MATH 215 HOUI‘ Exam I1 Radford 11/18/05

Name (print)

(and solution)

(1) There are four problems on this exam. Problem 4 is on the back. (2) Return this
exam copy with your test booklet. (3) You are expected to abide by the University’s rules
concerning academic honesty.

1. (30 pts.) Let A and B be sets.

a)

d)

Define the sets ANB and AUB using conditional definitions.

Solution: ANB = {z |z € A and x € B} and AUB = {z|z € A or z € B}
(each 4 points).

What does it mean for x ¢ ANB? For x ¢ AUB?

Solution: * ¢ ANB if and only if z ¢ A or x € B (4 points). z ¢ AUB if and
only if x ¢ A and x ¢ B (3 points). Part b) is really De Morgan’s Laws.

Let U be a universal set and A, B C U. Show that A = (ANB)U(ANB°) and
that the union is disjoint.

Solution: Let a € A. Then a € U since A C U. Now a € B, in which
case a € ANB, or a ¢ B, in which case a € AN(U—B) = ANB°. Therefore
a € (ANB)U(ANB*) (3 points).

Conversely, suppose a € (ANB)U(ANB®). Then a € ANB, in which case a € A,
or a € ANB°, in which case again a € A. Thus a € A in any event (3 points).
We have established A = (ANB)U(ANBC). To show that the union is disjoint,
suppose a € (ANB)N(ANB¢). Then a € BNB* = (). Therefore the intersection
(ANB)N(ANDB®) is the empty set; that is the union (ANB)U(ANB) is disjoint.
(2 points).

Suppose that A = {1,0,7}. Compute P(A).
Solution: P(A) = {0,{1},{0},{n},{1,0},{1,7},{0,7},{1,0,7}} (7 points).

2. (20 pts.)  For sets Ay,..., A, we define the union A;U---UA, and intersection
AiN---NA, inductively by

Ay s on=1,;

AlU'”UAn:{ (AjU---UA, 1)UA, @ n>1



and
A con=1,;

Alm“'mA":{ (AiN---NA,_1)NA, @ n>1

Now suppose that U is a universal set and A;,..., A, C U. Use De Morgan’s Laws
and the definitions above to construct a proof by induction that

(AU UA,) = AfN---NAS.

[Comment: You may assume A;U---UA,,, AjN---NA,, CU forall Ay,..., A, CU.
The steps of your proof must at least be implicitly justified.]

Solution: We wish to prove the following assertion by induction on n > 1: Suppose
that Ay,..., A, CU. Then (A;U---UA,)" = AN ---NAS.
Suppose that n = 1. Then the assertion boils down to A{ = A{ which is true.

Therefore the assertion is true for n = 1. (6 points).

Suppose n > 11 and the assertion is true for n. Let Ay,...,A,y1 € U. Then
(AjU---UA,) = A{N---NAS (4 points). Thus

(AU~ UAppr) = (AU UA,)UA, )"
= (AU---UA,)NA;L
= (AfN---NAD)NAT
= Aim...mAfLH

(10 points); the first and last equations follow by our definitions of finite union and
intersection, the second equation follows by one of De Morgan’s Laws, and the third
follows by the induction hypothesis.

3. (25 pts.) Let f: A — B be a function and suppose X,Y C A.

a) Show that ?(XHY) C ?(X)HT(Y) [Comment: ?(X) ={f(z)|z e X} =
f(X), the latter notation was used in class.|

Solution: Let z € ?(XOY). Then z = f(z) for some x € XNY. Since z € X,
f(z) € 7(X) Since z €Y, f(x) € ?(Y) Therefore z = f(z) € 7(X)ﬂ7>(Y)
(6 points).

b) Suppose that f is an injection. Show that 7(XHY) = 7(X)ﬂ7(Y)

Solution: In light of part a), we need only show that if z € 7(X)ﬂ7(Y) then
z € 7(XHY). Suppose that z € T(X)ﬂ?(Y) Since z € 7(X) there is an
x € X such that z = f(x). Since z € 7(Y) there is a y € Y such that z = f(y).
Thus f(z) = z = f(y). Since f is an injection x = y. Therefore x = y € XNY

which means that z = f(z) € ?(XHY) (5 points).
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c)

Now suppose that A = {1,2,3,4}, B = {5,6,7}, X = {1,2}, and Y = {2,3}.
Find a surjection g : A — B such that ¢ (XNY) C §(X)NG(Y). Justify
your answer.

x |1 2 3 4
gz) |5 6 5 7
of B ={5,6,7} are listed as outputs ¢ is a surjection (4 points). Note that

7(X)=7{12}) ={9(1),9(2)} = {56} = {9(3),9(2)} = T({3,2}) = 7 (V)
which means that ¢ (X)N7(Y) = {5,6} (4 points). Since
7(XNY) ="7({2}) = {6}

it follows that g (XNY) C 7(X)NG (Y) (2 points).

Solution: for example (4 points). Since all of the elements

4. (25 pts.) A committee of 7 is to be formed from a group of 10 people. At least
one of two individuals A and B is to be on the committee. Let X be the set of those
committees of 7 which include A and let Y be the set of those committees of 7 which
include B.

a)

Determine | X| and |Y'| explicitly.

7—1 6/ 321

Determine explicitly the number of the committees of 7 which include both A
and B. Express the set of these committees in terms of X and Y.

— 9-8-7
Solution: | X| = Y| = <1O 1) = <9> = —— =347 =84 (6 points).

Solution: The set in question is XNY (3 points) which has

10 — 2 8 8-7-6
(7—2) N (5) T3a1 0T
clements (4 points).

Use the inclusion-exclusion principle to determine explicitly the number of com-
mittees of 7 which include either A or B (perhaps both). Express the set of
these committees in terms of X and Y.

Solution: The set in question is XUY (3 points) and by the inclusion-exclusion
principle
I XUY| =|X|+ Y| —|XNY|=84484—56 =112

elements. Thus there are 112 committees which include A or B (9 points).



