that a >, ua’ = p(u)aa’. The module structure
results from regarding k € My by 1-u = p(u)l

and identifying A with kQyH by
EQUH ~ kQu(URA) ~ (EQuU)®RA ~ kA ~ A.



Let x € Alg(A,k). Then (U,>y) € gM, where

ua >y u = ((Id@x) (,u_l(a’u/))) —Uu (Z?;l U%X(az‘))

for all u,v’ € U and a € A. If av' = v/a then
ua >y v’ = x(a)uu'. In particular

uyu =wu and ap>y1=x(a)l.

Let I(p,x) be the largest H-submodule of U
contained in Ker p and set

L(p,x) =U/I(p,x) € gM.

Then L(p,x) has a codim. one U-submodule
N, where U acts on L(p,x)/N by p, and L(p, x)
is a cyclic H-module generated by a dim. one
A-submodule km, where A acts on km by .
T hese assertions follow since the same are true
for (U,>y) with N = Kerp and m = 1.

Reversing the roles of x and p we obtain J(x, p)
and R(x,p) = A/J(x,p) € My of a similar de-
scription.



Define a bilinear form AxU L k by

W(a,u) = (px) (1 t(aw)) = Y p(u;)x(as)
=1

for all a € A and u € U.

Lemma 1. T he following hold for the form:

(a) W(a <)y h,u) = W(a,h >y u) for all a € A,
h € H, and vwe U, that is V is H-balanced.

(b) At ={ueU|W(A,u) =(0)}=1I(p,x).

() Ut ={a€ AW (a,U) = (0)} = J(x, p)-
(]

Denote the form A/U+xU/AL — k by W also.

Since R(p,x)xL(x,p) Yokis non-singular and
H-balanced we may regard R(p,x) as a sub-
module of L(x, p)* and L(x, p) as a submodule
of R(p,x)*. This is useful for computation.



Lemma 2. Suppose there are subalgebras U’
of U and A’ of A such that:

(@) a >y v = x(a)u for all a € Aju € U’
and Alg (U, k) — Alg (U, k) (1 — n|U") is
injective.

(b) d <, u = p(u)d for all a’ € A,u € U
and Alg (A, k) — Alg (A", k) (n+— n|A") is
injective.

Then L(p,x) contains a unique dim. one
A-submodule and a unique codim. one U-
submodule and R(x, p) contains a unique dim.
one U-submodule and a unique codim. one
A-submodule. L]

Let gM be the full subcategory of ygM whose
modules M are

(1) generated by a dim. one left A-submodule
km and

(2) have a codim. one left U-submodule which
contains no non-zero H-submodules.




L(x, p) € gM and every object is isomorphic to
an L(x,p).

Theorem 3. Assume the hypothesis of the pre-
ceding lemma. Then the map

Alg (U, k)xAlIg (A, k) — [gM], (p,x) — [L(p,x)]

is bijective. L]

Corollary 1. Assume the hypothesis of the
preceding lemma and also that the finite
dimensional simple left U-modules and A-
modules have dimension one. Then the
finite-dimensional L(p,x)’'s and the finite-
dimensional simple H-modules are one in the
same. L]

Reversing roles of U and A we can define My
and develop a duality between yM and My.




7. Perfect Linkings and Reduced Data

A linking parameter X of a datum D is perfect
if any vertex is linked.

Any linking parameter X the Hopf algebra U (D, \)
has a natural quotient Hopf algebra U (D', \)
with perfect linking parameter X. This is the
special case of

A reduced datum is

Dreq = D(I, (Li)1<i<6, (Ki)1<i<o, (Xi)1<i<6)

where [ is an abelian group, 0 is a positive
integer, K;,L; € I',x; € [ for all 1 < ¢ < 06
satisfy

X (K;) = xi(Lj;) forall 1 <4,5 <0, (4)
K;L; =1 for all 1 <i<8. (5)

A reduced datum D,.4 is called generic if for
all 1 <4 <86, x;(K;) is not a root of unity.



A linking parameter [ for a reduced datum D,..4

is a family I = (I;)1<;<¢ Of non-zero elements
in k.

Lemma 3. Let

D =D(I', (g9i)1<i<6 (Xi)1<i<o)

be a datum satisfying x;(g:)xi(g9;) # xi(9i)?
for all ©+ = 5, and let X be a perfect linking
parameter for D. Then there are a reduced

datum D,.; and a linking parameter | for D,..g4
such that

U(D,A) ZU(Dyeq, 1)

as Hopf algebras.

Set
U= Z/{(Dreda l)

Let ad; and ad, be the adjoint actions of the
Hopf algebra k{uq,...,ag)##k[]. Then U(D,..4,1)




IS generated by I' and Eq, ..., Ey, F1,..., Fp Ssub-
ject to the relations for I' and

ad)(B)1™%i(E;) =0,V 1<4,j<0,i#j
ad, (F;)17%i(F;) =0,V 1<i,5<86,i%j
EiF; — FE; = 6;1;(K; — L7), v1<i,57<86.

Explicitly V ie J,Je X and 1 < j<80,1# 7,

ad;(E;) % (E;)
1—a;; 1
—Qii—S
= > (=py)° [1_aij}qdiEZ- 7B ES,
s=0 J
ad(F;) % (F)
l—aij
l—a;j—s

= Y (=piy)° |1 —ay] o FFF,
s=0 1
The action of ' is given for all g € ' and all
1 <:<0 by
9Eig ' = xi(9)E;,
gFig~t = x; 1 (9)F;,



and the comultiplication by
AE)=K,QE +E;®1,
AF)=10F+FQL; .

UT is generated by the FE;'s and U~ by the
F;'s; I the group generated by the K;'s, L;'s.

Corollary 2. The multiplication map

U @UT QKN —-U

Is an isomorphism of vector spaces. Further-
more U~ = B(W) and UT = B(V) for some
V,W €L VD.

Set I = {1,...,0}. Let Z[I] be a free abelian
group of rank 6 with fixed basis ay,...,ap, and

N[H] — {Oé — Zf:l n;Qy | ni,...,Ng € N}

For a = Z,?:lniozi - Z[I[],nl,...,ng € 4, let

Xa=XT1---X39,K04=K?l---ng,LazL?l---Lrge.



There is a k-bilinear form (, ) : U™ R UT =k,
non-degenerate on U_ X Uj[.

For all a € N[I], let 2%,1 < k < dy = dimU__,
be a basis of UZ_, and y%,1 < k < dq, the dual

_ai

basis of U with respect to (, ). Set

da

k=1

We will set 6, = 0 for all a € Z[I] and « ¢ NIIJ.

Q = Y aenm Tieq SEE)YE = S pen fa is the
quasi-R-matrix.

Theorem 4. Let a € N[I] and 1 <:¢<860. Then
in U® U,

(Ez' & 1>9a =+ (Kz & Ei)ea—ai

= 0a(B;®1) + 00—0,(L; 1 @ E)),
(1® F)0a + (F; ® L )0a—q,

= 0a(1® F;) 4+ Oa—o;(F; ® K;).




8. Classes of U-modules

D,.q 1S 9generic, regular, and of Cartan type,
and U = U(D,.4,l). Regular means: Let Q
be the subgroup of I generated by X1s---5 X0
Then

Zl = Q, a— xa,

IS an isomorphism.

C is the full subcategory of yM of all left U-

modules M which are direct sums of 1-dim.

[ -modules; i.e. have a weight space decom-
L _ A

position M @XerM ,

MX={meM|gm=x(g)m forall geTl}
Weight for M: a character y € T with MX # 0.

chi the full subcategory of C; M € C™ if for any
m € M, 3 N > 0 such that Ulm = 0 for all
a € N[I] with |a| > N.



Both C and C™ are closed under sub-objects
and quotient objects of U-modules.

x € . The Verma module

0
M(x) =U/(>_UE;+ > U(g-x(9).
1=1 gel

The inclusion U™ C U defines a U -module
iIsomorphism

N 0
U™ = M) =U/(Y.UE;+ > U(g—x(9)))
1=1 gel
(6)

by the triangular decomposition of U.

The Verma module M(x) and all its quotients
belong to the category C™.

Regularity allows a partial order < on . For all
X, X € r, Y < x if x = x'xa for some o € N[IJ.
If ¥' < x then x and ¥/ are in the same Q-coset
of .



Lemma 4. Let y €T, and M € C. Suppose x
is a maximal weight for M and m € MX. Then
Em =0 foralll <:<6, and Um is a quotient
of M (x).

Let M € C and C be a coset of Q in . Then
MC = @XECMX € C. Note M = EBcMc, where
C runs over the Q-cosets of T.

Lemma 5. Suppose M € C" is a fin.-gen. U-

module.

1. DImMX < oo for all x € T.

2. For all X' € T there are only finitely many
weights x for M with x' < x.

3. Every non-empty set of weights for M has
a maximal element.

M € Cis integrableforallme M and 1 <1 <86,
Em = F*m = 0 for some n > 1.



AN

x € I is dominant if for all 1 < 1 < 6 there
are m; > 0 such that x(K;L;) = gq,,* for all
1 <1<6. [t = dominant characters of T.

Let y e Tt, and m; > 0 for all 1 < i < # such
that x(K;L;) = ¢q,,* for all 1 <i<6. Set

0 0
L(x) =U/(Y UE+Y UL S Ug—x(9))).
i=1 i=1 ger

A universal property of the Verma module with
respect to integrable modules in C:

Proposition 1. Let M € C be integrable and
X € [. Assume that there exists an element
O # m € MX such that E;m = 0 for all 1 <
1 < 0. Then x is dominant, and there is a
unique U-linear map t : L(x) — M such that

t(ly) = m.




Corollary 3. Under the assumptions above:
1. Let x be dominant. Then

0
— — m;+1
U~/ U FMTh ~ L),
i=1
L(x) is integrable, and L(x)X is a one-
dimensional vector space with basis l.

2. Let x,x' € Tt. Then L(x) ~ L(x) iff x =
/
X .




9. The quantum Casimir Operator

Again, D,.q4 is generic, regular, and of Cartan
type, and U = U(D,.4,1). In addition we as-
sume that the family (q;;)1<;<g OF scalars in k
is N-linearly independent with respect to mul-
tiplication.

The g;;'s are N-linearly independent if I is con-
nected, that is if the Cartan matrix of D,.4 is
indecomposable.

Lemma 6. Let C be a coset of Q in T.

1. There is a function G : C — k™ such that
for all x €¢ C and 1 < i < 60, G(x) =
G(Xxi_l)X(KiLi). G is uniquely determined
up to multiplication by a non-zero constant
in k.

2. Let G be as in (1). If x,x' € Tt are dom-
inant characters with x > x' and G(x) =
G(x"), then x = .




Proposition 2. Let C be a coset of Q in T,
and M = Mo € C". Choose a function G as in
Lemma 6 and define a k-linear map 2 : M —
M by Qa(m) = G(x)S2(m) for all m € MX, x €

C.

1. Q¢ is U-linear and locally finite.
2. Suppose 0 = m € M generates a quotient

of a Verma module M(x), x € T. Then
x € C, and Qg (m) = G(x)m.

The eigenvalues of Qg are the G(x)'s,
where x runs over the maximal weights
of the submodules N of M (in which case
Qa(n) = G(x)n for all n € NX),

The function Q24 : M — M in Proposition 2 is
called the quantum Casimir operator.




11. Complete Reducibility Theorems

D,eq 1S deneric, regular, and of Cartan type,
and U =U(D,.¢q,1)-

Theorem 5. Let ye T T.
1. L(x) is a simple U-module.
2. Any weight vector of L(x) which is annihi-

lated by all E;,1 <1 < 0, is a scalar multiple
of ly.

Theorem 6. Let M be an integrable module
in CM. Then M is completely reducible and M
is a direct sum of L(x)'s where x e T T.

Corollary 4. U /s [-reductive.

Recall that M2 denotes the subgroup of [ gen-
erated by the products KiLq,...,KpLy.




Theorem 7. Assume that D,.; Is regular.
Then the following are equivalent:

1. U is reductive.

2. [ : 2] is finite.

If U is reductive, then the Cartan matrix of
D,.q IS invertible.




11. Reductive Pointed Hopf Algebras

B C A a subalgebra. A is B-reductive if every
fin.-dim. left A-module which is B-semisimple
(on restriction) is A-semisimple. A pointed,
= G(A); N-reductive means k[I"]-reductive.

Theorem 8. LetD be a generic datum of finite
Cartan type.

1. The following are equivalent:
(a) U(D, ) is I'-reductive.
(b) The linking parameter A\ of D is perfect.
2. The following are equivalent:
(a) U(D, ) is reductive.
(b) The linking parameter A of D is perfect
and [ : 2] is finite.




