MATH 531 Written Homework 4 Solution Radford 11/21/07

In this exercise set we begin a rather detailed study of sl(n, F).

1. (20 points) For all 1 <4, j, k,¢ < nnote e; jexs = 0; xe;¢; thus [e;; exs] = 0;x€i0— Ok ;-

(a) (5) This is boring but necessary.

(ad e; joad egp)(eun) = [€ij[ereeus]]
= [&'j (5z,u€kv - 5v,£euf>]
= 5£,u[€ij ek:v] - 5v,é[€ij €ué)]
= 5e,u(5j,k:€w - 5v,i6kj) - 6v,€(5j,uei€ - 5e,i6uj)
= 00,u0jkCiv — 00u0iwChk;j — Okw0juCit + Ok v0;r€y ;-

(b) (5) In the expression of part (a), the contribution of aey s, where a € F', to the coefficient
of ey 18 0 u0¢pa. Thus the answer is:

5i,u51),v5€,u5j,k - 6k,u6j,v6£,u5i,v - 5i,u6£,1)5k,v5j,u + 5u,u6j,v6k,v(5i,€
= 5€,u5j,k5i,u - 5€,u5i,v5k,u5j,v - 5k,v§j,u5i,u5€,v + 5k,v5i,€5j,v-

(c) (5) Fix e;5, ex¢. For ey, write (ad e; joad exr)(euv) = Z1<sy<n Xaw), (uw)€ay- 10 light of
part (b)

k(eij,ene) = Tr(ade;joadeyy)

= D Q) )

1<u,v<n

= Z 5€,u5j,k5i,u - Z 6€,u5i,vék,u5j,v - Z 5k,véj,u5i,u5€,v + Z 5k,v5i,€5j,v

1<u,v<n 1<u,v<n 1<u,v<n 1<u,v<n

= D 00e0ikbic — 00005016050 — O k05 01500k + D Okj0ie0s;

1<v<n 1<u<n

= 271(52'75(5]'71C - 25i,j5k,£-

(d) (5) Let © = 321, j<n @ijei; € L. By part (b), x € Rad & if and only if for all 1 < k, ¢ <
n,

0=r(z,ene) = Y, aijr(eij,ere),



or equivalently
Z CLZ'J‘ (2”51'7@(5]"]@ — 2(51'7]'5]{7@) = 0,

or equivalently

or equivalently

Qg = 5k,e (:L <1<Z< Gm’)) . (1)

Thus = 1<« Gigeii = a11l,. Conversely, if x = al, = >71;<, ae;; for some a € F,

then (1) holds, so = € Rad k.

2. (25 points) Let £ = Kgn ). Since L = sl(n, F) is an ideal of gl(n, F) it follows that
k= K|pxp. Now gl(n, F) = sl(n, F)®&F1I,.

To show that x is non-degenerate. Let x € Rads and assume that x(z,y) = 0 for all
y € L. Since gl(n, F) = L&F1,, any element of gl(n, F') an be written y + al,, for some
y € L and a € F. Since Radx’ = F1I,, by part (d) of Problem 1, the calculation

0=k(z,y) =K (z,y) = k' (z,y) + K (z,al,) = K'(z,y + al,,)

shows that = € Rad x’ (10). Thus z € LNFI, = (0) which means that x = 0. Therefore &
is non-singular (15).

3. (30 points) Let ® be the set of ag,’s and h = > | \je;;, € H. For h' € H note that
[h h'] = 0 since both h, h' are diagonal matrices. Thus H is a subalgebra (abelian) of L.
Suppose that 1 < k,/ < n and are distinct. Then

n

[hewe =Y Nileis ene) = Meerrere — Meegeere = (A — No)ene = ago(h)exs.
=1

Since L = HO(D1<k<n, ke Fere), we have shown that ad h is a diagonalizable operator
(thus H is a toral subalgebra of L) and the summand Feg, C L, ,.

It is left as a small exercise to show that ay, = app if and only if £ = k" and ¢ = ¢'.
Since

Ho( @ Fe)=L= P La, (2)
1<k, 0<n, k£ acH*

and the summands on the left are subspaces of the summands on the right, the summands
on the left are the non-zero summands on the right. In particular H = Lqy. If H’ is a toral
subalgebra and H C H' then [hh'] = 0 for all h € H and i’ € H' which implies h' € L.
Therefore H = H' from which we conclude that (a) H is a mazimal toral subalgebra of L
(10). From our comments about the summands of (2) it now follows that (b) ® is the root
system of L relative to H (10) and (c¢) L,,, = Feg for all 1 < k,¢ <n and k # ¢ (10).

9.4



4. (25 points) Let a € . Then o = oy for some distinct 1 < k, ¢ < n. Since

—Oky — Qg (3)

we deduce deduce that S,,, = Fey,®Ft
generate S,,, as a Lie algebra.

Let g € ® and suppose that 3 # +ag,. Then § = au,, OF Qqp, OF OF Qup, OF Qy, OF
Qyy, where u, v & {k, £}, by (3) and Exercise 3. The a-string 5+ (—7)q, ..., 4 ga through
B accounts for a simple sl(2, F) = S,-module V' = Lg_,® - @®Lgyq4, which is therefore
generated by e, ,, indeed any non-zero v € V', where 3 = a,5. Also note that if U is any
sl(2, F')-module then a subspace U’ of U is a submodule if and only if z-U’,y-U" C U’ as

then h-U' = [z y]-U' C z(-y-U') + y(-z-U’) C U’ in this case.

Case 1: (5) = qup. Since [exs €uy] = 0 = [erg €y,] it follows that S,,, acts trivially on
Fey,. Therefore V. = Fe,, which means that the oy -string through 5 is 5 (r = ¢ =0

here.)

®Fe,, by Exercise 3. Note that ex, and ey,

Ak

Case 2: (5) f = ayy. Since [exs eue] = 0, [err €ue] = —€ur, lere €ur] = —eyr, and
leok ewr] = 0, it follows that V = Fe,@®Fey; = Ly, , ®La,,. Since au, i + o = ayy the
a-root string through 3 is f — «, 5. (r =1,q = 0 here.)

Case 3: (5) B = Qgy. Since [exy ero] = 0, [erk €kv] = €rv, [€xe €00] = kv, and [egr €] = 0,
it follows that V = Fe;,®Fek, = Lo, ,®Ly,,. Since oy + oy, = g, the a-root string
through g is 8 — o, 5. (r =1, =0 here.)

Case 4: (5) f = qur = —Qpy. Here V = Fe, 1 ®Fe,, as in Case 2. Since ayp + g = Qg
the the a-root string through g3 is 3,5 + a. (r =0,q = 1 here.)

Case 5: (5) B = ayy = —ay. Here V = Feyy®Fep, = Lo, ®L,,, as in Case 3. Since
Qg + gy = Qg the a-root string through 5 is 5,5+ a. (r = 0,q = 1 here.)

Comment. The hint was meant to lead you on a stroll through the proof involved in
determining strings. Many of you used the fact that o;; + ai, is a root if and only if
j =k or i = £ instead. This really required proof, which should have been given. (See §8.4
Proposition (d) for example.)

Cases 4 and 5 fall out quickly from Cases 3 and 2 respectively. Note that if

B+ (=r)a,....0+qo
is the a-string through 3 then
B+ (~q)a.....~f+ra

is the a-string through —( as v € ® if and only if —y € .



