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Chapter 1

Basic Concepts

Below are comments relevant to various sections in the text. They are meant
to clarify, amplify, or generalize material in the text. Exercises are optional.

1.1 Definitions and first examples

1.1.1 The notion of a Lie algebra

We begin with a discussion of algebras in general. An algebra over F' is a
vector space A together with a bilinear map m : AxA — A referred to
as multiplication. Usual notation for m is m((a,b)) = ab for all a,b € A.
Bilinearity translates to

(BL.1) (a+a')b=ab+ a'b and (aa)b = a(ab),
(BL.2) a(b+ V') = ab+ ab' and a(ab) = a(ab)

for all a,d’,b,b' € A and a € F. Sometimes it is very useful to think of
multiplication as a linear map m : AQpA — A which is determined by
m(a®b) = m((a,b)) = ab for all a,b € A.

Let A be an algebra over F. Since A is a ring

a0 =0 = 0a (1.1)

or all a € A and
—(ab) = (—a)b = a(-0) (1.2)
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for all a,b € A. A subalgebra of A is a subspace B of A such that ab € B
for all a,b € B. Thus a subalgebra is an algebra in its own right with the
multiplication of A. Among the subalgebras of A are A, and by (1.1), the
singleton set {0}, usually denoted (0).

A map of algebras, or homomorphism of algebras, is a linear map f
A — A’ where A and A’ are algebras over F, such that f(ab) = f(a)f(b)
for all a,b € A. Suppose that f : A — A’ is a map of algebras. If B
is a subalgebra of A then its image f(B) is a subalgebra of A’. If B' is a
subalgebra of A’ then its preimage f~'(B’) is a subalgebra of A.

A Lie algebra over F' is an algebra L over F' such that

(L.1) a* =0 and
(L.2) a(bc) + b(ca) + c(ab) =0

for all a,b,c € L. Axiom (L.2) is referred to as the Jacobi identity.
Suppose that L is a Lie algebra over F'. Then

ba = —ab (1.3)
for all b,a € L as
0= (a+b)?=(a+b)(a+b)=a’>+ab+ba+b* = ab+ ba.

When the characteristic of F' is not 2, axiom (L.1) and (1.3) are equivalent.
Observe that (1.3) holds for rings where the squares of all elements are zero.
In light of (1.2) and (1.3) we see that axiom (L.2) is equivalent to

a(bc) = b(ac) + (ab)c (1.4)

for all a,b,c € L.

Notation: The product of a,b € L is usually denoted [a b].

Thus the axioms for a Lie algebras are usually written
[aa] =0 and [a[bc]] + [b[ca]] + [c[ab]] =0

for all a,b,c € L.

Let a € L. The linear span Fa is a subalgebra of A since [aa] = 0. Thus
every one-dimensional subspace of L is a subalgebra of L. When L and L'
are Lie algebras, the condition that a linear map f : L — L’ is a map of

Lie algebras is expressed f([ab]) = [f(a) f(b)] for all a,b € L.
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Exercise 1.1.1 You might call this variations on the Jacobi identity. Let A be
an algebra over F'. Show that Axioms (L.1) and (L.2) are equivalent to (L.1) and
any of

(a) (ab)c+ (bc)a + (ca)b =0 for all a,b,c € A;
(b) a(be) 4 c¢(ab) + b(ca) = 0 for all a,b, c € A,

(¢) (ab)c+ (ca)b+ (be)a = 0 for all a,b,c € A.

1.1.2 Linear Lie algebras

An associative algebra gives rise to a Lie algebra. Let A be any associative
algebra over F. Then the ”bracket” defined by

[ab] = ab— ba

for all a,b € A gives the vector space A a Lie algebra structure. Note that
[ab] is the commutator of a and b. Observe that:

(a) @ and b commute if and only if [a b] = 0;
(b) A is commutative if and only if [ab] = 0 for all a,b € A;
(c) cisin the center of A if and only if [ac] =0 for all a € A.

Now let L be a Lie algebra over F'. The last two statements motivate the
following definitions:

L is abelian if [ab] = 0 for all a,b € L;
The center of L is the set Z(L) = {c € L|[ac] =0Va € L}.

For an associative algebra A over F let £(A) denote the Lie algebra with
underlying vector space A and the bracket product. A map of associative
algebras f : A — A’ is also a map of Lie algebras f : L(A) — L(A’). The
categorically minded reader will notice that the associations A — L£(A) and
f +— f describes a functor from associative algebras to Lie algebras.

There is much to be said about the classical families A, — D,. The exer-
cises below deal with important details. We comment here that Lie algebras
of the types By — D, have the form L, as described below.
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Let M(n, F) be the (associative) algebra of nxn matrices over F' and
s € M(n, F). Set
L,={reM(n,F)|a's = —sx}.
Then an easy calculation shows that L is a Lie subalgebra of gl(n, F) =

L(M(n, F)).

Exercise 1.1.2 Using the fact that the trace function Tr : M(n, F') — F is lin-

ear, use the Rank-Nullity Theorem to show that sl(n, F') = Ker Tr has dimension
2

n* — 1.

Exercise 1.1.3 Suppose that s € M(n, F)) is invertible and the characteristic of
F'is not 2. Show that Ly is a Lie subalgebra of si(n, F'). (Thus the classical Lie
algebras are subalgebras of sl(n, F') for some n.)

Exercise 1.1.4 Let s € M(n,F) and b : F"xF"™ — F be defined by b(u,v) =

ulsv for all u,v € F™.
(a) Show that b is a bilinear form.

(b) Show that b is symmetric (meaning that b(u,v) = b(v,u) for all u,v € F™)
if and only if s is symmetric.

(c) Show that b is skew symmetric (meaning that b(u,v) = —b(v,u) for all
u,v € F™) if and only if s is skew symmetric.

(d) Show that

Ls={z € M(n, F)|b(zu,v) = —b(u, zv) for all u,v € F"}.
Thus L can be described in terms of a bilinear form.

All bilinear forms on F™ are described by part (a) of Exercise 1.1.4. This
is basic linear algebra included here for the record.

Exercise 1.1.5 Let b : F"XF™ — F be a bilinear form and s € M(n, F') be
the matrix given by s,, = b(e,, ¢,), where {e1,...,e,} is the standard basis for F".
Show that b(u,v) = ulsv for all u,v € F™.

There is a vector space analog of £, which is suggested by part d) of
Exercise 1.1.4.
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Exercise 1.1.6 Let V be any vector space over F' and suppose that 5 : VXV —

F'is a bilinear form. Show that Lg = {z € gl(V) | B(z(u),v) = —B(u, z(v)) for all u,v €

V'} is a subalgebra of gl(V).

The matrices s which describe the families B, — D, are presented in
“block” form and are symmetric or skew-symmetric. There is a very nice
algebra of matrices presented in block form which makes the analysis of these
classical families as vector spaces rather easy. First an exercise on symmetric
and skew-symmetric matrices.

Exercise 1.1.7 Let n > 1.

(a) Show that the subspace of symmetric matrices of M(n, F) has dimension
n(n+1)
5
Suppose that the characteristic of F' is not 2.

(b) Show that subspace of skew symmetric matrices of M(n, F') has dimension
(n—1)n
—

(c) Show that every matrix in M(n, F') can be written as a sum of a symmetric
matrix and a skew symmetric matrix in M(n, F') in a unique way. (This
accounts for the fact that the dimensions of parts a) and b) add to n?.)

Observe that if F' has characteristic 2 then symmetric matrices and skew symmetric
matrices of M(n, F') are the same.

For computational purposes, we will view matrices in terms of blocks of
entries and conceptualize these blocks as entries of a matrix. This process is
illustrated by

1 2 3 4 5 6 1 2|3 4 5 6

7 8 9 10 11 12 7 8] 9 10 11 12 A
4_ | 13141516 17 18 [ | 13 14|15 16 17 18 | _ A“

19 20 21 22 23 24 19 20|21 22 23 24 A21

25 26 27 28 29 30 25 26|27 28 29 30 31

31 32 33 34 35 36 31 32(33 34 35 36
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where
Ap=(1 2) Ao=(3 45 6)
78 9 10 11 12
A= 13 14 | Ap=| 15 16 17 18
19 20 21 22 23 24

An — 25 26 Ao 27 28 29 30
T30 31 27\ 33 34 35 36
We are regarding the 6 x6 matrix A as an mxn matrix, where
m = (my, ma,m3) = (1,3,2) and n = (ny,ny) = (2,4)

describe how the rows and columns respectively are partitioned.
Suppose that A is an mxn matrix with coefficients in F,

m = (my,ma,...,my) and n = (ny,ng,...,Ng)
have positive integer entries such that
my+---+m,=m and ny+---+ns=n.
Then A can be regarded as the mxn matrix

All Als
A= |
A o AL

where A;; is the m;xn; matrix whose entries is given by

(Aij)ke = Amytotmi_y bk nytotng g0

forall 1 <i<r, 1<5<s5 1<k<m,and1 <k <n;. By convention
mo = nNg = 0.
Observe that A! is the nxm matrix described by
(Ar)® - (A (Ar)" - (Ary)!
At = : : = : :
(Als>t (Ars)t (Arl)t (Ars)t

where the latter is a formal expression.
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Exercise 1.1.8 Suppose that A is an mxn matrix and B is an nxp matrix with
coefficients in F' and let C' = AB be the mXxp matrix which is their product. Let

m = (my, ma,...,m), n = (ny,ng,...,ng), and p=(p1,p2,..-,Dt)
have positive integer entries and satisfy

mi+ -+ m, =m, ny+---+ng =n, and pL+ -+ pr=0p.
Write

A - Agg Bi1 -+ Biy Cit
A= : : ; B= : : : and C= :
Afrl A'rs le Bst C'rl

as above. Show that i
Cij =) AiBij
/=1
forall1<i<rand1<j<t.

Exercise 1.1.9 Let ¢ > 1, suppose that A € M(¢, F') is symmetric and invertible,
and suppose that the characteristic of F' is not 2.

(a) Generalization of type Dy. Let s € M(2¢, F') have block form s = ( 81 61 >
Show that Dim£L, = 2¢% — /.

(b) Generalization of type Cy. Let s € M(2¢, F') have block form s = < _Ig AO )
Show that DimL, = 202 + /.

(c) Generalization of type By. Let s € M(2¢+1, F') have block form s =

O O =
o o

Show that DimLg = 2% + /.

1.1.3 Lie algebras of derivations

Let A be an algebra over F'. A derivation of A is a linear endomorphism
D : A — A which satisfies

D(ab) = aD(b) + D(a)b

oo
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for all a,b € A. Important examples of derivations for us include the for-

mal partial derivatives 90 Da of the commutative polynomial algebra
T Ty

Flzy,...,z,.]. The notion of derivation can be thought of as a generalization

of the product rule of Differential Calculus (fg)' = f'g + f¢' for differentia-
tion. Observe that the kernel of a derivation is a subalgebra of A by (1.1).
The set Der(A) of derivations of A is a subspace of End(A).

Suppose that D, D’ are derivations of A. For a,b € A the calculation

(DoD')(ab) = D(D'(ab))

shows that

(DoD")(ab) = a(D(D'(b))) + D(a)D'(b) + D'(a)D(b) + (D(D'(a)))b,
and hence

(D'oD)(ab) = a(D'(D(b))) + D'(a)D(b) + D(a)D'(b) + (D'(D(a)))b.
Thus

(DoD' — D'oD)(ab) = a((DoD' — D'oD)(b)) + ((DoD’ — D'oD)(a))b

for all a,b € A which means that [D D'] = DoD’ — D’oD is a derivation of
A. Therefore
Der(A) is a Lie subalgebra of gl(A) (1.5)

By induction on n the Leibnitz rule

D"(ab) = > (Z) D'(a)D"(b) (1.6)

=0

holds for all n» > 0 and a,b € A. By convention D° = lgndacay = Idy is the
identity map of A. Note that when n = 1 the formula is the definition of
derivation.

For a € A the functions ¢,,r, : A — A defined by

ly(x) = ax and rqo(x) = za
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for all x € A are called left (respectively right) multiplication by a. Note that
{, is linear by (BL.2) and r, is linear by (BL.1). The map

m:A— End(A)

defined by 7(a) = ¢, for all a € A is linear by (BL.1).
Now suppose that A is associative. Let a,b € A. The calculation

(Lgory)(x) = Ly(1p(x)) = a(xb) = (ax)b = ry(la(x)) = (1p04,)(x)
for all x € A shows that ¢, and r, commute. Also
lap(z) = (ab)x = a(bz) = (La(lp(x)) = (Laoly)(z)

for all x € A shows that ¢,, = ¢,0f,. Since A is an associative algebra the
map 7 is an algebra map, called the left reqular representation of A. When
A has a unity 7 is one-one; in this case A can be regarded as a subalgebra
of the algebra of endomorphisms of a vector space.

Now suppose that L is a Lie algebra over F. Then (1.4) can be expressed

lo(be) = bly(c) 4 La(b)c

for all a,b,c € L; equivalently ¢, is a derivation of L for all @ € L. Thus
m(a) = ¢, € Der(L) and we may think of

7 : L — Der(L)
which is linear. Let a,b € L. The calculation
[Co Up](x) = (Luolpy—lpoly)(z) = Lo(bx)—bly(x) = bly(x)+Lo(b)x—bly(z) = Lo(b)x = (ab)x

for all x € L shows that £, = [(4{y]. Therefore 7 : L — Der(L) is a Lie
algebra map, called the reqular representation of L.

Notation: ada = ¢,. Thus ada(x) = [ax] for all z € L.

The fact that ad a is a derivation of L is expressed

ada([zy]) = [zada(y)] + [ad a(x) y]
for all z,y € L and the fact that 7 is multiplicative is expressed

ad [ab] = [ada ad ]
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for all a,b € L.

Let A be an algebra over F. The first two exercises below give a more
theoretical way of deducing (1.6) and the fact the Der(A) is a subalgebra
of End(A). We think of multiplication as the linear map m : AQpA — A
given by m(a®b) = ab for all a,b € A.

Exercise 1.1.10 Let D : A — A be linear.
(a) Show that D is a derivation of A if and only if Dom = mo(Id4®D+ D®Id4).
(b) Show that D"om = mo(Id4®D + D®Id4)™ for all n > 0.

(c) Show that Id4®D and D®Id4 commute; that is (Id4®D)o(D®Idy) =
(D®Id4)o(Id4®D).

n
(d) Use part (¢) and the Binomial Theorem to deduce that D"om = mo (Z <n> D£®D”_Z>

/=0
for all n > 0.

(e) Deduce (1.6) from part (d).

Exercise 1.1.11 Use part (a) of Exercise 1.1.10 to show that Der(A) is a Lie
subalgebra of gl(A).

Exercise 1.1.12 Show that A is a Lie algebra over F if and only if (L.1) and
either of the following hold:

(a) g4 is a derivation of A for all a € A;

(b) rq is a derivation of A for all a € A.

Exercise 1.1.13 Now assume that A is associative and a € A. Here ¢, and 7,
are defined for the associative structure on A and ad a is defined for gi(A).

(a) Show that ada = £, — rq.

(b) Show that (ada)™ = Z(—l)z (Z) lyn—rorge for all n > 0. [Hint: Recall
=0
that ¢, and r, commute for all a,b € A. See part (d) of Exercise 1.1.10.]
(c) Suppose that a® = 0 for some n > 0. Show that (ada)?"~! = 0. (Thus if a

is a nilpotent element of A then ad a is a nilpotent element of the associative
algebra end(A).)
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1.1.4 Abstract Lie Algebras

We start by constructing finite-dimensional algebras in a very concrete way.
Let A be a vector space over F' with basis {a4,...,a,} and let {afd}lgl,j’ggr
be any set of scalars. We define a multiplication of basis vectors by

'
_ ¢
a,a, = E a, ,ag
=1

for all 1 <1,y < r. There is at most one way to extend this multiplication
of basis vectors to an algebra structure on A. To see this, let a,b € A and
write a = xya; + - - - + x.a, and b = y1a1 + - - - + y,.a, as linear combinations
of basis elements. Then bilinearity forces

ab = (Z xlal)(z Y,a,) = Z LY, 0,0y = Z xlyjaf,]ag.
=1 7=1

1,7=1 2,7,¢=1

One can check that the rule

T
¢
ab = E T,Y,a, ,a

2,7,0=1

does indeed define an algebra structure on A. The scalars a;  are called

structure constants. All finite-dimensional algebras can be described in terms
of structure constants.
Now let A be any algebra over F', not necessarily finite-dimensional. We
examine what it takes to verify that certain axioms hold.
Define
fiAXAXA — A

by
f(a,b,c) = a(bc) + b(ca) + c(ab)

for all a, b, ¢ € A. The Jacobi Identity is the same as the identity f(a,b,c) =0
for all a,b,c € A. What is sufficient to imply the latter?

Observe that f is linear in each variable. (This should be remind you
of the determinant function on nxn matrices Det : F"x ... xXF" — F
thought of a function on the columns of nxn matrices.) That f is linear in
each variable means that for all a,b € A the functions

fa,b,*a fa,*,ba f*,a,b tA— A



14 CHAPTER 1. BASIC CONCEPTS

defined by

Japs(x) = f(a,b,x), farp(x) = fla,z,b), and feap(®) = f(x,a,b)

for all © € A respectively are linear. Check that the axioms for an algebra
imply that these functions are linear. Note that f,,.(z) = f(a,b,x) = 0 for
all x € A, or equivalently the subspace Kerf, ;. = A, if Kerf,;. contains a
spanning set for A. Thus f(a,b,z) = 0 for all x € A if f(a,b,z) = 0 for all
x in some spanning set for A.

At this point it is not hard to construct an argument to show that
f(a,b,¢) = 0 for all a,b,c € A if this equation holds for all a,b, ¢ in some
spanning set for A.

If the characteristic of F is not 2 then the axiom a? = 0 for all @ € A is
equivalent to ab = —ba, or ab + ba = 0, for all a,b € A. The latter holds if
and only if g(a,b) = 0 for all a,b € A, where

g(a,b) = ab + ba.

Note that g is linear in each variable; thus g(a,b) = 0 for all a,b € A if and
only if g(a,b) = 0 for all a,b in some spanning set for A.

1.2 Ideals and homomorphisms

1.2.1 Ideals

Most of what is done in this section applies to algebras in general, so we will
start there. Let A be an algebra over F. An left ideal (respectively right)
ideal of A is a subspace I of A such that ab € I (respectively ba € I) for
all a € A and b € I. An ideal, or two-sided ideal, of A is a subspace of A
which is both a left ideal and a right ideal of A. Thus left or right ideals,
and ideals, of A are subalgebras of A.

Left, right, and two-sided ideals can be defined in terms of left and right
multiplication maps ¢,,7, : A — A. Suppose that [ is a subspace of A.
Then [ is a left (respectively right, or two-sided) ideal of A if and only if
lo(I) C I (respectively r,(I) C I, or ly(I),ro(I) C I) for all a € A. In
particular

I is a left ideal of A if and only if ¢,(I) C I for all a € A; (1.7)
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that is [ is invariant under the endomorphism ¢, for all a € A.

Suppose that f: A — A’ is an algebra homomorphism. We have noted
that f(A) is a subalgebra of A’. If I is a left (respectively right, two-sided)
ideal of A then the image f(I) is a left (respectively right, two-sided) ideal
of f(A). If I’ is a left (respectively right, two-sided) ideal of A’ then the
pre-image f~1(I') is a left (respectively right, two-sided) ideal of A.

Note that A is always an ideal of A as is the zero dimensional subspace
(0) = {0} of A by (1.1). Consequently, if f : A — B is an algebra homo-
morphism then Kerf = f~!((0)) is an ideal of A.

Let I be an ideal of A. Then the quotient vector space A/I is an algebra
over F', where

(a+D)(b+1)=ab+1

for all a,b € A. The main aspect of this assertion is whether or not multi-
plication is well-defined. The fact that [ is a two-sided ideal is used for this.
For suppose that a,b,a’,b' € Aand a+1 =d +1,b+1 =b + 1. Then
a =a+x and b = b+ y for some x,y, € I. The calculation

at = (a+2)(b+y)=ab+ay+ xb+ zy = ab+ z,

where z = ay + xb + xy € I, shows that ab+ I = a’b’ + I. Observe that the
linear projection

T A— A/l

which is defined by 7(a) = a+ I for all @ € A, is an algebra homomorphism.
Note that Kerm = I. We have shown that ideals of algebras and kernels
of algebra homomorphisms are the same.
Now let {I,},ez be an indexed set of ideals of A. Then it is easy to see
that

ﬂ I, and the vector space sum Z I, are ideals of A.  (1.8)

€7 1€T

A concrete description of the sum is
ZIZ: {a, +---+a,|r>1u,....,0.€Z,a, €, VI <3<}
1€T

Let S be a subset of A. The ideal A of A contains S. By the intersection
part of (1.8), among all ideals of A which contain S there is a unique minimal
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one, namely the intersection of all ideals of A which contain S. This ideal is
usually denoted by (.59).

Suppose that U,V are subspaces of A. Then UV denotes the span of the
set of products uv, where u € U and v € V.

If A is associative then A is said to be simple if A has exactly two ideals;
in other words A is not (0) and the only ideals of A are A and (0). If A is a
Lie algebra then A is said to be simple if A has exactly two ideals and A is
not abelian. Thus 1-dimensional Lie algebras, even though they have exactly
two ideals, are not simple.

Now let us turn the special case of a Lie algebra L. Since [y z] = —[z y]
for all x,y € L, there is no distinction between left, right, and two-sided ideal
of L. Thus a subspace I of L is an ideal of L if and only if [LI] C I. In
terms of the adjoint action:

I is an ideal of L if and if adx(I) C I for all z € L (1.9)

by (1.7). Another way of stating (1.9) is to say that the ideals of L are the
subspaces of L invariant under ad x for all x € L.

Suppose that I, J are ideals of L. Let x € L. Since ad x is a derivation
of L, the calculation

adz([IJ]) C [ad x(I) J] + [I ada(J)] C [IJ] + [IJ] = [[ J]]

shows that [I J] is an ideal of L by (1.9). Also prove this assertion directly
from the axioms for a Lie algebral
A comment about principal ideals. Let # € L. Then [Lz] is contained
in the ideal generated by x (we should say more formally by {z}). Observe
that
[Lx] = [z L] =Imadz.

Now [zz] = 0 means that Keradz is not (0). Thus when L is finite-
dimensional, [L x| is a proper subspace of L by the Rank—Nullity Theorem
applied to the linear endomorphism adz : L — L. When L is finite-
dimensional and simple, [Lz] is an ideal of L if and only if z = 0. See
Exercises 1.2.3 and 1.2.4.

Concerning centralizers and normalizers: let U, V be subspaces of L. Then

Co(V) ={uecUluV]=(0)}
is the centralizer of V' in U and

Ny(V) ={ueUluV]CV}
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is the normalizer of V in U. Observe that Cy (V) C Ny(V).

The following assertions follow directly from the axioms for a Lie alge-
bra. We are interested in understanding these assertions in terms of the
endomorphisms ad x.

First of all C(V) = (), Keradz and is thus a subalgebra of L. The
intersection characterization is clear. The kernel of a derivation is a subalge-

bra, and the intersection of subalgebras of an algebra is a subalgebra. Since
Cy(V) =UNCL(V) it follows that:

If U is a sublagebra of L then Cy(V') is a subalgebra of L. (1.10)

Observe that Ny (V) = {x € L|adz(V) C V} is a subalgebra of L. To
see this note that £ = {T'" € End(L)|T(V) C V} is a subalgebra of the
associative algebra End(L); thus £ a Lie subalgebra of gl(L). Let 7 : L —
gl(L) be the regular representation of L; thus 7(z) = ad x for all z € L. Since
N (V) = 771(L) is the pre-image of a Lie subalgebra under a Lie algebra
map, it follows that N, (V') is a subalgebras of L. Since Ny (V) = UNN(V)
we have shown:

If U is a sublagebra of L then Ny (V) is a subalgebra of L. (1.11)

We next observe that Cr (V) is an ideal of N (V). The reason for this
is that 7 : No(V) — gl(V) given by n'(z) = adz|y is a well-defined
map of Lie algebras and Cp(V) = Kern’. As Ny(V) = UNNL(V) and
CU<V) = UﬂCL(V)I

If U is a sublagebra of L then Cy (V) is an ideal of Ny (V). (1.12)

In the following exercises A is an algebra over F' and L is a Lie algebra
over F.

Exercise 1.2.1 Suppose that A is associative and U,V are subspaces of A. Show
that:

(a) If U is a left ideal of A then UV is a left ideal of A.
(b) If V is a right ideal of A then UV is a right ideal of A.
(c) If U is a left ideal of A and V is a right ideal of A then UV is an ideal of A.

Exercise 1.2.2 Suppose that D : A — A is a derivation of A. Show that:
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(a) Ker D is a subalgebra of A.

(b) If U,V are ideals of A and D(U) C U, D(V) CV then D(UV) CUV. See
(1.9) and the discussion of the subsequent paragraph.

Exercise 1.2.3 Let 7w : L — Der(L) be the principal representation of L. Recall
that m(x) = adz for all x € L.

(a) Show that Kerm = Z(L); thus the center of L is an ideal of L.

(b) Suppose that L is simple. Show that L is isomorphic to a subalgebra of
gl(L); hence L is linear.

Exercise 1.2.4 Suppose that L is finite-dimensional and simple. Show that [L x]
only if x = 0.

Exercise 1.2.5 Show that L is simple if and only if L has exactly 2 ideals and
Dim L > 1.

Exercise 1.2.6 This exercise outlines a proof of the simplicity of sl(2, F) when
the characteristic of F' is not 2. First of all let F’ be any field.

(a) Suppose that Dim L < 2. Show that [L L] = L implies L = (0).

(b) Suppose that Dim L = 3. Show that L is simple if and only if [L L] = L.
[Hint: Let I be an ideal of L and consider the projection 7 : L — L/I.
Observe that w([L L]) = [r(L) w(L)].]

(c) Now suppose that the characteristic of F' is not 2. Use part (b) to show that
sl(2, F) is simple.

1.2.2 Homomorphisms and Representations

It should be no surprise that the proposition of this section holds for all
algebras over F'. To establish this recall that you have the homomorphism
theorems for abelian groups at your disposal.

Let L be a Lie algebra. We merely summarize some important details.

(a) Regarding L as a vector space over F', recall that the associative algebra
End (L) has a Lie algebra structure defined by

[ST] = SoT —ToS

for all S,T € End (L). The vector space End (L) with this Lie product
is referred to as gl(L).
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(b) The subset Der A of derivations of the (Lie) algebra L is a (Lie) subal-
gebra of gl(L).

(¢) adx € Der(L) for all z € L.

(d) The map 7 : L — gl(L) defined by 7(z) = adx for all z € L is map
of Lie algebras. The algebra map 7 is called the adjoint representation
of L.

Observe that
Kerm={x e L|lade =0} ={x € L|[z L] =(0)} = Z(L).

Thus 7 is one-one if and only if the center Z(L) = (0), as is the case when L
is simple.

1.2.3 Automorphisms

This is a rather compact section. Here is what seems to be the main point.

Let L be a Lie subalgebra of gl(V) = L(End(V')) for some vector space
V over F. Any automorphism f of the associative algebra End(V) is a Lie
algebra automorphism of ¢g{(V'). Thus if f(L) = L the restriction f|, is a Lie
algebra automorphism of L.

Typical automorphisms of the associative algebra End(V') are f, defined
by fu(z) = uorou™! for all x € End(V), where v in a linear automorphism
of V. (When V is finite-dimensional and F' is algebraically closed these are
the only automorphisms of End(V).)

Suppose that z € L is a nilpotent endomorphism of V' and that the
characteristic of F' is zero. Then the formal exponential u = exp(z) is a
linear automorphism of V' and f,(L) = L. Thus the restriction f,|;, is a Lie
algebra automorphism of L. Now for the details.

Let A be an algebra over F'. An automorphism of A is a bijective algebra
endomorphism of A. The set Aut(A) of algebra automorphisms of A is a
group under function composition. There are interesting connections between

Aut(A) and Der(A).



20 CHAPTER 1. BASIC CONCEPTS

Let D € Der(A) and f € Aut(A). Then f~! € Aut(A) and the calculation

(foDof™")(ab)

= f(D(f(ab)))
= f(D(f (@) f 1 (b))
= f(f7Ha)D(f7H () + D(f~H(a)) [ (D))
= a(f(D(f7())) + (f(D(f(a))))b
for all a,b € A shows that:
If f € Aut(A) and D € Der(A) then foDof~! € Der(A). (1.13)

By virtue of (1.13) the group Aut(A) acts on Der(A) by conjugation.

To continue we will need to discuss nilpotent and unipotent elements, and
the exponential and logarithm functions in an algebraic setting. Let A be an
associative algebra with unity, for example End(V') under composition. An
element a € A is nilpotent if a™ = 0 for some n > 0 and a is unipotent if
a = 1+ b for some nilpotent element b € A.

Lemma 1.2.7 Let A be an associative algebra with unity over a field of
characteristic 0, let N be the set of nilpotent elements of A, and let U be the
set of unipotent elements of A.

(a) 0 e N, and if a,b € N commute then a + ab € N for all « € F.
(b) Ifa e N and b € A commute then ab € N.

(¢c) 1 €U, and if a,b € U commute then ab € U.
)

(d) If a € U then a has a multiplicative inverse and a™' € U.

PROOF: Suppose that a,b € A commute. Then the binomial theorem holds

for a, b; that is
¢

14
L K]
(a+0) —ZO (Z> a’'b
for all £ > 0. Suppose a™ = 0 = b", where m,n are positive integers. Then
(a4 b)™™1 =0 as for each 0 < i < m + n one of a™™ =% =0 or b’ = 0
since either n < m+mn —1—1 or m < i. Note that b = 0 implies that
(ab)™ = 0 for all &« € F. Part (a) now follows. Part (b) follows from the
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formula (ab)™ = a™b", where n > 0 and a,b € A commute, and (1.1). Part
(c) follows from parts (a) and (b).

Part (d) follows from parts (a) and (b) as well. Let b € M. Then b = 0
for some n > 1 and

(1=b)(1+b+- - +b"H)=1-0"=1.

Replacing b with —b we deduce (14 b)(1+¢) = (1 +¢)(1 +b) = 1 for some
ceN. O

For the exponential function to be meaningful we will need for reciprocals
of factorials to be defined in F'. Thus for the remainder of this section we
will assume that the characteristic of F is 0. Recall that the exponential
function of Calculus can be represented by the power series

[e.e] n

exp(x) = ) %

n=0

for all real numbers z, and the natural logarithm function is represented by
the power series

— (1—a)"
1 =—) —
n(z) ; -
for all 0 < z < 2. Regard exp(z) and In(x) as formal power series in indeter-
minate x.
Suppose that a € N'. Then a™ = 0 for some n > 0. Therefore the formal

sum

o0 n

a
exp(a) = Z ol
n=0
is meaningful since a” = a"*! = ... = 0 means that it can be regarded as

a finite sum. Note that exp(a) € U by parts (a) and (b) of Lemma 1.2.7.
Observe that
exp(0) =1 (1.14)

and:
If a,b € N commute then exp(a + b) = exp(a)exp(b). (1.15)
A consequence of the two preceding equations is that:

If @ € N then exp(a) is invertible and exp(—a) = exp(a)~'. (1.16)
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Now suppose that a € Y. Then 1 — a is nilpotent. Therefore the formal sum

In(a) = -3 L=

n

n=1

is meaningful since (1 —a)” = (1 —a)"** = ... = 0 for some n > 0 means
that it can be regarded as a finite sum. Note that In(a) € N by parts (a)
and (b) of Lemma 1.2.7. Tt is a nice exercise! to show that

exp: N — U and In : Y — N are inverses. (1.17)

Now let A be any algebra over F' and suppose that D € Der(A). Then
D belongs to the associative algebra with unity End(A). Suppose that D
is nilpotent. Then exp(D) is a unipotent element of End(A). Using the
Leibnitz Rule (1.6) we calculate

exp(D)(ar) = 3 2

n!
_ i (Z v;) D“(;)Dl(b))
S5
(£ ()

= (exp(D)(a))(exp(D)(b))

for all a,b € A which shows that exp(D) is an algebra automorphism of
A. As an exercise the reader is challenged (see Exercise 1.2.9 below) to
show that if ¢ is a unipotent algebra automorphism of A then In(¢) is a
nilpotent derivation of A. Thus exp and In induce bijective correspondences

!Exercise §8 492. Godement, Algebra, Herman, Houghton Mifflin Company, Boston,
1963. The symbol 49 means an exercise for the very brave.
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between the set of nilpotent derivations of A and the set of unipotent algebra
automorphisms of A.

Let us finally turn to Lie algebras. Let L = ¢gl(V') = L(End(V')), where V'
is a vector space over F', and let x € End(V'). Recall that ¢,,r, : End(V) —
End(V) defined by ¢,(y) = xoy and r,(y) = yox for all y € End(V) are
commuting endomorphisms of End(V) and adx = £, — r,.

Now suppose that x is nilpotent. Then /., r,, and ad x are nilpotent; see
Exercise 1.1.13. Thus

exp(ad ) = exp(ly—72) = exp(€y)oexp(—12) = Lexp(a) OTexp(~x) = Lexp(a)O7 (exp(x)) !

which means
(exp(x))oyo(exp(z)) ™" = (exp(ad x))(y) (1.18)

for all y € gl(V).

Let L be any Lie algebra over F. Then exp(adz) is an algebra auto-
morphism of L whenever the derivation ad x is nilpotent. The subgroup of
Aut(L) generated by these automorphisms is the subgroup Aut;u,e-(L) of
inner automorphisms of L. For any z € L and any algebra homomorphism
¢ : L — L observe that

ad ¢(x)op = poad x.

Therefore ¢o(adz)op™' = ad (¢(z)) for all z € L and ¢ € Aut(L) which
shows that Aut;n,e-(L) is a normal subgroup of Aut(L).

Now let us assume that L is a subalgebra of gl(V') for some vector space
V over F and suppose = € L is a nilpotent endomorphism of V. Then ad x
is nilpotent, and therefore ad, z = (ad )|y, is as well. By (1.18) we calculate
for y € L that

exp(ady 2)(y) = exp(ad )| (y) = (exp(ad x))(y) = (exp(x))oyo(exp(x)) .

Thus and (exp(z))oLo(exp(z))™' = L and exp(ady z) is the associative alge-
bra (and hence Lie) algebra inner automorphism determined by the restric-
tion u = exp(x)|.

In the following exercises we will regard the multiplication of an algebra
A over F' as a linear map m : AQpA — A.

Exercise 1.2.8 Show that a linear endomorphism f : A — A is an algebra
map if and only if fom = mo(f®f). (Compare with part (a) of Exercise 1.1.10).
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Exercise 1.2.9 Suppose F has characteristic 0 and f is a unipotent algebra
automorphism of A.

(a) Show that f®f is a unipotent endomorphism of A®rA. [Hint: Write f®f —
Ids4®Id4 as the sum of two commuting endomorphisms of AQpA.]

=

Show that (Idg — f)om = mo(Ida®Id4 — f®f).

—
o
~

Show that In(f)om = moln(f®f).

(d) Show that Ida®In(f) + In(f)®Ida = In(f®f). [Hint: Show that left and
right hand sides of the equation are nilpotent endomorphisms of AQpA.
Recall that exp : N' — U is one-one.]

(e) Show that In(f) is a derivation of A. [Hint: See part (a) of Exercise 1.1.10.]

1.3 Solvable and Nilpotent Lie algebras

1.3.1 Solvability
Let L be a Lie algebra over F' and suppose that S is a subspace of L. Define
S0 — g and gn+l) — [S(”) S(")]
for all n > 0. The following are easily established by induction:
(a) (S = §m+n) for all m,n > 0.
(b) If T is a subset of S then T C S™ for all n > 0.

(c) If f: L — L'is a map of Lie algebras then f(S™) = f(S)™ for all
n > 0.

(d) If S is a subalgebra of L then S™ is an ideal of S for all n > 0 and
S0 > s >8@ 5.,

Comments on the proposition.

Remark 1.3.1 Reformulate part (b) to read “If f : L — L' is a map of
Lie algebras then L is solvable if and only if Im f and Ker f are solvable.”.

Remark 1.3.2 The proof of part (c) is not so involved in light of the refor-
mulation of part (b).
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Suppose that I,.J are solvable ideals of L. Then the (projection) map
of Lie algebras 7 : L — L/J induces a map of Lie algebras f: I +J —
(I +J)/J given by f(x) =z + J for all z € I + J. Since f(I) = Im f and
J = Ker f are solvable, I + J is solvable.

1.3.2 Nilpotency

Let L be a Lie algebra over F' and suppose that S is a subspace of L. Define
SY'=29 and S =19 8™

for all n > 0. The following are easily established by induction. Note the
parallels with (a) — (d) of the preceding section.

(b’) If T is a subset of S then 7" C S™ for all n > 0.

(¢') If f: L — L' is a map of Lie algebras then f(S™) = f(S5)" for all
n > 0.

Suppose that S is a subalgebra of L. Then:

(d’) For all n > 0 the subspace S™ is an ideal of S, S C 8" and S° D
StDOS2D ...,

() (S™)™ C S™*" for all m,n > 0.
Comments on the proposition.

Remark 1.3.3 Concerning part (b): If I is a nilpotent ideal of L and L/I
15 also nilpotent, it does not necessarily follow that L is nilpotent.

For example, let L the non-abelian two-dimensional Lie algebra over F'.
Then L has basis {z,y} and the product is determined by [xy] = y. The
span I = Fy is a one-dimensional ideal of L. Note that L' = L? = ... =T
and thus L is not nilpotent; however L/I and I are. Apropos of item a’)
above, note that (L')* = (0) is a proper subspace of L1 = T.
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1.3.3 Proof of Engel’s Theorem

Remark 1.3.4 Let L be any Lie algebra and K be a subalgebra of L. If
xr € Np(K) then K + Fx is a subalgebra of L.

Remark 1.3.5 The proof of the Theorem holds verbatum with L finite-dimensional
and V any vector space over F.

Concerning the notation in paragraph 3, page 13. Let L be a (Lie) sub-
algebra of gl(V') and let K be an ideal of L. Note that

W={veV|K(v)=(0)}.

For a subset S of L define S(v) = {s(v)|s € S}.

We wish to show that W is L-invariant, that is y(W) C W, or equivalently
y(v) e Wforally e Landv e W. Let y € L and v € W. Then y(v) € W
if and only if z(y(v)) = 0 for all z € K. For # € K the product [zy] € K
since K is an ideal of L. The last equation follows from the calculation

0= [zyl(v) = 2(y(v)) — y(z(v)) = z(y(v)) —y(0) = z(y(v)).

Thus W is L-invariant.

Concerning paragraph 1 on page 13 and the proof of the Corollary, let T'
be a linear endomorphism of a vector space V' over F' and suppose that W is
a T-invariant subspace of V. Then T is a well-defined linear endomorphism
of the quotient space V/W, where

Two+W)=Tw)+W

forallv e V.



Chapter 2

Semisimple Lie Algebras

Below are comments relevant to various sections in the text. They are meant
to clarify, amplify, or generalize material in the text. Exercises are optional.

2.1 Theorems pf Lie and Cartan

2.1.1 Lie’s Theorem

There are several ideas in the proof of the Theorem of the section which
should be highlighted. First of all let A be an associative algebra over the
field F' and let a € A. Then f = ada is a derivation of the Lie algebra £(A),
that is

f(ley]) = [z f(y)] + [f(2) Y]

for all x,y € A. Note that f is also a derivation of the associative algebra A,
that is
flay) =zf(y) + f(x)y

for all x,y € A. The last equation is equivalent to
lazy] = zlay] + [a]y,

or a(zy) — (zy)a = z(ay — ya) + (ax — xza)y, for all z,y € A. Since f is a
derivation of A the formula

f(al"'an):Zal"'f(ai)“'@n

27
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holds for all aq,--- ,a, € A. In particular
m—1
l[az™] = r'lax)z™ (2.1)
i=0

forallm >1and z € A.
Now let V' be a vector space over F'. Let K be a non-empty subset of
End(V), and let A : K — F be a function. Set

Vi={veV]ylw)=Ay)v foralye K}.

Since Vy = (,cx Ker(y — A(y)ly) it follows that Vj is a subspace of V.
Suppose that x,y € ¢gl(V'). Since yx = [y 2] + zy we have

y(a()) = [y l(v) + 2(y(v)) (2.2)

forallv e V.

Suppose that = € ¢l(V) and K is invariant under ad z, that is [yz] =
—adz(y) € K for all y € K. Then V) is invariant under z if and only if
y(z(v)) = AMy)z(v) for all y € K and v € V). Thus V, is invariant under x
if and only if A([y z]) = 0 by (2.2).

A major portion of the proof of the Theorem boils down to the following
lemma. Note that the definition of W,, therein differs from the one on page
16.

Lemma 2.1.1 Let V be a vector space over the field F, let x € gl(V'), and
let K be a non-empty subset of gl(V') invariant under adx. Suppose that
A K — F s a function and v € V). Set W_1 = (0) and let W,,, be the
span of {v,x(v),..., 2" (v)} form > 0. Then y(z™(v)) — A(y)z™(v) € W1
forally € K and m > 0.

ProoOF: The conclusion of the lemma is true for m = 0 by the definition
of V). Suppose that m > 0 and the conclusion of the lemma is true for
non-negative integers less than or equal to m — 1. Then y(W,,—1) C W,
for all y € K. Let y € K. By (2.2) we have

y(@™ () = lyz"](v) + 2" (y(v)) = [y z"](v) + A(y)z™ (v)

and thus
y(z™(v)) = Ay)z™(v) = [y 2™ (v).
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Since [y x] € K by assumption, we can use (2.1) and our induction hypothesis
to calculate

lya")(v) = Zx"([yx](xm_l_"(v)))

N
&®.
3
T

N

O
Here is a proof of Corollary C which does not involve Engel’s Theorem.

PrRoOOF: Let Lo C Ly C --- C L, = L be aflag of ideals for L. Choose a basis
{x1,...,z,} for L such that {x,...,x;} is a basis for L; for 1 <i < n. Use
this basis construct an isomorphism of associative algebras End(L) ~ M, (F)
in the usual way.

Let f: L — gl(n, F) be the composite Lie algebra maps L —— gl(L) ~
gl(n, F), where 7 is the adjoint representation of L. Observe that Im f C
t(n, F) and Ker f = Z(L). Since

L=[LL/(Z(L)NILL]) = f(ILL]) = [f(L) f(L)] € n(n, F)

it follows that £ is nilpotent. Since Z(L)N[L L] C Z([L L]) the quotient
[L L)/Z(]L L)) is a quotient of £ and is therefore nilpotent. Thus [L L] is
nilpotent. [

Exercise 2.1.2 Assume the hypothesis of the preceding lemma. Although an
exact expression for y(z™(v)) is not needed for the proof of Lie’s Theorem, it is
not too difficult to compute it.

Let 06 = —ad z; thus §(2) = [z z] for all z € gl(V). We will show that

@) =Y | e io)

for all m > 0.
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(a) Suppose that [ T ] are non-negative integers for all m > ¢ > 0 which satisfy

[m]zl form >0

m
and '
[m]: {m—l'—z—j] for 0 <7< m.
? ° J
7=0
Show that "
m m m—1i %
v ) =Y | i)
i=0
for all m > 0.

(b) Show that [ 77 ] = (T) for all 0 < i < m. [Hint: Recall that the binomial

coefficients can be defined recursively.]

Exercise 2.1.3 Suppose that the field F' has characteristic zero and is not al-
gebraically closed. Show that there is a finite-dimensional vector space V over F'
and a solvable subalgebra L of gl(V') which does not satisfy the conclusion of Lie’s
Theorem. [Hint: Consider one-dimensional Lie algebras.]

Exercise 2.1.4 Here we examine Lie’s Theorem in positive characteristic. Sup-
pose that F'is an algebraically closed field of characteristic p > 0.

(a) Show that the conclusion of Lie’s Theorem is true if DimV < p.

(b) When Dim V' = p find an example of a solvable Lie subalgebra of ¢gi/(V') such
that the conclusion of Lie’s Theorem is false. [Hint: Let {v;}, 7, be a basis

for V and let L be the subalgebra of gl(V') generated by x,y, where
r(v;) = vi1 and y(vi) = i
for all i € Z,. Note that [xy] = x and that x,y have no common eigenvec-

tor.]

2.1.2 Jordan-Chevalley decomposition

See “Decomposition of Operators” which is available on the course home
page.
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2.1.3 Cartan’s Criterion

There is some interesting mathematics involved in the proof of the Lemma of
the section. Assume that F' has any characteristic and that the characteristic
polynomial of = splits over F'.

Let V be a vector space over F' and let U, W be subspaces of V such that
U CIW. Let

MW,U) ={T € End(V) | T(W) C U}.
Then M(W,U) is a subspace of End(V) closed under composition. Thus if
T € MOW,U) and f(x) € F[z] is a polynomial with zero constant term then
f(T) e M(W,U). Note that I,, € MOV, U) if and only if U = W.

Suppose that 7€ M(W,U) and the characteristic polynomial of T" splits
over F' (as is the case when F' is algebraically closed). Then the nilpotent
and semisimple parts T,,,Ts € M(W,U) as well since they are polynomials
in 7" with no zero constant term.

Now we assume the hypothesis of the Lemma. Let V = ¢l(V), U = A,
and YW = B. Then

M ={z e gl(V)|adz € M(U,W)}.

Let z € M. Suppose y € V and x, y commute. Then x,, and y commute
which means x,0y is nilpotent. Therefore

0 = Tr(zoy) = Tr(zs0y) + Tr(z,0y) = Tr(xsoy). (2.3)

Let {v1,...,v,} be a basis of eigenvectors for x5 and let A\y,..., A\, € F
satisfy xs(v;) = Nu; for all 1 < ¢ < n. For each 1 < 4,57 < n define
e;; € End(V) by

eij(vk) = 5j7kvih

for all 1 <k < n. Note that {e;;}1<; j<n is a basis for End(V') and
€; jo€kr = 0;kCig

for all 1 <14,7,k,¢ <n. Also note that
Ty = Z/\ieii = Ae11+ -+ Mlnn
i=1

and

ad:vs(eij) = ()\1 — )\j)ei]‘
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forall 1 <1,57 <n.
Now suppose aq, ..., q, € F satisfy

Xi — A= — Ay implies Q; — ;= ay — . (2.4)
Observe that (2.4) implies
i =\ implies a; = Q. (2.5)
Let .
Y= Zaien‘ = i€11 T+ Qppp.

i=1

By virtue of (2.5) there exists a polynomial f(x) € F|x] such that f(\;) = «;
for all 1 < i < n by LaGrange interpolation. Thus y = f(zs) which means
that y commutes with x. Notice that

ady(ei;) = (o — aj)e;;

for all 1 < 4,j < n. Using LaGrange interpolation again, by (2.4) there
exists a polynomial g(z) € Flz] such that g(\; — \;) = a; — a; for all
1 <i,j <n.Asg(ady)(e;;) = g(Ai—Aj)e;; for all 1 <, j < n it follows that
ady = g(ad z5). Now g(x) has zero constant term since ¢g(0) = g(A; — A1) =
a3 —ag = 0 by (2.5). Therefore y € M and hence

0= Tr(zs0y) = Z i (2.6)
i=1

To complete the proof, regard F' as a vector space over its prime field
which is the field of rational numbers Q. Let E be the span of A\j,--- |\,
over Q and suppose f : FF — Q be any Q-linear functional. Then (2.4)
holds for f(A\;) ...,f(\,). By the preceding equation

0="> M\f(\)

from which 0 = "._, f(\;)? follows, since f is linear, and therefore f();) = 0
forall 1 < i <n. Thus A\ = --- = \,, which means that x, = 0. We have
shown x = z,, and is nilpotent.
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2.2 Killing form

2.2.1 Criterion for semisimplicity

Basic to this section are bilinear forms. The most important one for our
purposes the Killing form. We begin by discussing a context for the Killing
form and then derive some elementary properties of non-degenerate bilinear
forms on finite-dimensional vector spaces in general.

Let V be any vector space over I’ and suppose that § : VxV — F'is
a bilinear form. Then f is symmetric if §(u,v) = B(v,u) for all u,v € V.
If V' is an algebra over F' then (3 is associative if B(uv, w) = B(u,vw) for all
u,v,w € V.

Suppose that 3 is symmetric. Then the radical Rad 8 of 3 is the set

Radf={ueV|fBuv)=0VveV}l={veV|fuv)=0V ueV}

Evidently Rad 3 is a subspace of V. The bilinear form 3 is non-degenerate
if Rad 8 = (0).

Now suppose that V' is finite-dimensional. Then

B(z,y) = Tr(xoy)

for all x,y € End (V') defines a symmetric associative bilinear form on the
(associative) algebra End (V) in terms of the trace function. We have noted
that [z yoz] = yo[x z] + [x y]oz for all z,y, z € End (V); that is the derivation
adz of ¢gl(V) is also a derivation of the associative algebra End (V). Since
the trace function vanishes on commutators, we deduce from the preceding
equation (with x and y interchanged) that

Tr([x y]oz) = Tr(xoly 2]) (2.7)
for all z,y, z € End(V). Therefore
Bllzyl, 2) = Blz, [y 2]) (2.8)

for all z,y,z € gl(V) which means that 3 is also a symmetric associative
bilinear form on the Lie algebra gl(V).

Now let L be a Lie algebra over F' and suppose that 7 : L — ¢l(V') is a
representation of L. Since 7 is a map of Lie algebras, it follows by (2.8) that
By LxL — F defined by

Br(w,y) = B(n(x),7(y))
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for all z,y € L is a symmetric associative bilinear form. The associativity of
(G, means that Rad 3, is an ideal of L. Observe that:

Remark 2.2.1 Kernm C Rad ;.

Suppose further that L is finite-dimensional. When 7 is the adjoint repre-
sentation of L then 3, = k is the Killing form of L. Thus

k(z,y) = Tr(ad zoad y)

for all =,y € L.
Now we continue with a discussion of symmetric bilinear forms 5 : VxV —
F, where V is finite-dimensional. Note that the function

Be:V— V"

given by G(u)(v) = B(u,v) for all u,v € V is linear. Non-singularity of g
can be expressed in terms of ;.

Lemma 2.2.2 Let V' be a finite-dimensional vector space over the field F
and let 3 : VXV — F be a symmetric bilinear form. Then the following
are equivalent:

(a) [ is non-singular.
(b) By is one-one.

(c) Be is onto.
(d
(e

B¢ is an isomorphism.

)
)
)
) There exists a basis {vy,...,v,} for V such that the matriz (B(v;,v;))

1s invertible.

(f) The matriz of part (e) is invertible for all bases for V.

Proor: By the Rank—Nullity Theorem Dim Ker g, + DimIm g, = Dim V.
Since Dim V' = Dim V* and both are finite, parts (b)—(d) are equivalent.

Suppose that DimV = n and let b : F"xXF" — F be the “standard
inner product” defined by

b( : ) : )=T1Yy1 + -+ TuUn
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L1 Y1
for all : , : € F". Observe that b is non-singular.
Ln Yn
Now let {vy,...,v,} be a basis for V and consider S € M,,(F') defined by

S = (B(viy))-

Suppose that u = 2101 + -+ + TpVp, v = Y101 + -+ + Ypv, € V. A straight-
forward calculation shows that

I Y1
Blu,v) =b( =[S )
T Yn
Y1
Thus since b is non-singular, v € Rad /3 if and only if : is in the null-
Yn

space of S. Since S is invertible if and only if its null space is (0), parts (a),
(e), and (f) are equivalent. [J

A few more technical details about the symmetric bilinear form g :
VxV — F. For a subspace U of V set

Ut ={veV|BU)=(0)}

Since 3 is symmetric U+ = {v € V| 3(U,v) = (0)} as well. Observe that
U+t = NuevKer By(u) and is therefore a subspace of V.

Suppose that V' = L is a Lie algebra and [ is also associative (as is the
case when L is finite-dimensional and [ is the Killing form of L). Then if 1
is an ideal of L, the calculation

BUL I, 1) = B([I+ L, 1) = B, [L1]) € B(I*, 1) = (0)

shows that I+ is an ideal of L as well.
Here are few basic facts about the Killing form which will make the proof
of the main theorems of this section and the next fairly straightforward.

Lemma 2.2.3 Let L be a finite-dimensional Lie algebra over the field F' and
suppose that I, J are ideals of L. Then:
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(a) If I is abelian then I C Rad k. In particular Z(L) C Rad k.
(b) If [I J] = (0) then x(I,J) = (0).
(c) It is an ideal of L. Thus Radk = L* is an ideal of L.

(d) Suppose that F is algebraically closed, has characteristic zero, and K
is a subalgebra of L. If k(K, K) = (0) then K is solvable. Thus Rad k
18 a solvable ideal of L.

PRrOOF: Part (a). Suppose x € [ and y € L. Then the calculation
(adwoady)*(L) = [z [y [z [y LI|]] C [z [y [« L] € [ [y 1] C [« 1] C [T 1] = (0)

shows that (ad zoad y)> = 0. Therefore ad xoady is nilpotent which means
that k(z,y) = Tr(ad zoady) = 0.
Part (b). Let x € [ and y € J. Then

(ad woady)(L) = [z [y L] € [z J] € [I J] = (0).

Therefore ad zoad y = 0 which means that x(z,y) = Tr(ad zoad y) = 0.

Part (c) was noted more generally above. To see part (d) note the subalge-
bra ad K of gl(L) satisfies Tr(xoy) = 0 for all x,y € ad K. Thus K/K' ~ ad K
is solvable, where K’ = Z(L)NK. As K’ is solvable so is K. [J

Exercise 2.2.4 Let L = gl(n, F'). The matrix versions for L of the two symmet-
ric associative bilinear forms studied above are the Killing form and the bilinear
form B defined by B(z,y) = Tr(zoy) for all z,y € L. Here we calculate and
compare them.

Let {e;j}1<ij<n be the standard basis for the underlying vector space M,,(F)
for L. Thus

€ijere = 0jkCir

forall 1 <4,j,k, ¢ <n.
(a) Show that
(adejj aderr)(€uv) = 0rudjkeiv — 00 udinekj — Ok wdju€it + Ok vdireu j

forall 1 <4,7,k,0,u,v <n.
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(b) Show that the coefficient of e, , in the expression in part (a) is
00,05 k04 — 00403 w0k udjv — Ok,w0judiudew + Okv0;i 000
(c) Show that
r(eij,ere) = Tr(ade;; adekr) = 2nd; 005 — 205 ;0k.¢
forall 1 <4,75,k, 0 <n.

(d) Show that
Bleij,exe) = Tr(eijere) = 0jrdis
forall 1 <4,5,k, 0 <n.

Let n = 2.
(e) Show that

k(er1,e11) k(er1,e12) k(ei1,e21) kl(ei1,e22) 2 00
k(ei2,e11) k(ei2,e12) k(eiz,e21) k(er2,e22) _ 0 0 4
k(ez1,e11) k(ez21,e12) k(eza1,e21) k(ezi1,e2) 040
k(e22,e11) k(ezz,e12) k(ezz,e21) K(e22,e22) -2 00
(f) Show that
Blei1,e11) Bleir,e12) PBleri,ear) PBlerr,e22) 1 00
Bleiz,e11) Blerz,e12) Bleiz,e21) Plerz,e22) _ 001
Blea1,e11) Blezr,e12) Bleai,ear) PBlear,e22) 010
B(eaz,e11) Bleaz,e12) Blean,ea1) Blezz, ez2) 000

(g) Let x = e12, h = e11 — e22, and y = ez be the elements of the standard
basis for sl(2, F'). Use part (e) to show that

K( (@, h) K(z,y)
k(h,z) k(h,h) k(h,y =
(v, h :

8
~—
X

x
h

/-~
= O O
O o O
S O =
v

X

(h) Continuing with part (g), use part (f) to show that

B(z,xz) B(xz,h) B(x,y)
B(h,z) B(h,h) B(h,y) =
B(y,z) By,h) B(y,y)

VY
—_= o O
O N O
S O =
~—

_ o O O

N O O N



38 CHAPTER 2. SEMISIMPLE LIE ALGEBRAS

2.2.2 Simple ideals of L

Part (b) of the following lemma is an essential detail used in the proof of the
Theorem of this section. We assume a few basic facts about transpose maps.

Let f:V — W be a linear map. Then the linear map f*: W* — V*
defined by f*(w*) = w*of for all w* € W* is called the transpose of f. Note
that f one-one implies f* is onto and f onto implies that f* is one-one. If
g : U — V is also linear then (fog)* = g*of*.

Lemma 2.2.5 Let V' be a finite-dimensional vector space over F', let (3 :
VxV — F is a symmeltric bilinear form, and suppose that U is a subspace

of V. Then:
(a) DimU + Dim U+ = Dim V + Dim (U N Rad 3).

(b) Suppose that 3 is non-singular. Then Dim U + Dim U+ = Dim V.

ProOF: Part (b) is a direct consequence of part a). To show part (a), we
first define a linear map f : V. — U* by f(v)(u) = B(u,v) for all u € U and
v € V. Since Ker f = U*, by the Rank Nullity Theorem we have

Dim U+ + DimIm f = Dim V. (2.9)

It remains to calculate DimIm f in terms of dimensions mentioned in the
formula of part (a).

Recall that Ker 3, = Rad 3. Therefore the linear map G, : V. — V*
induces a one-one linear map 3, : V/Rad3 — V* which is defined by
Be(v + RadB) = B¢(v) for all v € V. Let ¢ : V — V** be the linear
isomorphism defined by c(v)(v*) = v*(v) for all v € V and v* € V*.

The commutative diagram

™

Vv

V/Rad 8

U—L+ U/(Rad BNU)
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where 7, p are the projections, i is the projection, and j(u + (UNRad 3)) =
u + Rad 3 for all u € U, gives rise to the commutative diagram

— "(V/Rad )"

-k

J

Since j is one-one j* is onto. Therefore Im (i*o7*) = Im p*. Thus Im p* is
the image of the composite i*or*o(f;)*oc since the third and fourth maps
are isomorphisms. The calculation

((iom™o(Be) oc)(v)) (u) = (((Beomoi)*oc)(v)) (u)
= ((Bromoi)*(c(v))) (u)
= (c(v)ofomoi)(u)
= c(v) (Beomoi)(u))
= (ﬁgOTrOZ ) (v)
= Be(u)(v)
= B(u,v)
= f(u)(v)

for all w € U and v € V shows that f = i*om*o(/3;)*oc. Since p is onto p* is
one-one. Thus

DimIm f = DimIm p*
= Dim (U/(Rad pNU))*
= Dim (U/(Rad pNU))
= DimU — Dim (Rad gNU);
the last equation follows by the Rank—Nullity Theorem. Part (a) now follows
from this last calculation and (2.9). O

Here is a slight reformulation of the theorem of the section with a proof
which allows for an easy induction.
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Theorem 2.2.6 Let L be a finite-dimensional semisimple Lie algebra over
an algebraically closed field of characteristic zero. Then:

(a) L =L1®---®L, is the direct sum of its simple ideals.

(b) Let I be an ideal of L. Then I = L\&---®L,, where L; = L; or
L= (0) forall1 <i<r.

(¢) Fach L; is a simple Lie algebra.

(d) Write x,y € L as © = ©1® - - D,y = 1B - - - DY, where z;,y; € L;
forall1 <i<r. Then

[SL’ y] = [xl yl]69 T @[xr yr]

and
ki(x,y) = Kk, (X1, 1) + -+ £, (T, Yr).

Proor: If L is simple then there is nothing to prove. Suppose that L is not
simple, and let I be any non-zero proper ideal of L.

Let us suppose that there is an ideal J of L such that I¢J = L. Then
J is a non-zero proper ideal of L also. Now [I J] C INJ = (0) implies that
[I J] = (0) and therefore x(I,J) = (0) by part (b) of Lemma 2.2.3. Let
xz,y € L and write z = 2’®2",y = v'®y” where 2/,y € I and 2",y" € J.
Then

[zy] = [y ]®" y"]
and
K'L(:B7 y) = KL($/7 y/) + KJL(‘T/? y//) = KI($/a y/) + KJ(zlv y”)'

Thus an ideal of I or J is an ideal of L, and since xj is non-degenerate it
follows that x; and k; are as well. In particular / and J are semisimple Lie
algebras.

Suppose that K is a simple ideal of L. Then [L K| # (0); otherwise
K C Radk = (0) by part (b) of Lemma 2.2.3 again. Therefore

K =[LK] =[I K|®[J K]

is the direct sum of ideals of L. Since K is simple either [J K] = (0) or
[I K] = (0). Our conclusion: K C I or K C J. At this point the theorem
follows by induction on Dim L.
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It remains to find J. Consider the ideal J = I+ of L. Since k(INI+, INI*) =
(0), we use part d) of Lemma 2.2.3 to conclude that INI+ C Rad L = (0).
We have shownIN/+ = (0). Now Dim 7 + Dim I* = Dim L by part b) of
Lemma 2.2.5. Consequently L = IQI+ = IpJ. O

Remark 2.2.7 By virtue of the preceding theorem L is the direct product of
simple Lie algebras.

2.2.3 Inner derivations

Let L be any Lie algebra over the field F' and let 7 : L — gl(L) be the
adjoint representation of L. Then Imm = {adx|x € L} is a Lie subalgebra
of gl(L); indeed it is a subalgebra of the subalgebra Der(L) of ¢l(L).

Let 6 € Der(L) and = € L. Then the calculation

y)) —adz(4(y))

Sadal(y) = d(ada
y)) - [23(y)]

= O([x
= [0(x)yl + [z0(y)] - [x4(y)]
[z 6(y)]
for all =,y € L shows that
[0adz] = add(x) (2.10)

for all x € L. By virtue of (2.10) we have that Im7 = ad L is an ideal of
Der(L).

There seems to be a gap in the proof of the theorem of this section which
can easily be fixed. The flow of the proof suggests that M +I1 = M+M~+ = D
is used. As INM = (0) is established, noting that Rad kpNM C Rad ky =
(0) would give M + I = D by part a) of Lemma 2.2.5. Here is a slightly
different proof.

PROOF: Since L is semisimple, Z(L) = (0) by part a) of Lemma 2.2.3, and
thus the adjoint representation = : L — g¢gl(L) is one-one. Two conse-
quences: M = Imm = ad L is semisimple and, by (2.10), if § € D satisfies
[0 M| = (0) then § = 0.

We next observe that Rad kpNM = (0). For since M is an ideal of D we
have rky = kplyxar- Thus Rad kpNM C Rad k), and the latter is (0) since
M is semisimple.
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Let I be an ideal of D which satisfies INM = (0). Since [ M] C INM =
(0) it follows that I = (0). Our conclusion: Rad kp = (0), or equivalently D
is semisimple, and consequently M = D by part b) of Theorem 2.2.6. [J

2.2.4 Abstract Jordan decomposition

No particular comments.

2.3 Complete reducibility of representations

2.3.1 Modules

There is a lot of background material needed for this section. The material
below is an easy adaptation of parts of the theory of modules for associative
algebras. A quick read of the following would be a good idea.

Let L be a Lie algebra. Then representations of L and (left) modules
for L can be thought of as two different ways of expressing the same idea.
A left L-module is a vector space V over F' together with a map LxV —
V' ((z,v) — x-v) such that

(M.1) z-(u+v) = zu+ zv and z-(au) = a(z-u),
(M.2) (x4 y)v=2xv+ywvand (ax)u = a(z-u), and
(M.3) [ryl-v=2-(y-v) = y-(z-v)

forall z,y € L, u,v € V, and a € F.

Example 2.3.1 Let m: L — gl(V') be a representation of L. Then V is a
left L-module with z-v = w(x)(v) for allz € L andv € V.

Suppose that L is a subalgebra of ¢g/(V). Then the inclusion map i :
L — gl(V) is a representation of L. Thus:

Example 2.3.2 Let L be a subalgebra of gl(V'). Then V is a left L-module
with x-v = x(v) for allz € L andv € V.

Example 2.3.3 Let w: L — gl(L) be the adjoint representation of L. The
left L-module structure on L described in Example 2.3.1 is given by x-v = [z v]
for all z,v € L.
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Example 2.3.4 Let V' be a vector space over F. The rule x-v = 0 for all
xr €L andv €V givesV a left L-module structure, called the trivial module
structure.

We shall always assume that F' has the trivial left L-module structure unless
otherwise stated.

Suppose that V' is a vector space over F' and LxV — V' ((z,v) — z-v)
is a function. Define a function 7 : L — F (V) from L to the set of all
functions F(V) from V to itself by 7(v)(v) = xz-v for all z € L and v € V.
Note that F (V) is a vector space over F' with the usual rules for function
addition and scalar product.

Observe that (M.1) is equivalent to saying that 7(z) is a linear endomor-
phism of V for all z € L; that is m(z) € End(V) for all z € L. Note that
(M.2) is equivalent to saying that 7 : L — F (V) is linear, and (M.3) is
the same as saying that 7([zy]) = 7(x)on(y) — 7(y)om(x) for all x,y € L.
We have established, in our careful analysis of the meaning of each module
axiom for , that if (M.1)-(M.3) are satisfied then 7(z) € End(V) for all
x € Land w: L — gl(V) is a representation of L.

One comment on the concept of left A-module for any algebra A over
F. One would want (M.1) and (M.2) to hold. The formulation of the third
axiom evidently would depend on the nature of the multiplication of A; for
example if A is associative one would want (ab)-v = a-(b-v) for all a,b € A
and v e V.

Let V be a left L-module. A submodule of V' is a subspace W of V' such
that z-w € W for all z € L and w € W. Thus a submodule is a left L-module
in its own right with the module structure of V. Note that V' and (0) are
submodules of V. The module V' is simple, or wrreducible, if V' has exactly
two submodules.

Let {V;}icz by an indexed family of submodules of V. Then Z V; and

i€T
N;ezV; are submodules of V. Since V is a submodule of V', the int€ersection
property implies that any subset S of V is contained in a unique minimal
submodule of V', called the submodule of V generated by S. A submodule W
of V' is finitely generated if it W generated by a finite subset of V.

A map of left L-modules V' and W is a linear map f : V' — W such that
f(zw) = - f(v) for all z € L and v € V. Suppose that W is a submodule
of V. Then the quotient vector space V/W has a left L-module structure
determined by the requirement that the linear projection 7 : V.— V/W is a
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module map. There are the isomorphism theorems for modules to formulate
and prove.

If VW are left L-modules then the tensor product V®@W and the vector
space Hom(V, W) have left L-module structures.

Lemma 2.3.5 Suppose that L is a Lie algebras over the field F and V,W
are left L-modules. Then:

(a) VW is a left L-module where z-(vQw) = xv@w + v@z-w for all
reLl,veV,andweW.

(b) Hom(V, W) is a left L-module where (z-f)(v) = — f(x-v) +z-(f(v)) for
allz € L, f € Hom(V,W), andv € V.

PROOF: The proof is a nice exercise in definitions and is left to the reader.
Apropos of part (b), be sure to show that if z € L and f € Hom(V, W) then
z-f € Hom(V,W). O

Remark 2.3.6 f € Hom(V,W)is a map of left L-modules if and only if
x-f =0 for all x € L; that is if and only if f spans a trivial left L-module.

Now suppose that V' is a left L-module. Then V* = Hom(V, F') has a left
L-module structure by part b) of the preceding proposition. Note that

(xv*)(v) = —v*(z-v) (2.11)

for all x € L, v* € V*, and v € V. The module structure defined by (2.11) is
called the contragredient action. We will assume that V* is a left L-module
with this action unless otherwise stated.

Corollary 2.3.7 Let L be a Lie algebra over the field F' and suppose that
V,W are left L-modules. With the module structures of parts (b) and (a) of
Proposition 2.3.5 the one-one linear map m : V*QW — Hom(V, W) defined
by T(v*@w)(v) = v*(v)w for allv* € V¥, w e W, andv € V is a map of left
L-modules. UJ

A non-zero left L-module V' is completely reducible if V' is the sum of
simple submodules. There are several useful equivalent formulations of com-
pletely reducible.

Suppose that V' is a vector space over F' and W is a subspace of V. Then
a projection of V' onto W is a linear map f : V — W such that f|y = Iy.
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In this case V = W@Ker f. Conversely, if V= Wa&W’ is the direct sum of
subspaces then f : V — W defined by f(wdw’) = w is a projection of V
onto W and Ker f = W'.

Proposition 2.3.8 Let L be a Lie algebra over the field F' and suppose that
V' is a left L-module. Then the following are equivalent:

(a) V' is completely reducible.
(b) V is the direct sum of simple submodules.

(¢) V is not zero and if W is a submodule of V' then V.= Wa@W’ for some
submodule W' of V.

(d) V is not zero and if W is a submodule of V' then there ezists a projection
f:V— W of V onto W which is a module map.

PrRoOOF: The conclusion of the proposition holds for associative algebras.
We make cosmetic changes to the proof in the associative case to prove our
version for Lie algebras.

That part (b) implies part (a) is clear. Assume the hypothesis of part
(a) and let W be a submodule of V. By Zorn’s Lemma there is a submodule
W’ of V maximal with respect property that WNW’ = (0), or equivalently
W4+ W =WeW'

Suppose that W + W’ is a proper submodule of V. Then some simple
submodule S of V' is not contained in W + W’. Thus (W + W')NS =
(0). Hence W 4+ W'+ 85 = (WeW @S = Wa(W'eS) which means that
WN(W'@S) = (0). This contradiction shows that WeW’' =W + W' =V
after all. We have shown that part (a) implies part (c).

Assume the hypothesis of part (c) and let W be the sum of all the simple
submodules of V. (We will take W = (0) if V' has no simple submodules.)
By assumption W@®W’ =V for some submodule W’ of V. If W’ = (0) part
(b) follows.

Suppose that W’ is not zero. Then W' contains a non-zero finitely gener-
ated submodule W”. By Zorn’s Lemma W has a maximal proper submodule
M. By assumption M@M' =V for some submodule M’ of V. The reader is
left to show that M@ (M'NW") = W and that S = M'NW" is a simple sub-
module of V. But this means S C WNW' = (0), a contradiction. Therefore
W’ = (0) after all. We shown that part (c) implies part (b).
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We have shown that parts (a)—(c) are equivalent. By our comments pre-
ceding the statement of the proposition parts (c) and (d) are equivalent.
U

I think of Shur’s Lemma in terms of modules over associative algebras.
There seem to be several formulations of this extremely useful lemma. Here,
I would venture to say, is the more typical formulation of Shur’s Lemma.

Lemma 2.3.9 Let A be an associative algebra over an algebraically closed
field F, let V' be a finite-dimensional irreducible left A-module, and suppose
that f : V. — V is a module map. Then f = ol for some a € F'.

PrROOF: Let D be the set of all linear endomorphisms of V' which are left
A-module maps. It is easy to see that D is a subalgebra of the associative
algebra End(V); in particular D is finite-dimensional. Let f € D. Since
Ker f, Im f are submodules of V', and V' is simple, either f = 0 or f is an
isomorphism. Therefore D is a division algebra over F'. Now we may regard
F' as a subalgebra of D via the identification of o € F' with af € D. Since
F' is algebraically closed necessarily D = F. [

Corollary 2.3.10 Let V' be a finite-dimensional vector space over an alge-
braically closed field F, let S be a subset of End(V') such that (0) and V
are the only subspaces of V' invariant under all T € S, and suppose that
f € End(V') commutes with allT € S. Then f = al for some a € F.

PROOF: We may assume that V' # (0). Let A be the set of all T € End(V)
which commute with f. Then A is a subalgebra of the associative algebra
End(V). Now V is a left End(V)-module where T-v = T'(v) for all T' €
End(V) and v € V. Thus V is a left A-module under the same action. By
assumption A contains §. The invariance assumption for S means that V' is
a simple left A-module. Since f commutes with all T" € A it follows that f
is a left A-module map. Therefore f = al for some o € F' by Lemma 2.3.9
O

Here is the connection between Shur’s Lemma as formulated on page 26
of the text and Lemma 2.3.9 above, an associative version of Shur’s Lemma.
Let V be a finite-dimensional vector space over F' (which is assumed to be
algebraically closed) and suppose that 7 : L — gl(V) is an irreducible
representation; that is suppose that V' is an irreducible module under the
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action x-v = mw(z)(v) for all x € L and v € V. Irreducibility means that V'
and (0) are the only subspaces of V' invariant under 7(x) for all z € L.

Let f be a linear endomorphism of V' which commutes with all 7(x),
x € L. Then V, § = Imm, and f satisfy the hypothesis of Corollary 2.3.10;
thus f = af for some o € F.

In the following exercises L is a Lie algebra over the field F'.
Exercise 2.3.11 Let V be a completely reducible left L-module.
(a) Show that a non-zero submodule of V' contains a simple submodule of V.

(b) Show that non-zero submodules and quotients of V' are completely reducible.

Exercise 2.3.12 Let V be a left L-module and suppose that 3: VxV — F is
a bilinear form. Show that the following are equivalent:

(a) Be:V — V* is a map of left L-modules.
(b) B(zu,v) =—LF(u,xv) for all z € L and u,v € V.
Exercise 2.3.13 Regard L as a left L-module under z-v = [z v] for all z,v € L;

this is the module action arising form the adjoint representation of L. Suppose
that 8 : LxL — F'is a bilinear form.

(a) Show that 8y : L — L* is a left L-module map if and only if 3 is associative.

(b) Let k: LxL — F be the Killing form of L. Show that x,: L — L* is a
map of left L-modules.

Exercise 2.3.14 Show that Corollary 2.3.10 implies the following;:

Lemma 2.3.15 Let L be a Lie algebra over an algebraically closed field F, let
V' be a finite-dimensional simple left L-module, and suppose that f : V — V'
is @ map of left L-modules. Then f = al for some o € F.

Exercise 2.3.16 Prove the following corollary:

Corollary 2.3.17 Let L be a Lie algebra over an algebraically closed field F,
let V., W be isomorphic finite-dimensional simple left L-modules, and suppose
that f,qg: V. — W are non-zero maps of left L-modules. Then g = af for
some o € F'.
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[Hint: Show that f,g are module isomorphisms and thus f~log : V — V is a
module isomorphism.]

Exercise 2.3.18 Suppose that L is finite-dimensional, simple, and the field F
is algebraically closed of characteristic zero.

(a) Let B : LxL — F be an associative bilinear form. Show that § = ax for
some o« € F. [Hint: Note that the Killing form & is non-degenerate. See
Exercises 2.3.13 and 2.3.16.]

(b) Suppose that L is a subalgebra of ¢gl(V') for some finite-dimensional vector
space V over F. Show that there is a non-zero o € F' such that

k(z,y) = aTr(zoy)
for all x,y € L.

In regard to part (b), see Exercise 2.2.4.

2.3.2 Casimir element of a representation

Let V be a finite-dimensional vector space over the field F' and suppose that
{v1,...,v,} isabasis for V. For each 1 < i < n define v* € V* by v*(v;) = d;;
for all 1 < j < n. Tt is easy to see that {v!,... v"} is a basis for V*, called
the basis for V* dual to the basis {vq,...,v,}, or more informally the dual
basis for V*.

Now let L be a finite-dimensional Lie algebra over the field F' and suppose
that #: LxL — F'is a non-degenerate symmetric associative bilinear form.
Case in point: the Killing form § when L semisimple and I’ an algebra field
of characteristic zero. Since (3 is non-degenerate (3, : . — L* is a linear
isomorphism. Let {1,...,7,} be a basis for L and let {z!,... 2"} be the
dual basis for L*. Since (3, is an isomorphism there are unique yq,...,y, € L
which satisfy Gy(y;) = 2 for all 1 <4 < n. Observe that {y;,...,y,} is also
a basis for L and, since [ is symmetric, that

5(%1’]’) =0;; = ﬁ(l’i,yj) (2.12)

for all 1 < 4,5 <n. By Exercise 2.3.22 we have
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for all x € L.

The tensor Y, 2;®y; is of importance in connection with the Casimir
element. For given 3 it does not depend on the particular choice of basis.
See Exercise 2.3.21. A very important relation for us is

> ey = Z@@ yix (2.14)
=1

for all z € L.

Proor: By virtue of Exercise 2.3.21 we need only show that for each z € L
applying G¢(z)®1 to both sides of the equation results in the same element
of L. Applying (¢(z)®1 to the left hand side of the equation yields

PILICIEEANE Xﬁ ey = 3 A(lzal.a)y = 2]

by (2.13) since [ is associative. Applying [,(2)®I to the right hand side
yields

> Bul2)(x Zﬁem yiw Zﬁemyz = [z 1]
=1

by (2.13) again. [

Lemma 2.3.19 Let ¢ : L — gl(V) be a representation of a Lie algebra
L over F and suppose that Y ., x;Qy; € L®L satisfies (2.14). Then the
endomorphism of V' defined by

=" l)oo(n)

15 a map of left L-modules.

PROOF: Let z € L. Since ¢ is a Lie algebra map we deduce form (2.14) that

n

2_16(2) oz)lod(y:) = Z¢a vi) 6()). (2.15)

i=1
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Since the Lie algebra derivation ad ¢(x) of gl(V') is also an associative algebra
derivation of End(V'), we use (2.15) to compute

[6(x) cs(9)] = [o(x) Z¢($i)0¢(yi)]

_ ZW ) é(x:)]od(yi +Z¢ z:)o[d(x) d(yi)]

= ZQS(J:Z) Yi) quxz Yi) o()]

by (2.15). Therefore ¢(z) and cg(¢) commute for all = € L; that is cg(¢) is
a map of left L-modules. [

In more concrete terms

= sz(yzv) (2.16)

forallve V.
We end with a very important application to semisimple Lie algebras.

Proposition 2.3.20 Let L be a finite-dimensional semisimple Lie algebra
over an algebraically closed field F' of characteristic 0, and suppose that ¢ :
L — gl(V) is a non-trivial finite-dimensional representation of L. Then
there is a module map cz(¢) : V. — V described by (2.16) which satisfies

Tr(cs(¢)) # 0.

PROOF: First of all suppose that Ker ¢ = (0); that is ¢ is a faithful represen-
tation. Let ﬁ L — F be the symmetric associative bilinear form defined
by B(z,y) = Tr(¢(z)od(y)) for all z,y € L.

We claim first of all that [ is non-singular. The ideal I = Rad 3 of L is a
semisimple Lie algebra. Thus ¢([/) is a semisimple subalgebra of gl(V'). Since
0 = B(z,y) = Tr(p(x)op(y)) for all z,y € I it follows that the semisimple
subalgebra ¢(I) is also solvable. Therefore ¢(I) = (0). Thus I C Ker ¢ = (0)
which means that Rad § = (0). Therefore (3 is non-singular.
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By our discussion above there are bases {x1,...,z,} and {y;,...,y,} for
L which satisfy (2.12) and (2.14). Let c3(¢) be the module endomorphism
of V' of Lemma 2.3.19 defined for > | ;®y,;. Observe that

ZTr (x:)op(y:)) Zﬁ x;,y;) = (Dim L)1.

Since ¢ is not trivial, L # (0), and thus (Dim L)1 # 0 since the characteristic
of F' is zero.

Now we pass to the general case. Since L is semisimple L = Ker ¢ L is
the direct sum of ideals of L. Observe there is only one possibility for £. Now
L is a semisimple Lie algebra and the restriction ¢|z : £ — ¢l(V) is a non-
trivial faithful representation of £. Construct cs(¢) = cgj,, . (¢|c) as above
with bases {z1,...,2,} and {y1,...,y,} for £. Note that (2.14) is satisfied
for all x € L as [Rad L] = (0). Therefore cg(¢) is an endomorphism of
L-modules by Lemma 2.3.19. [J

The module map c(¢) described in the proof of the preceding proposition
is called the Casimir element of ¢. Observe that the construction does not
depend on the choice of basis {z1,...,2,}.

Exercise 2.3.21 Let V,W be vector spaces over the field F' and suppose that
v € VW is not zero. Write v = Y|, v;Qw; as a sum of tensors where r is as
small as possible.

(a) Show that {v1,...,v,} and {wy,...,w,} are linearly independent sets. [Hint:
What happens if r > 1 and v, is a linear combination of vy, ..., v,_17]

(b) Show that there is a f € V* such that 0 # (f®I)(v) = >, f(vi)wi.

c) Suppose that u € V@W. Show that (f®I)(u) = 0 for all f € V* implies
that u = 0.

Exercise 2.3.22 Let 3 : V®V — I be a non-degenerate symmetric bilinear
form on a finite-dimensional vector space V over F.

(a) Show that there are bases {z,...,z,} and {y1,...,yn} for V such that
(2.12) holds.

Suppose {z1,...,2,} and {y1,...,y,} are bases for V such that (2.12) holds.
(b) Show that >, B(z,zi)yi = v = > ;- B(x,y;)x; for all z € V. [Hint:

Possibly too helpful of a hint. Write z = Z?Zl ajx; and calculate B(z,y;).]
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(c) Suppose {z},...,2,,} and {y],...,y,} are also bases for V such that (2.12)
holds. Show that """ | z;®y; = > ;| ;®y,. [Hint: Note that 5, : V — V*

7

is an isomorphism. Apply G¢(z)®1 to the difference of the two sides of this
equation. See Exercise 2.3.21.]

2.3.3 Weyl’s Theorem
Concerning the Lemma.

Remark 2.3.23 Let L be any Lie algebra and suppose that V' is a one-
dimensional left L-module. Then [L L]-v = (0).

To see this, write V = Fv and let x,y € L. Then z-v = av and y-v = (v
for some «, 3 € F'. Therefore

[zy]v =z (yv) —y(zv) = 2:(Bv) — y-(aw) = Bav — afv = 0.

Suppose that L is a Lie algebra over F' and let V' be a non-zero left L-
module. Then V' is completely reducible if and only if for every submodule
W of V there is a projection f : V — W from V onto W which is a module
map by Proposition 2.3.8.

Let W be a submodule of V. Recall that Hom(V, W) is a left L-module
where z-f(v) = —f(z-v) + 2-f(v) for all z € L, f € Hom(V, W), and v € V.
Observe that

M(W, W) = {f € Hom(V, W) | f(W) C W}

is a submodule of Hom(V, W) and that = : M(V, W) — End(W) defined
by 7(f) = flw is a map of left L-modules. Since the identity map Idy :
W — W is a module map the linear span F'Idy, is a one-dimensional trivial
left L-module by Remark 2.3.6. Note that WW = Ker 7 is a codimension one
submodule of V = 7~ }(FI). Observe that any projection f : V — W
lies in V\W. Conversely, if f € V\W then some scalar multiple of f is a
projection of V' onto W. Therefore there exists a projection of V' onto W
which is a module map if and only if there exists a one-dimensional trivial
submodule W’ of V such that V = WaW'.

We have a characterization of Lie algebras whose finite-dimensional rep-
resentations are completely reducible in terms of the existence of certain
one-dimensional modules.
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Theorem 2.3.24 Let L be a Lie algebra over the field F'. Then the following
are equivalent:

a) All non-zero finite-dimensional left L-modules are completely reducible.

b) [L L] = L and all finite-dimensional left L-modules V' which contain a
codimension one simple submodule W contain a one-dimensional sub-

module W' such that V = WaW’.

PROOF: Suppose that all non-zero left L-modules are completely reducible.
Suppose that V is finite-dimensional left L-module and W is a submodule
of V. Then V. = W@W’ for some submodule W’ of V. Since DimV =
Dim W 4 Dim W’ if W has codimension one then W’ has dimension one.
That L = [L L] follows by Exercise 2.3.30. We have shown that part a)
implies part b).

Conversely, assume the hypothesis of part b). Since L = [L L] any one-
dimensional left L-module is trivial by Remark 2.3.23. Let V be a finite-
dimensional left L-module which contains a submodule W of codimension
one. Since any left L-module is trivial, by our discussion preceding the
statement of the Theorem to show part b) implies part a) we need only show
that V' contains a one-dimensional submodule W' such that V' = WaW’.
This we do by induction on Dim V.

If W is simple we are done by assumption. Suppose that W is not sim-
ple. We may assume that W # (0). Then W contains a non-zero proper
submodule W”. Since W/W" is a codimension one submodule of V/W",
by induction on Dim V' we have V/W" = W/W"®W'/W", where W' is a
submodule of V' containing W”. It is a small exercise to show that W” is
a codimension one submodule of W’ and that W’ is a proper submodule
of V. Thus by induction on Dim V' again, W' = W”@W" where W" is a
one-dimensional submodule of W”. Since W”NW C W'NW C W" it follows
that W"”NW C W"”NW” = (0). Therefore V. =WaW"”. O

Remark 2.3.25 Weyl’s Theorem follows form Theorem 2.3.24 and the lemma
below:

Lemma 2.3.26 Let L be a finite-dimensional semisimple Lie algebra over
an algebraically closed field of characteristic zero and suppose that V' is a
finite-dimensional left L module which contains a codimension one simple
submodule W. Then V.= WaW' for some a one-dimensional submodule
(which must be trivial).
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ProoF: By Proposition 2.3.20 there are z1, ..., ,, ¥1, ..., Yo € L such
that f : V — V defined by f(v) = > 1" x;-(y;-v) for all v € V is a left
L-module map and Tr(f) # 0. By the Lemma of the section z-V C W;
therefore f(V) C W.

Suppose that f(W) = (0). Then f? = 0 which means that Tr(f) = 0,
a contradiction. Therefore f(W) # (0). Since W is simple it follows that
f(W) = W. Therefore Im f = W, so Ker f is a one-dimensional submodule
of V' by the Rank—Nullity Theorem. Since WNKer f is a submodule of W,
it follows that WNKer f = (0). Our conclusion: V = W®Ker f. O

The following theorem is very important for associative algebras!:

Theorem 2.3.27 Let A be a finite-dimensional associative algebra over the
field F'. Then the following are equivalent:

(a) All left A-modules are completely reducible.

(b) A is completely reducible as a left A-module under multiplication.

Exercise 2.3.28 The preceding theorem is not the case for Lie algebras as the
following example shows. Let L = Fx be a one-dimensional Lie algebra over F,
suppose that V' is a vector space over F' and let 7 : L — End(V') be any linear
map, and let " = w(x). Note that L is a completely reducible left L-module no
matter what the structure.

(a) Show that 7 is a representation of L.
(b) Show that the submodules of V' are the T-invariant subspaces of V.

(c) Show that V' is completely reducible if and only if the minimal polynomial
of T over F factors into distinct irreducible factors.

(d) Show that there are non-zero left L-modules which are not completely re-
ducible.

Exercise 2.3.29 Let f: L — L’ be a map of Lie algebras and suppose that V'
is a left L’-module.

(a) Show that V is a left L-module where z-v = f(z)-w for allz € L and v € V.

Regard V as a left L-module according to part (a).

!See Theorem 4, page 820 of Abstract Algebra, Dummit and Foote, Prentice Hall, N.J.,
1999
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(b) Show that the L’-submodules of V' are the L-submodules of V.
Suppose that f is onto.
(c) Show that L-submodules of F' are L’-submodules of V.

(d) Suppose that V' # (0). Show that V is a completely reducible left L-module
if and only if V' is a completely reducible left L’-module.

Exercise 2.3.30 Let L be a Lie algebra over the field F' and suppose that all
non-zero left L-modules are completely reducible. Show that L = [L L]. [Hint: If
not, show there is an onto Lie algebra map f : L — L/I where I is a codimension
one ideal of L. See Exercises 2.3.28 and 2.3.29.]

2.3.4 Preservation of Jordan decomposition

Let V' be any vector space over F' and let W be a subspace of V. Recall that
MW, W) = {f € End(V)| f(W) C W} is a subalgebra of the associative
algebra End(V) and is therefore a Lie subalgebra of gl(V)). The map II :
MW, W) — End(W) defined by II(x) = z|w is a map associative algebras
and therefore can be regarded as a map of Lie algebras II : M(W, W) —
gl(W).

Let L be a subspace of gl(V') and set

Ly = {x€glV)|[zL]| C L, x(W)CW, Tr(z|w) =0}
= {zegl(V)|adx(L) C L, z(W) C W, Tr(z|w) = 0}.

It is easy enough to check directly that Ly is a Lie subalgebra of gI(V'). Let
V =gl(V) and 7 : gl(V) — ¢l(V) be the adjoint representation. Then L is
a subspace of V and

Ly =7 Y (M(L, L))NI~(sl(W)) (2.17)

which shows that Ly, is a Lie subalgebra of gl(V'). Suppose that x € Ly .
Since x4, x,, are polynomials in z it follows that W is invariant under z,, and
xs. For this same reason L is invariant under (ad z)s = ad x5 and (ad z),, =
ad x,,. Since W is invariant under z, x,, and x,, we have x|y = xs|w + 2, |w-
Now x,|w is nilpotent. Therefore Trz, |y = 0 and consequently Tr(xs|y ) =
Tr(zs|lw) + Tr(xn|w) = Tr(z|w) = 0. We have shown that

x € Ly implies z,,z, € Ly . (2.18)
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Note that TI([M(W, W) M(W,W)}) = [IL(M(W, W) II(M(W, W))] C
sl(W); thus

If L is a Lie subalgebra and L(W) C W then [L L] C Ly . (2.19)

The technical point of the section is embodied in the following:

Lemma 2.3.31 Suppose that V is a finite-dimensional vector space over an
algebraically closed field F of characteristic zero and L is a subalgebra of
gl(V') such that

(a) [LL] =L,

(b) V' is a completely reducible left L-module under x-v = x(v) for allx € L
and v € V,

(c) gl(V) is a completely reducible left L-module under the adjoint action,
that is x-v = adx(v) = [z V] for allv € gl(V).

Then xg,x, € L for all x € L.

Proor: Write V.= W; +---+ W, as the sum of simple submodules and set
L' = Ly,N---NLy,. By (2.19) we conclude that L C Ly. Since [Ly L] C L
in any case it follows that [L Lw] C Ly. Thus Ly is an L-submodule
of gl(V). Now non-zero submodules of completely reducible modules are
completely reducible by Exercise 2.3.11. At this point the proof in the text
goes through verbatim. [
In the following exercises we explore the implications of a finite-dimensional

Lie algebra L being completely reducible under the adjoint action; that is
zw=adz(v) = [zv] for all x,v € L.

Exercise 2.3.32 Let L be a non-zero finite-dimensional Lie algebra over the field
F and suppose that L is a completely reducible left L-module under the adjoint
action. Then

L=L& &L,

is the direct sum of simple left L-modules, that is simple ideals of L.
(a) Let I be a simple ideal of L.
(i) Show that I C Z(L) of I = [LI| = [L; L;] = L; for some 1 <14 <s.
(ii) Show that Dim I =1 if and only if I C Z(L).
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By virtue of part (a) we may write
L=Z7Z&L1®- - &L,
as the direct sum of ideals where Z C Z(L) and dim L; > 1 for all 1 <14 <.
(b) Show that L; is a simple Lie algebra for all 1 <i <r.

(c) Show that Z = Z(L).

(d) Let I be an ideal of L. Show that I = (INZ(L))®L @ ---®L., where L, =
(0)or L, =L; forall 1 <i <.

(e) Show that Rad L = Z(L) (and thus L is reductive).

(f) Show that L = Z(L)®[L L|, where £ = [L L] is semisimple and is a com-
pletely reduced left £-module under the adjoint action.

Exercise 2.3.33 Let L be a non-zero finite-dimensional Lie algebra and suppose
that all finite-dimensional non-zero left L-modules are completely reducible. Show
that L is semisimple. [Hint: See Exercises 2.3.28-2.3.32.]

Exercise 2.3.34 Prove the following theorem. See Exercise 2.3.28 in connection
with the theorem.

Theorem 2.3.35 Let L be an non-zero finite-dimensional Lie algebra over
an algebraically closed field of characteristic zero. Then the following are
equivalent:

(a) Z(L) = (0) and L is a completely reducible left L-module under the
adjoint action.

(b) L is semisimple.

(c¢) All non-zero finite-dimensional left L-modules are completely reducible.

2.4 Representations of s/(2, F)

2.4.1 Weights and maximal vectors
For a linear endomorphism 7' : V' — V of a vector space V over F let
Vi=Ker (T —X)={veV|Tw) = v}

for all A € F. Note that if V), # (0) then V) is the subspace of eigenvectors
for T" belonging to .
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Remark 2.4.1 Let T : V — V be a semisimple linear endomorphism of a
finite-dimensional vector space V over F'. Then V = ®xerVi.

Let L = sl(2, F') and suppose that the field F' is algebraically closed of
characteristic zero. We have seen that L is simple, hence semisimple. Let V'
be any finite-dimensional left L-module. Then left multiplication

h-:V —V

by h, defined by h-(v) = h-v for all v € V| is a semisimple endomorphism
of V. The effect of the left multiplications determined by z,y, and h on the
V\’s is explained by schematic diagram

h- h- h-

Oy O 4y O

Vi P Vo

In the following exercises, we expand on the corollary of Section 6.4 of
the text which is a very important result for this section.

Exercise 2.4.2 Let ¢ : L — L’ be a map of finite-dimensional Lie algebras,
where L is semisimple. Suppose that F' is an algebraically closed field of charac-
teristic zero.

(a) Suppose that L’ is semisimple also and ¢ is onto. Show that ¢(z)s = ¢(z5)
and ¢(x), = ¢(zy,) for all x € L. [Hint: Let z € L. Note that (ad ¢(x))op =
¢o(ad x) and therefore f(ad ¢(x))od = ¢of(adx) for all f(z) € F[x]. Recall
that an endomorphism T : V' — V of a finite-dimensional vector space over
any field F' is semisimple if and only if f(7") = 0 for some f(z) € F[z] which
splits into distinct linear factors over F', and that 7' is nilpotent if and only
if f(T)) = 0 where f(z) = 2™ for some m > 0.]

(b) Suppose that L’ is semisimple also and ¢ is one-one. Show that ¢(z)s =
¢(zs) and ¢(x), = ¢(xy,) for all x € L. [Hint: By part a) we may assume
that ¢ is the inclusion; that is L C L’. The adjoint representation ady/ :
L' — gl(L') is one-one. Let x = =5 + x,, be the decomposition of z into
semisimple and nilpotent parts in L'. Then ad;, x = adys x5 +ady , is the
Jordan-Chevalley decomposition of ady, z in End(L’). Thus adp zs, adp x, €
ady/(L). Show that zs,x, € L and that adp x = adp xzs + adp z,, is the
Jordan-Chevalley decomposition of ady,  in End(L); thus x = x5+ z), is the
decomposition of z into semisimple and nilpotent parts in L.]
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(c) Show that ¢(x)s = ¢(xs) and ¢(z), = ¢(xy) for all z € L.

d) Suppose that L' = ¢l(V) for some finite-dimensional vector space V over
F. Show that ¢(x) = ¢(xs) + ¢(zy) is the Jordan-Chevalley decomposition
of ¢(x) for all x € L. (That is, go through the details of the proof of the
corollary of Section 6.3.)

Exercise 2.4.3 Let F be an algebraically closed field of characteristic zero and
suppose that L C g¢l(V) is a semisimple Lie subalgebra of ¢gi(V'), where V is a
finite-dimensional vector space over F. Give a very careful proof of the fact that
for x € L the decomposition © = zs+x, into semisimple and nilpotent parts in L is
the Jordan—Chevalley decomposition of the endomorphism x of V' into commuting
semisimple and nilpotent endomorphisms.

2.4.2 Classification of irreducible modules

We continue with the notation and assumptions of the previous section unless
otherwise stated. L = sl(2,F) and the field F is algebraically closed of
characteristic zero.

Let V be any non-zero finite-dimensional left L-module. For p € F we
set V, = Ker (h-— pI). Since h- is a semisimple endomorphism of V" it follows
that V, # (0) for some p € F.

Now the sum

Vot Voo +Vpra+---

is direct since the subscripts are distinct elements of F'. Since V' is finite-
dimensional V)9, = (0) for some £ > 0. Let ¢ be the least such integer. Then
¢>1. Set A\=p+2(¢{—1). Then

Vi 7é (O) = Vat2.
Choose uy € V)\0. Note that z-ug = 0. For all 1 < define u, by
Uy = Y Uy—1-

Observe that
Uy S V)\—Qz

for all 0 <. Now the sum

W+ WVao+Vig+---



60 CHAPTER 2. SEMISIMPLE LIE ALGEBRAS

is direct since the subscripts are distinct elements of F'. Therefore u, = 0
for some ¢ > 0. Let ¢ be the least such integer. Observe that ¢ > 0. Let
m = — 1. Then
Um # 0= Upy1.

For convenience we set u_; = 0.

Let W be linear span of ug, ..., u,,. Since these vectors are not zero and
belong to different eigenspaces for h- it follows that {uo,...,u,} is a basis
for W. We will show that there are «y, ..., a1 € F which satisfy

ru, = u,—; forall0<:<m+1, (2.20)

a)=0= a1, and aq, ..., q, # 0.

Suppose this is the case. Then W is a submodule of V. Observe that any
u, generates W as a left L-module. Furthermore W is simple. For let W’
be a non-zero submodule of W. Then W' is invariant under h-. Since h-|y-
is semisimple also, W’ contains a non-zero eigenvector for this restriction.
Since the eigenspaces of h- are one dimensional and spanned by the u,’s, it
follows that u, € W' for some 1 <1 < m. Therefore W/ = W.

Back to ag, ..., @ne1. We show that

=1(A+1—21) (2.21)

for all 0 <+ < m + 1. Since oy = 0 the equation z-ug = 0 = agu_; follows.
Suppose that z-u, = ayu,_; forall 0 < y<21<m+1. Then 0 <2< m+1
and thus

ru, = (yu—1) = [xylu_s+y(vu_1)
= A=20—1)u-1+ y(v_1u,_2)
= (A=2—=1)+(@=1)A+2—-12) u_
= 1(A+1—1)u_;.

We have established (2.21) by induction on 4.
Since a;,+1 = 0 we conclude that A = m. Therefore

a, =1(m+1—1)
for all 0 <+ <m + 1. Observe that

Q= Qi1 forall 0 <2< m+ 1;
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thus the a,’s have a nice symmetry. Note that o, = 0 if and only if + = 0 or
1 =m+ 1. Thus W is simple.
We will make a change of basis which will give the traditional description

of W. Set
_ W
U= 2!

for all 0 <+ < m. Then {vy,...,v,} is a basis for W and
hv, = (m —2)wv,, zv,=m+1—1)v_1, yv,=0+1) v (2.22)

for all 0 < 2 < m. Suppose that V' = W. Identifying the endomorphisms

h-,z-, and y- of V with their matrices with respect to {vo, ..., v, } we have
m
m— 2
h- = :
—m
0 m
0 m-—1
€T = t. A ,
0 1
0
and
0
1 0
Y- = 2
0
m 0

We have determined what finite-dimensional simple left L-modules must
be. Whether or not they exist (they do) needs to be verified. See Exercise
2.4.8. We close with a result which will be useful in Chapter 8.

Corollary 2.4.4 Let F be an algebraically closed field of characteristic zero
and suppose that V is a finite-dimensional L = sl(2, F')-module. Then the
eirgenvalues of the left multiplication h- : V' — V are integers.
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ProOOF: We may as well assume that V' # (0). In this case V is the sum
of simple left L-modules which satisfy the conclusion of the corollary. Thus
f(h) =0 for some f(z) = (x — A1) -+ (z — \,) € Flz] with A\y,..., N\, € Z.
Since the eigenvalues of h- must be roots of f(x) the corollary follows. [

Exercise 2.4.5 Let L be a finite-dimensional Lie algebra over a field F' with basis
{z1,...,2,} and suppose that V is a vector space over F. Let T1,...,T, € End(V)
and ¢ : L — End(V) be the linear map determined by ¢(z,) = T, forall 1 <1 < n.
Then ¢ determines a representation of Lie algebras ¢ : L — ¢I(V') if and only if

o[z y]) = [o(z) o(y)] (2.23)

holds for all z,y € L.
Show that (2.23) holds if and only if

¢([z,2,]) = [T, T))

for all 1 <12 < 7 < n. [Hint: Note that 3,5 : LxL — End(V) defined by
B(z,y) = ¢([zy]) and B'(z,y) = [¢p(x)¢(y)] for all x,y € L are both bilinear
functions v : LxL — End(V) which satisfy v(y,x) = —y(z,y) and y(z,z) = 0
for all z,y € L.]

Exercise 2.4.6 Suppose that F is a field of characteristic zero, not necessarily
algebraically closed, let L = sl(2, F'), and let {z,y, h} be the standard basis for L.
Let A € F" and V/()) be the vector space over F' with basis of symbols {u,}, 7.
Define

a, =1(A+1—12)

for all 2 € Z.
(a) Let T1,T%,T5 € End(V(\)) be the endomorphisms determined by

T (u,) = cyuy—1, To(u,) = up1, and Ti(u,) = (N — 20)u,

for all + € Z. Show that the linear map ¢ : L — End(V'(\)) which is
defined by ¢(z) = T4, ¢(y) = Ta, and ¢(h) = T3, determines a representation
¢:L — End(V())).

(b) Suppose that W is a non-zero submodule of V' (A). Show that u,, € W for
some m € Z. [Hint: Let w € W\0. Then w € Fuy + --- + Fuy for some
integers k < (. Let W be the smallest subspace of V(\) containing w and
invariant under h-. Then W C W, Fuy + --- + Fuy. The latter inclusion
implies that W is finite-dimensional and h-|yy : W — W is a semisimple
endomorphism of W]
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(c) Suppose that A € Z. Show that V'(\) is simple.

(d) Suppose that A € Z. Show that V(\) has exactly one proper submodule
W, and that W is simple. (In this case V()) is not completely reducible.)

Exercise 2.4.7 Try your hand at Exercise 7 on page 34 of the text.

Exercise 2.4.8 Suppose that F is a field of characteristic zero, not necessarily
algebraically closed, let L = sl(2, F), and let {z,y, h} be the standard basis for
L. For a non-negative integer m > 0 show that there is a simple left L-module of
dimension m+ 1 with basis {vo, ..., v, } which satisfies (2.22). [Hint: See Exercise
2.45)]

Exercise 2.4.9 Suppose that L is a Lie algebra over a field F and let V be a
left L-module. Let Endy (V') be the set of all module maps f:V — V.

(a) Show that Endz (V) is a subalgebra of the associative algebra End(V').

(b) Determine Endy, (V) where V = V() is the L = sl(2, F')-module of Exercise
2.4.6.

(c) Determine Endy (V) where V' = W is the simple L = sl(2, F')-module of
dimension m + 1 described in this section. Do not assume that F' is alge-
braically closed.

See Shur’s Lemma for Lie algebras in connection with parts (b) and (c).

Exercise 2.4.10 Let V(\),V(X) be the L = sl(2, F)-modules of Exercise 2.4.6.
Show that V(\) ~ V(X) as left L-modules if and only if A\ = X. [Hint: Let
{u;},cz be the basis for V()') described in Exercise 2.4.6 and suppose that
fV(A) — V(X) is a module isomorphism. Show that f(u,) = auy for some
r € Z and o € F\0. Thus, replacing f by (1/a)f, we may assume that f(ug) = uy.
Show that f(u,4,) = u, for all + > 0.]

2.5 Root Space Decompositions

L is a finite-dimensional non-zero semisimple Lie algebra. Recall that the
fundamental representation ¢ : L — gl(L), x +— adz, is injective. Let
x,y € L. Since ad [z y| = [adz ady] it follows that [zy] = 0 if and only if
adx and ady are commuting operators.
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Lemma 2.5.1 Let x,y € L and suppose that [xy] = 0. Then:

(a) adx commutes with ady, adys, and ad y,.
(b) [z ys) = 0= [z yu].
(c) wl(z,y) = K(zs,ys).

PROOF: Since [z y] = 0 the operators ad z and ad y commute. Now (ady)s =
ad ys and (ady), = ady, are polynomials in ad y. Therefore these operators
commute with ad z. We have shown parts (a) and (b).

To show part (c) we observe that x(x,y) = k(z,ys + yn) = k(x,ys) +
K(x,yn). Now k(z,y,) = tr(adz o ady,). Since adz and ad y,, commute by
part (a), and ady, is nilpotent, for some m > 0 we have (adz o ady,)™ =
(ad x)™o(ad y,)™ = 0. Since the trace of a nilpotent endomorphism is zero,
k(x,y,) = Tr(adz o ady,) = 0. We have shown that s(z,y) = k(z,ys).
Since k is symmetric, and [ys x] = 0 by part (b), the calculation k(z,ys) =
k(ys, ) = K(ys, zs) completes the proof of part (c¢). O

2.5.1 Maximal toral subalgebras and roots

Buried in this section is an analog of Engel’s Theorem. Let L be a finite-
dimensional Lie algebra over a field F. We will say that x € L is ad-
semisimple if adx is a semisimple endomorphism of L. (This must be a
standard definition.) If L is abelian then all x € L are ad-semisimple as
ad x = 0. The converse is true as well.

Lemma 2.5.2 Let L be a finite-dimensional Lie algebra over the field F.
Suppose x,y € L\O where y is ad-semisimple and adx(y) = Ay for some
A€ F. Then A = 0.

PROOF: Let Ai,...,\. € F be the distinct eigenvalues for ady and let
Vi, ..., V. be the corresponding subspaces of eigenvectors. Then L = Vi@ --- BV,
Recall that 0 is an eigenvalue for ad y since 0 = [y y] = ad y(y). We may take
A= 0.

By assumption [ry] = adz(y) = A\y. Write 2 = xy + -+ + 2z, where
x, € V, for all 1 <1 < r. Applying ady to both sides of this equation we
calculate

Ay =yl =Mz + -+ N, = a o+ AN m
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and thus
)\1261 + -+ )\7»_1.2?7«_1 + )\y =0.

Since y € V,. we conclude that A\jxy =--- = Ay =0. O

Theorem 2.5.3 Let L be a finite-dimensional Lie algebra over a field F
which consists of ad-semisimple elements. Then L is abelian.

PrOOF: Let x € L\0. Then the only eigenvalue of ad x is 0 by Lemma 2.5.2.
Therefore ad z = 0 since ad x is semisimple. [J

Now suppose that L is a finite-dimensional semisimple Lie algebra and
F'is an algebraically closed field of characteristic zero. Suppose that 7" is a
toral subalgebra of L and let € T. Then ad z is semisimple by definition.
Since adpz(T) C T the restriction adpz|r = adrx is semisimple. There T'
consists of ad-semisimple elements and hence T is abelian.

Let V be a finite-dimensional vector space over the field F' and suppose
that S is a non-empty subset of endomorphisms of V. Let ® be the set of
all functions A : § — F' and set

Vi={veV|Sw)=AS)v forall S e S}.

Observe that V) = NgesKer (S — A(S)I) and is therefore a subspace of V.
We leave the reader with the important exercise of showing that

> V=3,V
re P

Lemma 2.5.4 Let V' be a finite-dimensional vector space over the field F
and suppose that S is a non-empty family of commuting semisimple endo-
morphisms of V. Then:

(a) V' has a basis which consists of eigenvectors for all S € S, or equiva-
lently V=@, ¢ Vi

(b) The linear span of S is a family of commuting semisimple endomor-
phisms of V.

PROOF: We first show part (a). Suppose all S € S have one eigenvalue.
Then S € § has the form S = al for some o € F. Thus any basis for V' will
do.
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We may assume that some S € S has at least two eigenvalues. Let
p1,-- ., pr be the distinct eigenvalues of S. Then V = Vi@ --- BV, where
V, = Ker(S — p,I) is the subspace of eigenvectors for S belonging to p,. Let
S’ e S. Since S’ commutes with S by assumption, it follows that each of the
subspaces V, of V is invariant under S’. For each 1 < ¢ < r the hypothesis
of the lemma applies to the set of restrictions S, = {T|y, |T € S}. As
DimV, < DimV for all 1 < < r, part a) follows by induction on Dim V.

By part (a) there is a basis {v1,...,v,} for V such that S(v,) € Fv, for
all S € § and 1 < 2 < n. The set of all such linear endomorphisms of V'
which satisfy this property forms a subspace W of End (V') which contains S
and any T, 7" € YW commute. Thus part (b) follows. O

Now suppose that H is a toral subalgebra of L, not necessarily maximal.
Then H is abelian. By part (a) of Lemma 2.5.1 the set S = {adh|h € H}
is a family of commuting diagonalizable operators on L. Thus

L= P L (2.24)
a:S—F
where

L, = {zx€ L|adh(z) =a(adh)x VYh € H}
= {zel|lhz]=((aop)(h))x Yh € H}.

Observe that the restriction (o ¢)|y : H — F'is linear. By slight abuse
of notation we replace (« o ¢)|g by a and thus have

L= P L, (2.25)
acH*

where
Lo, ={x € L|[hz]=a(h)zr Vh e H}.

Observe that Ly = CL(H). Since H is abelian H C Cp(H). Since L is
finite-dimensional there are only finitely many L,’s such that L, # (0). Let
®={ae H|a#0and L, # (0)}.

Then
L=Cy(H)® €P L. (2.26)
acd®
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When H is a maximal toral subalgebra the elements of ® are called roots of
L relative to H, or more informally roots.

We set the stage for the proof of parts (b) and (c) of the Proposition
below. Let 0 # 3 € H* and suppose that T is a linear endomorphism of L
such that T'(L,) € Lgy, for all « € H*. Fix a € H*. Then T"(L,) C Lygia
for all n > 0. Since 8 # 0 the terms of the sequence «, 3+ o, 23 + «, ... are
distinct. Since L is finite-dimensional, we see from (2.25) that L, s+a = (0)
for some n, > 0. Thus T™(L,) = (0) for all m > n,.

Let ® = {ay,...,a,.} and n be the maximum of ng,na,, ..., N,,.. Then
T"(Ly) = (0) for all @ € H*. Therefore 7™ = 0; in particular 7" is nilpotent.

Proposition 2.5.5 Let o, € H*. Then:
(a) [La Lg] € Lavs-
(b) Suppose B # 0 and x € Lz. Then adz is nilpotent.

(¢) K(LayLg) = (0) unless o + 3 = 0. Furthermore x(La,L_,) = (0)
implies L, = (0).

PROOF: Let H € h. Since ad h is a derivation of L, for x € L, and y € Lg
the calculation

[ [z y]] = [[ha] yl]+[z [hy]] = [a(h)x yl+]z B(R)y] = ((h)+6(h)) [z y] = (a+5)(h)[z Y]

shows that [z y| € L,1. We have shown part (a).

Assume the hypothesis of part (b) and set 7" = adx. Then T(L,) =
[z L) € Lgiq by part (a). Thus T is nilpotent.

Let x € Lo,y € Lg and T' = adz oady. Then T(L,) = [z[y L,]] C
(@ Lgiy] C Layp)+~ for all v € H*. If a4+ 3 # 0 then T is nilpotent and thus
k(z,y) =Tr(T) = 0.

We have shown that x(L,, Lg) = (0) unless § = —a. If k(Ly, L) = (0)
then k(Lqa, Lg) = (0) for all § € H* which means k(L,, L) = (0) by (2.25).
In this case L, = (0) as « is non-singular. [J

Corollary 2.5.6 Let C = Cr(H). Then:
(a) The restriction k|cxc is non-degenerate.

(b) Letx € C. Then x4, z, € C.
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Suppose that H is a maximal toral subalgebra of L. Then:
(c) All semisimple elements of C' belong to H.
(d) Z(C)=H.

PrOOF: To show part (a) we let x € C' and suppose that (0) = x(z,C) =
k(z, Ly). Let f € ®. Since 0 + [ # 0, by part (c¢) of Proposition 2.5.5
we conclude k(z, Lg) = (0). Therefore x(z,L) = (0) by (2.26). Since & is
non-singular z = 0. Part (b) follows by part (b) of Lemma 2.5.1.

Part (c). Let € C be semisimple. Now [H + Fx H + Fz] C [H C] +
[C' H] + [Fx Fz] = (0) means that H + Fx is an abelian subalgebra of L.
Note that ad h, adz commute for all h € H by part (a) of Lemma 2.5.1.
Thus for all @ € F' the operator ad (h+ax) = ad h+aad x is diagonalizable;
see part (b) of Lemma 2.5.4. Therefore H 4+ Fx is toral. Since H C H 4+ Fx
and the former is a maximal toral subalgebra of L, H = H + Fx which means
x e H.

Part (d). Since H C C necessarily H C Z(C') by definition of C. Con-
versely, let « € Z(C'). By part (b) zg, x, € C and thus zg, x,, € Z(C') by part
(b) of Lemma 2.5.1 again. Since [C z,] = (0), x(C,z,) = (0) by part (c) of
Lemma 2.5.1. Therefore x, = 0 by part (a). Thus z = 2, € H by part (c).
U

2.5.2 The Centralizer of H

Theorem 2.5.7 Suppose H is a maximal toral subalgebra of L. Then H =
Cr(H).

PRrROOF: In light of part (d) of Corollary 2.5.6 we need only show that C' is
abelian.

First we note that C' is nilpotent. Let x € C. Then adcz = ad¢g xs +
adc x, = ad z,|c since [z5 C] = (0) by parts (b) and (c) of Corollary 2.5.6.
Thus ade x is nilpotent for all x € C' which means C' is nilpotent by Engel’s
Theorem.

Next we note that Z(C)N[C C] = (0), which is equivalent to «(C, Z(C)N[C C]) =

(0) by part (a) of Corollary 2.5.6. Using part (c) of Lemma 2.5.1 and part
(c) of Corollary 2.5.6 we compute

K(C,Z(C)N[C C]) € k(H, Z(C)N[C C]) € s(H, [C C]) = &([H C],C) = x((0),C)

(0).
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Since Z(C)N[C C] = (0) it follows that [C' C] = (0) by 3.3 Lemma of
Humphreys. U

2.5.3 Orthogonality Properties

Let H be a maximal toral subalgebra of L. Then C,(H) = H; in particular
the restriction k|g.pm is non-degenerate. Thus k, : H — H* given by
h i+ k¢(h), where ky(h) : H — F' is defined by

ke(h)(x) = k(h, x)

for all x € H, is injective. Since Dim H = Dim H* it follows that x, is
bijective. Thus for a € H* there is a unique t, € H such that r,(t,) = a.
Observe that ¢, is determined by

a(x) = K(ty, x)

for all z € H.
We will use the following lemma in the proof of the next proposition.

Lemma 2.5.8 Let X,Y,T be endomorphisms of a finite-dimensional vector
space V' over F which satisfy T =[X Y] and [T X] =0=[TY]. Then T is

nilpotent.

PrROOF: We may assume V # (0). Let A € F be an eigenvalue for 7" and
U={veV|T({w) = A} Since X and Y commute with 7" it follows that
XWU)CUand Y(U) CU. From

Mdy = T|U = [X Y”U = [X|U Y|U]

we calculate ADim U = Tr(7T'|y) = Tr([X]|v Yy]) = 0. Since Dim U > 0 and
the characteristic of F'is zero, A = 0. Therefore T is nilpotent. [J

Proposition 2.5.9 Let H be a maximal toral subalgebra of L. Then:
(a) @ spans H*. Thus |®| > Dim H and the t,’s span H.

Let a € ®. Then:
(b) —a € ®.

(c) Ifx € Ly andy € L_, then [xy] = Kk(x,y)t,.
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(d) [La L_o] = Ft,. Thus L is generated as a Lie algebra by the root spaces

(e) a(ty) = Kk(ta,ta) # 0.

(f) There are xo € Lo and y, € L_o such that the span of z., Yo, and
ha = [Taya] is a Lie-subalgebra S, ~ sl(2, F); indeed [hy ©,] = 224
and [ha ya] = _2yoc'

2t,, 2t

(g) All hy’s arising in part (f) are the same; hy = ) = OC(tZ)' Fur-

thermore h_, = —h,,.

ProOF: Let V be the span of & C H*. Suppose that f € H** vanishes
on V. Since H is finite-dimensional, the linear map H — H**, given by
h — h, where h(a) = a(h) for all & € H*, is an isomorphism. Thus f = h
for some h € H. This means 0 = f(a) = ﬁ(oz) = a(h), hence [h L,] = (0),
for all & € ®. Since [h Ly| = [h H] = (0) it follows that [h L] = (0) by (2.25).
We have shown h € Z(L) = (0) which means that the only function f € H**
which vanishes on V is f = 0. Consequently V = H* which establishes part
(a).

Part (c) of Proposition 2.5.5 implies x(L,, L_,) # (0); in particular
L_, # (0) which establishes part (b). Suppose x € L, and y € L_,. Then
[zy] € Ly = H. For all h € H the calculation

re(k(z, y)ta) (h) = Kz, y)a(h) = K([hz],y) = K(h, [vy]) = &([zy], h) = Ke([z y])(h)

shows that r¢(k(z,y)te) = ke([x y]ts). Since kg is injective k(z,y)t, = [T y].
We have shown part (c). In light of (2.25) part (d) follows from part (c) since
K(La, L_o) # (0) and the t,’s span H.

There are x € L, and y € L_, such that [z y] = ¢, by part (d). Suppose
a(ty) = 0. Since [ty x] = afty)r = 0 and [ty y] = (—a)(te)y = 0, Lemma
2.5.8 applied to T' = adt,, X = adzx, and Y = ady shows that adt, is
nilpotent. Since this operator is also diagonalizable, adt, = 0 and therefore
to = 0, a contradiction. Thus «a(t,) # 0 after all. We have shown part (e).

Let h, = %. By part (d) there are x, € L, and y, € L_, such
that [Z4 Ya] = ha. Since a(hy) = 2, [ha o] = a(hy)r = 22, and [hy yo| =
(—a)(ha)y = —2y,. Since L_, + Lo + L, is direct and yq, ha, T, are not
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zero, the span S, of these vectors is 3-dimensional. We have established part
(f).

Part (g). ha = at, for some a € F by part (¢). From a(hy)ze = [ha o] =
2z, we deduce ac(t,) = a(hy) = 2. Since ko(—to) = —k(ts) = —a it follows
that —t, =t_,. O

2.5.4 Integrality Properties

We continue with the notation of the preceding section and will use the
results of the two preceding sections without particular reference.

Proposition 2.5.10 Let H be a mazximal toral subalgebra of L and ® the
corresponding set of roots and let o, € ®. Then:

(a) Dim L, = 1. (In particular for any non-zero x € L, there is a unique
y € L_, such that [vy| = hy.)

(b) Let c € F. Then ca € ® if and only if c = 1.

)
(¢) B(ha) €Z and B — [(hy)a € P.

)

)

(d o+ 5 € ® then [L Lﬁ] La+ﬁ-

(e) Suppose  # +a and let r,q > 0 be the largest non-negative integers
such that B —ra, 3+ qa € ®. Then B+1i1a € ® for all —r < i < q and

B(ha) =1 —q.

PROOF: We first show parts (a) and (b). Note that the parenthetical part
of part (a) follows from the preceding sentence and part (f) of Proposition
2.5.9.

Regard L as a left S,-module under the adjoint action. For a left S,-
submodule V' of L and A\ € F' recall that

Vi ={v e V|[hav] = Iv}.

Let o € @ and set M = @, Leo- Note that M is a subalgebra of L
since [Leq Laa] € Licyaye for all ¢,d € F. Since S, = Fyo + Fho + Fa, C
L_,+ Lo+ L, it follows that S, is a subalgebra of M. Therefore M is a left
S,-module under the adjoint action.
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Note that Lo = H = Ker a®Fh,. Observe that S, C M’ = Fy, + Lo +
Fx, = Ker a®S, and the latter is a subalgebra of L as well. Thus M’ is a S,-
submodule. That M’ is a subalgebra of M follows from [h H] = (0), [hz,] =

a(h)x, = 0, and [hys] = —a(h)y, = 0 for h € Kera. These calculations
show that as a direct sum of simple S,-modules M’ = <@7_1F h7;> DS,
where {hq,...,h,} is a basis for Ker a.

Recall that a(h,) = 2. For x € L., the calculation [h, z] = ca(hy)x =
2cx shows that L, C Ly.. Since ) Lo is direct,

Leo = My, for all ¢ € F and thus M = @, Ma..

ceEF

Since S, is semisimple M is the direct sum of simple S,-modules S. Now S
is the direct sum of one-dimensional weight spaces. Thus S = @ . SNMa..
Recall that the weights of S are —m 4+ 2¢, where 0 < ¢ < m, for some m > 0.

Suppose that caw € ®. Then some simple S,-submodule S of M intersects
L., = My.. Thus 2c € Z.

Suppose that 2¢ is even. Then S intersects Ly = H which means S C M’.
The weights of M’ are —2,0,2. Therefore ¢ = +1. In particular 2a € P.

Suppose that 2c¢ is odd. Then S intersects M; = L(1/2)o. Since twice
(1/2)a is a root, this is not possible.

We have shown M = M’ which means that Dim L, = 1 and ca € ® if
and only if ¢ = £1. Parts (a) and (b) are established.

Now let 3 € ® where 8 # £a. Observe that N = @,.5 Lgtia is a left
S,-submodule of L,

Nﬁ(ha)+2i = Lg_,_ia, and thus N = ®ieZ Nﬁ(ha)—&—%‘

Suppose that 0 + i = 0. Then 8 = —ia is a root; therefore ¢ = +£1, a
contradiction. Thus 3 + i« # 0 for all ¢ € Z.

Since there are no integers 4,4’ which satisfy G(hy) + 2i = 0 and §(hy) +
2i" = 1, there can be no n,n’ € N with weights 0, 1 respectively. Since root
spaces are one-dimensional and N is the direct sum of simple S,-modules, N
is simple. For some m > 0 the weights of N are —m + 2¢, where 0 <1 < m.
Write

—m = B(ha) + 2(—r) and m = B(ha) + 2q.

Then r,q > 0 since B(hy) is a weight as § € ®. Therefore

m m q q
N = EB M 2 = @ Mpho)+2(—r+i) = @ Mp(ho)+2i = EB Lgyia;
i=0

=0 i=—r i=—T
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thus f +ia € @ if and only if —r < i < ¢. Since —m = —2r + 3(h,) and
m = 2q + B(hy) it follows that B(h,) = r — q. Since —r < —r + q < gq,
B—=pB(ha)a =B+ (—r+q)a € ®. As a(hy) =2, and a — a(hy)a = —a € P
by part (b), we have established parts (c¢)—(f). O

2.5.5 Rationality properties. Summary

We continue with the notation of the previous two sections. First the very
important:

k(h,k) =Y a(h)a(k) (2.27)
acdP
for all h,k € H.

PROOF: Let h,k € H. Then for « € H* and = € L, we have
(ad hoad k)(x) = [h [k x]] = a(h)a(k)x.

Therefore L, is invariant under ad hoad k and (ad hoad k)|, = a(h)a(k)Idy,, .
AsL =Ly (@aeq)La> we have

k(h,k) = Tr(ad hoad k)

= Tr((adhoad k)[1,) + Y Tr((ad hoad k)|1,)
ac®P

= 0(h)0(k)Dim H + ) _ a(h)a(k)Dim L,
acd

= Y a(h)a(k).
acd

O
Let a, 3 € H*. Since k symmetric
a(ts) = K(ta, tg) = B(ta). (2.28)
Now suppose that o, 3 € ®. Then

26(ta)
ata)

= B(ha) € Z (2.29)
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by part (c) of Proposition 2.5.10. Using (2.27) and (2.28) we deduce a(t,) =
Z«/efb Y(to)? from which

aé»z§g(3£§Y€Z

ve

follows. Thus a(t,) € Q which means

Kltats) = Kt ta) = B(ta) € Q (2.30)

by (2.29).

Let {ta,,...,ta,} be a basis for H over F' and A = (a;;) € M(n, F') be
the matrix of the bilinear form «|gg. By definition a;; = k(tq,,ta,;) for all
1 <1,j < n. Since k is non-degenerate and symmetric A is invertible and
symmetric. Now A € M(n, Q) by (2.30). Since Det A # 0 we conclude that
A=t € M(n, Q). Note that

t

K,(zn: Citaia Zn:djtaj) = A (231)
j=1

=1

for all ¢1,...,¢,,dy,...,d, € F.
Let o € ®. Then t, :Zyzlcjtaj for some ¢q,...,¢c, € F. For 1 <i<n
set d; = K(ta;,ta). Applying re(ts,) to both sides of the first equation we

obtain d; = 2?21 cja; j; thus
C1 d1
A =1 : e Q"
Cn d,
which means
C1 d1
=AT [ | eq
Cn, d,

Therefore c1,...,c, € Q.
Let Eg be the Q-span of ®. We have shown that {tays---,ta, } is a basis

for EQ as a vector space over Q. Now let E be the vector space over the
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field of real numbers R with basis of symbols {t,,,...,t.,}. We regard EQ
as a Q-subspace of E by t, + t,.

Let (, ) be the R-bilinear form on E whose matrix is A. Then ( , )
is symmetric and non-degenerate since A is symmetric and non-degenerate.

Observe that (, )|EQXEQ = /<|EQXEQ.

At this point we identify ¢, and a. Thus (o, 3) = k(ta, 1) = alts) =
B(t.). Note that

(w,v) =Y (v u)(7,v) (2.32)
ve®d

for all u,v € E by (2.27) as both sides of this equation are R-bilinear forms
which agree on pairs u = « and v = # which come from a spanning set. As
a consequence of the last equation ( , ) is positive definite; that is (u,u) >0
for all u € E, with equality if and only if u = 0.

Theorem 2.5.11 Let E, ®, and ( , ) be the symmetric positive definite
bilinear form above. Then:

(a) @ spans E and 0 ¢ ®.
Suppose a, 3 € P.

(b) Let c € R. Then ca € ® f and only if c = +1.
2(8,a)

(@, )

a € P,

(c) B—

We may identify E with R" and the inner product ( , ) with the standard
inner product on R". Thus finding the ®’s of the theorem is a problem in
the Euclidean space R".
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Chapter 3

Root Systems

Below are comments relevant to various sections in the text. They are meant
to clarify, amplify, or generalize material in the text. Exercises are optional.

3.1 Axiomatics

3.1.1 Reflections in a euclidean space

We begin with some general comments about euclidean spaces, projections,
and reflections. See Exercises 3.1.2-3.1.7 for details.

Suppose that V' is any vector space over R and that (, ): VxV — R
is a symmetric positive definite bilinear form. Let u € V\0. Then

P=u'={veV|(uv)=0}

is a codimension one subspace, or a hyperspace, of V. When V is finite-
dimensional all codimension one subspaces of V' have this form.
Define a linear function 7, : V. — V by

(u, v)
(u, )
for allv € V. Then m,(v) = v for all v € P as (u,v) = 0 in this case. Observe
that (m,(v),u) = 0 for all v € V. Therefore Im7 C P. The map 7, regarded
as a map from V to P is a linear projection from V onto P.

The projection 7, is singled out from the others by the fact that m,(v) is
the vector in U closest to v, meaning that

Tu(v) =v —

o = mu(v)]] < o =]

7
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for all w’' € U. The reflection o, of V through P is defined by

oy = 2m, — Idy;

thus 2. u)
v, u
ou(v) =v— (4,) u
for all v € V. Note that o,(u) = —u and o,(v) = v for all v € P.
particular
0'3 = Idv,

that is o, is an involution of V.

The following diagram indicates the relationship between 7, and o,.

In

v |
v — 7y (v) |
|
m > p-axis
ﬂu{v) P
\
(V) — v |
ngv)
—Wv:(v’u)uﬂv:—(v’u)uavzwv Ty (V)—=v) = 21, (v)—v
v—y(v) ()™ u(v) ()" w(v) = Tu(v)+H(mu(v) —v) = 27, (v)

The w-axis is the span of u and the “positive” part of this axis is the
set {au|a > 0}. The p-axis is the span of m,(v), which is usually one-
dimensional. Observe that the p-axis lies in P and, of course, all of P
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is perpendicular to u. Also observe that o, is an isometry of V; that is
[low(v)|| = ||v]| for all v € V.

Comments concerning the lemma of the section. Suppose that F' is any
field and V' is a vector space over F'. Then GL(V') denotes the group of linear
automorphisms of V' under function composition. For a non-empty subset &
of V let

Go = {9 € GL(V)[g(®) = ©}.

Then Gg is a subgroup of GL(V) and the restriction map g — gle deter-
mines a group homomorphism 7 : G — Sym(®) from G to the group of
permutations on ®. If & spans V then 7 is injective since Kerm = (Idy) in
this case. Thus if ® spans V' and V is finite-dimensional then Gg is a finite
group.

A codimension one subspace of V' is called a hyperplane of V. From this
point on we will assume that F is of characteristic zero.

Suppose that P is a hyperplane of V|, o € GL(V) fixes P pointwise, and
o(a) = —a for some non-zero « € V. Then a ¢ P since o(«) # «. Thus
V = P®Fa. Since o(p) = p and %(a) = « it follows that ¢ = Idy; that
is o is an involution of V. In particular 0= = o. The lemma of 9.1 is a
consequence of part (b) of the following.

Lemma 3.1.1 Suppose that 0,0’ € GL(V) each fiz a hyperplane of V' point-
wise and that o(a) = —a = o’(a) for some non-zero o € V.

(a) 0 =0’ or T =0'c has infinite order.

(b) Suppose that 'V is finite-dimensional and ® is a finite spanning set for
V. Ifo(®) = D = o'(P) then o =o.

PRrROOF: Part (b) follows from part (a) since o,0’, hence 7 = o’c, belong to
the finite group G4 in this case.

Part (a). Let P, P’ be hyperplanes fixed pointwise by o, ¢’ respectively.
Then POFa =V = P'dFa.

Consider 7 = ¢’c. Then 7(a) = a. Let p € P. Then p = p' + a« for some
p' € P and a € F. Therefore

7(p) =o'(o(p)) =0'(p) =’ (P + aa) = p' —aa = p — 2aa

which shows that (7 — Idy)(p) = —2aa. Since 7(a) = a = Idy(«) the
operator (7 — Idy)? vanishes on p and «. Therefore (7 — Idy)* = 0, or
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equivalently 72 = 27 — Idy. This equation implies 7" = n7 — (n — 1)Idy for
all n > 1.

Suppose that 7 = ¢’c has finite order. Then 7" = Idy for some n > 1.
Therefore Idy = 7 = n7 — (n—1)Idy or nT = nldy. Since the characteristic
of F is zero 0’0 = 7 = Idy from which ¢/ = 0~! = ¢ follows. O

Exercise 3.1.2 Let V be a finite-dimensional vector space over F.
(a) Show that the hyperspaces of V' are the Kerv*’s where v* € V*\0.

(b) Now suppose that FF = R and f = (, ) : VXV — R is a symmetric
positive definite bilinear form. Show that the hyperspaces of V are the u'’s,
where v € V\0. [Hint: Recall that 8, : V. — V* given by Be(u,v) =
B(u,v) = (u,v) for all u,v € V is a linear isomorphism.]

In the next exercise we discuss closest vectors and projections.

Definition 3.1.3 Let V' be a vector space over R and suppose that ( , ) :
VxV — R is a symmetric positive definite bilinear form. Let U be a
subspace of V and v € V. Then u € U is a closest vector in U to v if
[l —ul| <||lv—"4d]] for allu' € U.

Exercise 3.1.4 Let V be a vector space over R and let (, ): VXV — R be
a symmetric positive definite bilinear form. Suppose that U is a subspace of V,
v €V, and u € U is a closest vector in U to v.

(a) Show that (v —u,u’) =0 for all &’ € U. [Hint: Let ¢t € R. Note that
o —ull? < |l — (u+t)||> = [|v = ul|* = 2t (0 — u, tu’) + |||

which implies that 0 < —2t(v — u,u') + t2|[«||? for all t € R. Consider the
cases t > 0 and t < 0 and take limits as ¢ +— 0.

(b) Suppose that v’ € U is also a closest vector in U to v. Show that u = u/'.
[Hint: Compute |[v — o/[|> = ||(v — u) + (u — /)||%. For z,y € V recall that
Iz +yl* = [|||* + [lyl|* if and only if (z,y) = 0.]

By virtue of part (b) for ' € V' there is at most one closest vector in U to v'.

(c) Suppose that v" € V and there is a closest vector v’ € U to v'. For a € R
show that au + v is a closest vector in U to av + v'.

Exercise 3.1.5 Let V be a vector space over R and let (, ): VXV — R be a
symmetric positive definite bilinear form.
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(a) Suppose that U is a subspace of V' and every vector in V has a closest
vector in U. Define 7 : V' — U by m(v) = u, where u € U is the vector in
U closest to v. Show that 7 is linear and 7(u) = u for all w € U. (Thus 7 is
a projection from V onto U.)

(v, u)

u 18 a vector in U
(u,u)

(b) Let u € V\0 and U = u*. For v € V show that v —

closest to v.
Suppose that U is finite-dimensional.

(c) Show that every v € V has a closest vector in U, building an argument
on the following idea: if v € V\U then U is a hyperplane of the subspace
V =U + Fv. [Hint: See part b).]

(d) Show that every v € V has a closest vector in U, building an argument on
the following idea: Let v € V\U and let {uy,...,u,} be an orthonormal
basis for U (use Gram—Schmidt). Then v — (v,u3)u; — -+ — (v, up)u, is
perpendicular to all u € U.

Definition 3.1.6 We will provisionally call the projection of part (a) the
geometric projection of V onto U.

Exercise 3.1.7 Let V be a vector space over R and let (, ): VXV — R be a
symmetric positive definite bilinear form and let U be a subspace of V'

(a) Suppose that there is a geometric projection 7 : V. — U. Show that
V =U&U"' and Kerm = U+,

Suppose that V = UaU*.

(b) Show that 7 : V' — U defined by 7 (u®u’) = u, whereu € U and v’ € U™,
is a geometric projection of V onto U.

(¢) Let 0 : V — V be defined by o = 27 — I. Show that o(u®u’) = u — u’ for
allu e U and v/ € U™

(d) Show that 02 = I and that o is an isometry.

(e) Suppose that v € U\0O and set V = U + Fv. Show that ¢(V) C V and that
oly is the reflection through the hyperplane U of V.

Definition 3.1.8 The map o of part (c) is called the reflection of V' through
U.
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3.1.2 Root systems

For the reader’s convenience we recall the axioms of a root system ® for F.
(R1) @ C E\0 and is a finite spanning set of .

(R2) Let a € F and a € ®. Then aa € ® if and only if a = +1.

(R3) 0,(®) C ® for all a € ®.

2(8, @)
(@, )

The structure of a root system is reflected in the structure of rank 2 root
systems, which are analyzed in detail in 9.3, since:

(R4) <B,a>=

€ Z for all o, 7 € ®.

Lemma 3.1.9 Let ® C FE be a root system for E, let ay,...,a, € ®, let E'
be the span of these o;’s. Then ® = ®NE’ is a root system for E'.

PROOF: Let aw € E'\0. Then the reflection through the hyperplane P, in E’
is 0/, = 04|p. Thus for o € ® it follows that o/ (®') C PNE = ®'. [

Let ® be a root system for £. We have noted in the preceding paragraph
that

G = {0 € GL(E)|o(®) = ®}

is a finite subgroup of GL(E). The Weyl group W of ® is the subgroup of
G generated by the isometries o, where o € ®. Thus W is a finite subgroup
of G and is also a subgroup of the group of isometries of E.

Proposition 3.1.10 Let E, E' be Euclidean spaces with root systems ®, P’
respectively.

(a) Suppose that T : E — E' is a linear isomorphism such that 7(®) = &',
Then 1o 7" = 0 for all v € @ and <7(B3),7(a)> = <3, a> for all
B,a € .

(b) Suppose that 7 € Gg. Then To,T ' = 0y for all a € ® and
<7(B), 7(a)> = <B, > for all B, € P.

(¢) The Weyl group W of ® is a normal subgroup of Gg.
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Proor: Part (c) follows from part (b) and part (b) follows from part (a)
with £ = F' and & = 9.

Part (a). Let a € ®. Then o, fixes P = ot pointwise and o,(a) = —a.
Therefore 70,77 ! fixes the hyperplane 7(P) of E’ pointwise and (1o,771)(7()) =
—7(a) = 07)(7(a)). Since 7(®) = & and 0,(P) = @ it follows that
10,7 HP') = D', As 0,0 (P) = @ as well, we conclude from part (b)

of Lemma 3.1.1 that 7o,7 1 = 07- (@)

Now let 3 € ®. Then 70,7 1 (7(B3)) = 7(0.(8)) = 7(8) — <B,a>7(a).
On the other hand o) (7(8)) = 7(8) — <7(B), 7(a)>7(cv). Thus <8, a> =
<7(08),7(a)>. O

Let E, E’ be Euclidean spaces with root systems &, ®’ respectively. An
isomorphism of root systems ®,d’ is an linear isomorphism 7 : £ — FE’
such that 7(®) = ® and <7(f3),7(a)> = <3,a> for all 3,a € . By part
(a) of the preceding proposition an isomorphism of root systems &, d’ is a
linear isomorphism 7 : E — E’ such that 7(®) = ¢'.

Suppose that a, € R for all « € ® and let " = {a,a|a € O}. It is easy
to see that ®” is a root system if and only if

(rl) aq # 0;
(r2) ap = a_q;

(r3) as = ao,(p);

(r4) <a—5) <B,a>€Z

(67

for all a, 3 € ®. Let ¢ € R be non-zero. Then ®” is a root system with

1 1
a, = ¢ for all « € . ®” is also a root system with a, = TalP = (@.0) for
a a, o

all @ € ®. For since o, is an isometry (r3) holds. The calculation

() oo (53) () 255

establishes (r4). Combining these constructions results in a root system

V= f{a'|a € @),

called the dual root system, where o = % for a € ®. Note
a, o

<BY,a"> = <a, >
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for all a, 3 € ®.
Since 04, = 0, for all @ € R\0 and u € F\0 it follows that

OqVv — Og

for all o € ®. Therefore the Weyl group of ® is the Weyl group of ®".

3.1.3 Examples
Let ® C E satisfy (R1)-(R3). For o € @ observe that

Tao =— —0Oqg

is the reflection of E through the line Ra. See the figure below, which is
derived from the figure of the discussion of 9.2 above, and see Exercise 3.1.7.

U-axis

- ]7 _
—0,(v) v
|
|
|

ﬁ - p-axis

|

|

|
auﬁv)

Note that (R1)—(R3) are satisfied with the 7,’s replacing the o,’s. We will

use the 7,’s to study root systems in R>. First some general observations.
Among all of the pairs o/, € ®, where ' # +a’, choose one «, [

with smallest angle 6 between them. Now 0 < 6 < 7 by definition. (If
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—a € ® then 0 < 6 < 7/2.) We define a sequence in F inductively by
setting ag = a, ;7 = (3, and for ¢ > 2 we let ;1 be the reflection of a;_;
through «;. Thus

Qip1 = T, (1)
for all 7 > 2. By induction

g, ap, g, -+ € P.

Now the angle between «;_; and «; is the same as the angle between «; and
a;+1. Therefore by induction

the angle between «; and a;, is

for all 7 > 0. Since reflections are isometries if follows that

Q, i, Oy, . . . have the same length
and
aq, a3, as, ... have the same length.
The figure below illustrates the construction of ag, ay, as, ... when E = R?.

Q;

T-axis
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Now suppose that F = R*. Since 0 < # < 7 the root « lies between a,
and o, 1 for some n > 0. Let n be the least such integer. Then nf < 27 <
(n + 1)6. Since the angle between «,, and 27 is 0 < 27 — nf < 0 it follows

that @ — nf = 0. Therefore

o=2"

n
If the rank of ® is 2 then n > 2. Evidently

® = {ag,a1,...,0p_1}.

Suppose that —a € ®. We have noted that 0 < # < 7/2 in this case.
Thus —a lies between «,, and a,,,; for some m > 0. Letting m be the
smallest such positive integer we argue as above that

h="_.
m
In particular n = 2m.

The condition (R4) imposes restrictions on m, namely m = 2,3,4 or 6.
Our analysis at this point accounts for the diagram possibilities listed in
Section 9.2. The actual construction requires a bit more work. See Exercises
3.1.11-3.1.12 below. The final touches on the construction of the rank two
root systems are encouraged in Exercise 3.1.15.

Exercise 3.1.11 Let E be a finite-dimensional euclidean space and suppose that
® C E\0 is a finite set.

(a) Show that ® satisfies (R1)—(R3) if and only if ® satisfies (R1)-(R3) with
the reflections o, through the hyperplanes o~ replaced by the reflections 7,
through the lines Fa.

v

(b) Let ®, ={ |v € ®}. Show that ® satisfies (R1) and (R3) if and only if

[|v]]
®,, does. (Note that ®,, is merely the set of normalizations of ®.)

Exercise 3.1.12 Suppose that £ = R? with the usual (positive definite) inner
product and let ® be a rank two system of roots for E. We can assume that
(0,a) € ® for some a € R\0.

(a) Show that ®, = {uy,...,ugn,—1} for some m > 1, where
cos (%z)
U; =
sin (%z)

for all 0 < i < 2m.
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For i € Z we let u; be defined by as above, we let 7; = 7,, be the reflection of
FE through the line Fu;, and we let o; = —7; be the reflection of E through the

hyperplane, or line in this case, uzl

(b) Show that 7;(u;) = ug;—; for all 4,5 € Z. [Hint: Since the u;’s have length
1 observe that 7;(v) = 2(v,u;)u; — v for all v € E. The calculation of 7;(u;)
only involves some basic trigonometric formulas.]

(c) Show that o;(uj) = Uupmq2i—j for all i,j € Z.
d) Show that ® = {ay,...,a2n,—1}, where

(1) if m is odd then ay = aug,a1 = auy,...,a2m—1 = augy,—1 for some
a > 0, and

(2) if m is even then oy = aug, e = aug,aqy = aug and o = buy, a3 =
bus, as = bus, . .. for some a,b > 0.

[Hint: First note that ay = aug and a; = bu;y for some a,b € R\0. Using
part (c) we see that ® = {*aum,t2i, Tbum—142i |1 € Z}.]

e) Suppose (1) or (2) is satisfied. Show that ® = {ay,...,x2,—1} satisfies
(R1)-(R3).

Exercise 3.1.13 Let W,, be the subgroup of isometries of E = R? generated
by the reflections oy, ..., 09m_1 of Exercise 3.1.12.

(a) Show that W, is isomorphic to the subgroup W,, of Sym(Zs,,) generated
by o9,...,02m—1, Where

forall 0 <i¢ < 2m and j € Zoy,.

(b) Show that W,, ~ Da,,. [Hint: Note that 7 = o107 has order m.]

3.1.4 Pairs of roots
Let 5, € &. Then

snoanoz = (1) (G57) =+ () =950, @0




88 CHAPTER 3. ROOT SYSTEMS

where 6 is the angle between a and 3. By convention 0 < 8 < m. Note that
cos?f = 1 if and only if 3 and « are scalar multiples of each other; that is
0 = ta. In this case <f,a> = £2.

Suppose § # +a. Then <3, a><a, > € {0,1,2,3}. Now <8, a><a, 3> =
0 if and only if («, 5) = 0 if and only if a and (3 are perpendicular.

Suppose further that o and (3 are not perpendicular. Then <0, a><a, 3> €
{1,2,3}. Since <f,a> and <a, 3> are integers, one of <f3,a> or <, 3>
is +1. Assume further that ||3]] > ||c||. From

1817 _ <B,a>

lal]*  <a, 5>

[15]1*
[l ?

we conclude that <a, 5> = =£1; therefore

= |<0,a>|. Since <[, a>, <a, 3>
and (o, ) all have the same sign,

cos = <a, B> (—'|<6’a>|> )

2

The values for the quantities described in the table below now fall into place
very quickly; again our assumptions are § # +« and ||5|| > ||a|].

<a,B> <fB,a> cos 0 6 11811%/1]||?
0 0 0 7/2 undetermined
1 1 /2 w/3 1
—1 -1 —1/2 27/3 1
1 2 V2/2 /4 2
~1 —2  —/2/2 3rn/4 2
1 3 V3/2 n/6 3
—1 -3 —/3/2 57/6 3

Lemma 3.1.14 Suppose that 5, € ® and 3 # +a.
(a) If (B,a) <0 then S+« € .
(b) (B,a) >0 then f —a € ®.

ProOOF: Part (b) follows from part (a) with the pair § and —a. To show
part (a). Since (8,a) = («, ), we may assume without loss of generality
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that ||a|| > ||B||. From the table <B,a> = —1 which means f + a =
B —<f,a>a=0,0) € ®. O

Consider the “sequence”
o B=20,0—-a,68,0+a,B+a,..., (3.2)

where 3 # +«. Since (3 is not a scalar multiple of « it follows that 3+ i« #
+a for alli € Z. For i,i7 € Z note that 8+ i = f+ 4« if and only if ¢ = ¢
since o # 0. We order the elements of the sequence by 3 +ia < §+ 7'« if
and only if i < ¢'. Since 0,(8 + ia) = f — (<B,a> + i)« the involution o,
induces an order reversing involution of the sequence.

Suppose that 5+ ia < 3+ i'a. Then

[B+ic, B+i'a) = {B+ja|f+ia X f+ja =X f+ia} = {f+jali<j<i}

is the segment with endpoints 3 + i and [+ i'«. Since o, induces an order
reversing involution of the sequence

oo([B +ia, B4+ia]) =3 — (<B,a> +1i)a, B — (<B,a>+i)a]. (3.3)

Suppose that G+ la & ®. Assume (5 + ko, B+ ma € @, where k < £ and
¢ < m. Let k be the largest such integer and m be the smallest. Then k < ¢
and (0 + ka)+a ¢ ® and £ < m and (6 + ma) — a ¢ &. Therefore

(B+ ka,a) £0  and (B + ma,a) #0,
by Lemma 3.1.14, or equivalently
(B,a) + k(a,a) >0 and (B,a) + m(a,a) <0
from which (kK —m)(a, @) > 0, a contradiction. we have shown
B+ia 2 B+iaecd implies B +ia, B+7ia] C®. (3.4)

Now 5+ (—=0)a = 4+ 0a = 8 € ®. Since @ is finite there are largest
non-negative integers r,q such that g + (—r)a, 5 + g € ®. 1In light of
(3.4) it follows that the set of all roots in the sequence (3.2) is the segment
B+ (—r)a, B+ qal, called the a-string through [3. Since o, is injective and
0a(P) C O,

6+ (=r)a, B+qa] = [B— (<B,a>+ @)a, B = (<B,a>+ (=r))a] (3.5)
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by (3.3). Therefore
<B,a>=r—q. (3.6)

Using the table we see that <, a’> < 3 for all ',/ € ®. Since §' =
—(B+ (—r)a) and 3" = 3 + g are roots, the calculation

2r+q)=<(r+qa,a>=<p'+ 8", a>=<f,a>+<8",a> <6
shows that r + ¢ < 3. Therefore roots strings have length at most 4.

Exercise 3.1.15 Use the table on page 45 of the text together with Exercises
3.1.11-3.1.12 to construct the rank 2 root systems.

3.2 Bases and Weyl Chambers

3.2.1 Bases and Weyl chambers

The existence of a regular element is a consequence of the following lemma.
We first note that a vector space V of dimension at least 2 over an infinite
field has an infinite number of one-dimensional subspaces. Indeed let {vy,vo}
be a linearly independent subset of V. Then the v; + avy’s, where a € F,
span different one-dimensional subspaces of V.

Lemma 3.2.1 Let V be a finite-dimensional vector space over and infinite
field F and suppose that V.= Vi J--- |V, is the union of a finite number of
subspaces. Then V; =V for some 1 <1 <r.

PrROOF: We may as well assume that Dim V' > 2. Note there are an infi-
nite number of codimension one subspaces of V. For the codimension one
subspaces of V' are the Ker f’s, where f € VV*\0, and these kernels are in
one-one correspondence with the one-dimensional subspaces of V*. By our
assumption V* is at least two-dimensional.
Let V be a codimension one subspace of V.. Since V = (VO\V)U - UVNV;)

it follows by induction on Dim V' that V = V(V;, or equivalently V C V;,
for some 1 < ¢ < r. Thus some V; contains two different codimension one
subspaces V, V' from which V =V + V' CV; follows. [

Corollary 3.2.2 Let V be a finite-dimensional vector space over F and let
U, Uy, ..., U, be subspaces of V.. Suppose that U C \J,_,U;. Then U C U; for
some 1 < <r.
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PRrROOF: By assumption U = |J;_,(UNU;) and therefore U = UNU;, or
equivalently, U C U;, for some 1 < ¢ < r by Lemma 3.2.1. [

Some comments on the proof of 10.1 Theorem’.

(1) Write ®@*(y) = {84, ..., 5.} where (v,8) <--- < (7, ,) and use induc-

tion on 7.

(5) Let A ={ay,...,a,} be anylinear basis for F and suppose that ay, ..., a, €
F. Then there is a v € E such that (v, ;) = a; for all 1 <i < n.

To see this observe that there is a linear functional f € E* such that
fla;) =a;forall 1 <i<n. Now = (, ) is anon-degenerate bilinear form.
Therefore 3, : E — E* is a linear isomorphism. This means f = [3,(y) for
some v € E. Thus

a; = f(a;) = Be(7) () = By, ai) = (7, i)
forall 1 <i<n.

There is quite a bit to say about the Weyl chambers. Let o € GL(E) be
an isometry. Then (o(u),o(v)) = (u,v) for all u,v € E. Consequently

for all u € E. This means that ¢ € VW permutes the set of codimension one
subspaces {P, |« € ®}. Therefore

U(Uaeq)Po‘) - Uaeq)Pa

which means that
o(X)=X
where

X = E\(Uae oFa):

By definition the vectors in X are regular. The vectors in Uaeq)Pa are
singular.
The distance function

d(u,v) = ||lu —v|| = /(v —v,u —v)

for all u,v € F gives F the structure of a metric space. We will assume some
of the elementary facts about the resulting topology without proof.
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All linear endomorphisms of E are continuous. In particular all linear
automorphisms of £ are homeomorphisms of E. Consequently all o € W
permute the connected components of X, the Weyl chambers of E. For
v € X let C(7y) be the Weyl chamber (connected component of X') containing
~. Then

a(C(7)) =C(a(7)) (3.7)

for all o € W.
We will next determine the connected components of X. Let a € ®.
Since f¢(a) : E — R is continuous,

Py ={y € E|(a,7) >0} = By(a) 7 ((0,00))

and
By ={y€ E|(a,7) <0} = Bi(a)((~00,0))

are open subsets of E hence of X. Let ® = {ay,...,a,} be a listing of the
elements of ®. Since £ = P;UP,UP, is a partition of E it follows that

X = B\ _gP)
= (), pE\Ps

= ﬂaeq)<P;UPa_)

is the union of disjoint open subsets of £. Once we show that the Py'n---NPy’s
are connected it will follows that the non-empty ones are the connected com-
ponents of X.

Let v, € X. Then ¢ : R — FE defined by

p(t) =ty + (1 —1t)y
for all t € R is continuous. Thus
e([0,1]) ={ty + (1 =ty |0 <t < 1}

is connected since it is the continuous image of a connected set. Let a € ®.
We may assume without loss of generality that (v, a) < (7', «). Thus

{(ayty + (1 = 1)) [0 <t <1} = [(a,7), (@, 7).
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At this point the reader can see that ~,7" € PiN---NP}" implies that
the line segment ¢([0,1]) € P7iN---NP}" also. Therefore PN --- NP is
connected.

If the Weyl chambers were defined as the PN --- NP} in the first place
then one could deduce (3.7) from the fact that ¢ € W is an isometry and
one could deduce that the chambers are convex subsets of X.

As a matter of convenience here we show that any a € ® belongs to a
base.

Proposition 3.2.3 Let ® be a root system for E. Then any o € ® belongs
to a base.

Proor: For 5 € ® observe that P, = Pj if and only if # = . Thus

Fo Z Uﬁ#apﬁ

by Corollary 3.2.2. Choose u € P, such that u ¢ Pg for all 3 # +a.
For 3 # +a the function fg: R — R defined by

fo(t) = |(B,u+ —=)| -t

(@, q)

is continuous. Since f3(0) = |(5,u)| > 0 it follows that 0 € Op = fﬂ_l((O, 00))
and thus 0 € (;,,,0p. This intersection is an open subset of R and thus
contains a t > 0.

t
Let 7:u+—a

(o, @)

Therefore o € ®7(y) and is indecomposable. []

Then (a,y) = t and [(8,7)| > t for all § # *a.

Let w € W. Since o is an isometry (u,v) = (o(u),o(v)) for all u,v € E.
Thus if A is a base o(A) is a base and, using (3.7), it follows that

a(A()) = Ale(7)) (3.8)

for all v € X.

Now A C C(v) for some v € X. By definition (v, ) > 0 for all o € A,
and C(A) = C(~). Suppose that v € X and (7/,«) > 0 for all « € A. Then
(', 8), (v, B) have the same sign for all 5 € ® since A is a base. Therefore

CA)={y eX|(®,a)>0 forall o€ A}. (3.9)
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Exercise 3.2.4 Show that the conclusion of Lemma 3.2.1 holds when

a) F'is an infinite field and Vj,...,V, is replaced with a family of subspaces
{Vi}iez, where |Z| < |F|, or

b) F'is a finite field and r < |F|.

3.2.2 Lemmas on simple roots

No particular comments.

3.2.3 The Weyl group

Comments on the proof of the theorem of the section:
(a) See Equation 3.9.
(c) See Proposition 3.2.2.

We define ¢(o) = 0 if 0 = 1 is the identity of the Weyl group. Suppose
that 0 € W\1. Then o = g,," - -04,, where a1, ...,a; € A. Let ¢(0) be the
smallest possible ¢. In any case ¢(o) is the length of o which is a non-negative
integer.

We can associate another non-negative integer to o € W as well. Let
n(o) be the number of negative roots in the set {o(3) |3 € A}. Observe
that n(1) = 0 as well.

Suppose that ¢(0) =t > 0 and write 0 = 04, - - - 04, as above. Then

Uo)=l0n, Ony) =l00a,) + 1.

We will show that n(c) = n(oo,,) + 1 as well. Since o,, permutes ® "\, by
Lemma B of §10.2, it follows that

{o(8)18 € @\au} = {000,(00,(8) | B € DT\ } = {004,(8) | 3 € 2 \eu}.

Now
o(ay) = 0ny+0Oay_, () € BT

by the corollary in §10.2, and thus
00a () = 0(—ay) = —0(oy) € BT

Therefore n(o) = n(oo,,) + 1. We have proved Lemma A by induction on

l(o):
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Lemma 3.2.5 ((0) = n(o) for allc € W. O

Concerning Lemma B, we write C(A) = PJ'N---P}" as in the notes on
§10.1, and note that

C(A) - C(A)Upal' ' 'UPar

as PJiUP,, is closed for all 1 <14 <.

3.2.4 Irreducible root systems

Let E be a Euclidean space. A subset S C E is reducible if S is the union
of non-empty subsets S’ and S” such that (s',s”) = 0 for all s € S’ and
s” € S§”. Note that S'NS” = () when 0 € S. The set S is irreducible if it is
not reducible.

By definition the empty set is irreducible. Observe that any singleton
subset of E is irreducible. If 0 € S then S is irreducible if and only if
S = {0}. In particular {0} is a maximal irreducible subset of E.

By Zorn’s Lemma every irreducible subset of S is contained in a maximal
irreducible subset of S. The latter are called irreducible components of S. At
this point it is not hard to establish:

Proposition 3.2.6 Let E be a Euclidean space and suppose that S is a sub-
set of E. Then:

(a) S is the union of its irreducible components.
(b) Any irreducible subset of S is contained in an component of S.

(¢) Suppose S" and S” are different irreducible components of S. Then
S'NS" =0 and (s',s") =0 for all s € S" and s" € S”.

g

Now suppose that FE is finite-dimensional and that ® is a root system for
E. Write ® = ®,U - - - U®P, as the disjoint union of its irreducible components
and let F; be the span of ®; forall 1 <¢ <r. Then F = Fy+---+ E, is
an orthogonal direct sum and ®; is a root system for E; for all 1 <7 < r.
Thus understanding root systems boils down to understanding irreducible
root systems.
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Let U be a subspace of E. Then £ = U®U™; use the Gram-Schmidt
process. If ¢ is an isometry of £ and o(U) C U then o(U) = U, thus
o(Ut) C U*. In particular, if U is o-invariant then U” is o-invariant as
well.

Lemma 3.2.7 Let E be a finite-dimensional FEuclidean space, let v € E\0,
and let U be a subspace of E. Then:

(a) Ifve U then U and Ut are o,-invariant.

(b) Suppose that U is o,-invariant. Then v € U orv € U™.

2(u,v)
v,
u € F shows implies that U is o,-invariant. To complete the proof of part

a) we note that o, is a isometry of E.
Suppose that U is o,-invariant. Then U™ is as well. Write v = v’ + v”,
where v' € U and v" € U+. Since E = U®U™, the calculation

PROOF: Suppose that v € U. The formula o,(u) =u — v for all

—(' + ") = —v=0,(v) = 0,(v) + 7,(v)

shows that —v' = 0,(v") and —v” = g,(v"). Thus

/
’:<U’v)v and 0" = v.
(v, v) (v, v)
Since (v',v") = 0, we deduce from the two preceding equations that (v/, v)(v",v) =

0. Therefore one of (v',v) or (v”,v) is zero, that is v = v” or v = v'. We have
established part b). O

Corollary 3.2.8 Let E be a finite-dimensional Euclidean space, let ® be a
root system for E, and suppose that A C ® is a base. Then ® is reducible if
and only if A is reducible.

PROOF: Suppose that ® is reducible and write ® = ®'U®”, where &', "
are non-empty and (o/,a”) = 0 for all &/ € ® and o” € ®”. Let A’ = ANP’
and A” = AN®”. Then A = A'UA” and (o/,a”) = 0 for all &/ € A’ and
o"e A" If A’ =0 then A C ®” and hence ®" = () since A is a basis for F.
Thus A’ # (). Likewise A” # () and therefore A is reducible.

Conversely, suppose that A is reducible and write A = A'UA”, where A’
and A” are not empty and (o/,a”) = 0 for all &/ € A" and o € A”. Let
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U be the span of A’. Then U+ is the span of A”. Now the reflections oy,
where a € A, generate the Weyl group W. Therefore both U = U++ and
U+ are invariant under all o € W by part (a) of Lemma 3.2.7. This means
that ® = (UN®)U(U+N®) by Lemma 3.2.7 again and the theorem of the
preceding section. We have shown that ® is reducible. [J

Let A be any linear basis for £ and for v € E write v = ) A v, where
Vo € R for all @ € A. For u,v € E the relation u < v if and only if u, < v,
for all & € A defines a partial ordering on E. Roots can be compared in
terms of this partial order and also in terms of the height function. Here is
a refinement of Lemma A.

Lemma 3.2.9 Let E be a finite-dimensional Euclidean space, let ® be a root
system for E, and suppose that A C ® is a base.

(a) There exists a unique root 3 € ® maximal with respect to the partial
order <.

(b) There exist unique oot (3 € ® of mazximal height.
(c) B=4

(d) (B,a) > (B,a) >0 for all positive roots o« € ® and (B, ) > 0 for some
a e A.

(€) B=">2",ca kaex, where k, is a positive integer for all @ € A

PROOF: Let 3’ € ® have maximal height. Then (' is maximal with respect
to the order <. Thus parts b) and c) follow from part a).

Let 3 € ® be maximal with respect to the order <. Then 3 € ®*. We
first show part d).

Suppose that (3, a) > 0 does not hold for all « € ®*. Then there exists
a a € ®F such that (8,a) < 0. Therefore 3 # +a and 3+ «a € ®. Since
a € & we have 3 < B+ a. As 3 # 3+ a we have a contradiction. Thus
(B,a) > 0 for all @ € ®T after all. Since A is a basis for E it follows that
(8,a) # 0 for some o € A. Since o € ®T necessarily (3, a) > 0.

To complete the proof of part (d), let o € ®. If (3,a) = 0 then
(6,8) > (B,a) = 0. In light of the preceding paragraph we may assume
that (3,a) > 0. Thus 3 —a € ® Ifa— 3 € & then a = (a — [) + 3
is the sum of positive roots and the maximality of § is contradicted. Thus
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B —a € ®* from which we deduce that (3,3) — (3,a) = (8,3 —a) > 0. We
have established part d).

To show part (e), write 3 = > A kaor, where k, is a non-negative integer
for all @ € A. Let A" ={a’ € A|ky >0} and let A” = {a” € A |k = 0}.
Then A is the union of A" and A”. Now (a,a’) < 0 for distinct a,a’ € A.
For o € A" we calculate, using part (d), that

0<(8,a") = ku(e,0") <0

a’eA’!

shows that (o/,”) = 0 for all o € A’. Since A is irreducible and A’ is not
empty, A” is empty.

Finally we show part (c). Suppose that 4" is also maximal with respect
to the partial order <. Then (3,3") = > ca ka(a, 8”) > 0 by parts d) and
e). Suppose that § # +5”. Then f— 3" € &. One of f— (" or " — 8
is positive. In the first case § = (8 — 3”) + " is the sum of positive roots
which contradicts the maximality of 5”. In the second case the maximality
of (3 is contradicted. Thus = 4". O

Recall that a subgroup G of GL(E) acts on E by the rule o-v = o(v) for
all 0 € G and v € E. The action is irreducible if the only subspaces U of £
for which o(U) C U for all 0 € G are E and (0). A paraphrase of Lemma B
is:

Lemma 3.2.10 Let E be a finite-dimensional Fuclidean space and let ® be
an irreducible root system for E.

(a) The Weyl group acts irreducibly on E.
(b) For a € ® the span of {o(a)|o € W} is E.

PROOF: Let U be a subspace of E and suppose that o(U) C U for all o € W.
Let ' = ®NU and ®” = ®NUL. Then & = &'UP” by Lemma 3.2.7. Since
® is irreducible, ® = ®, in which case U = E, or ® = (), in which case
®" = &, U+ = F and thus U = (0). We have shown part (a).

As for part (b), if & € ® then the span of {o(a) |a € ®} is a W-invariant
subspace of E which must be £ by part (a). OJ

Here is a refinement of Lemma C.

Lemma 3.2.11 Let E be a finite-dimensional Fuclidean space and let ® be
a root system for E. Then:
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2
() Suppose 0. € & and ] < 3] Then (0.5) =0 or I1E 1,25
(b) Let oy, ..., € ®. If (o, 05) # 0 for all 1 < i, <1 then at most two

root lengths occur among {ayq, ..., a,}.

(c) Suppose that ® is irreducible. Then at most two root lengths occur
among P.

PrOOF: To show part (a) we may assume that 3 # £« and («, 3) # 0. In
this case |<f,a><a,f>| < 3 so the absolute value of one of the integers
1BI* _ <B,a>
lal]?  <a, 5>’
part (a) now follows. Part (b) is a direct consequence of part (a).

To show part (c), let a, 3 € ® and suppose that ||a|| < ||5]]. By part
(b) of Lemma 3.2.10 there is a ¢ € W such that (5,0(a)) # 0. Thus
[
llal[> — [lo(a)|[?
with [[a][ < [[B]| < le]] as

4 (1R ()
el = \18IE ) \Jlel?) =557

Lemma 3.2.12 Let E be a finite-dimensional Fuclidean space, let ® be a
root system for E/, and let A C ® be a base. Then the unique root of mazximal
height is a root of maximal length.

<f,a>.<a, 3> 1is 1 and that of the other is 1, 2, or 3. Since

= 1,2, 3 by part (a). Therefore there cannot be roots «, (3, €

g

PROOF:
O

3.3 Classification

3.3.1 Cartan matrix of ®

We begin with a brief review and slight generalization of relevant material.
Let E be an Euclidean space and suppose that v € E\0. The reflection
0, : E — E through the hyperplane P, = u' is given by
2

(v.u)

(u, )

ou(v) =v—
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for all v € E. Set
2(v,u)  2(v,u)
<v,u> = = .
(w,u)  full

Then by definition
ou(v) = v — <v,u>u

for all v € E. Note that <v,u> and <u,v> are both zero or they both have
the same sign.

Suppose further that v € E\0. Using the Cauchy—Schwartz inequality
with the calculation

<vm<u= (o) (o) =+ (W)

we conclude that

<v,u><u,v> = 4cos>f,

where 6 is the angle between the vectors v and v. (Recall that 0 < 6 < 7 so
the cosine of 6 determines 6.) In particular

0 < <v,u><u,v> < 4,

with <v,u><wu,v> = 4 if and only if u and v are scalar multiples of each
other.

Observe that <u,v> = 0 if and only if (u,v) = 0 if and only if <v,u> =10
which is the case if and only if v and v are at right angles to each other.
Suppose that (u,v) # 0. Then

<v,u> ||v]|?

<u,v>  |Jul]?

Suppose that ® is a root system for E. Then <3, a> € Z for all 5, € ®.
We shall assume that 5 and o are non-proportional roots and ||| < ||B|| in
the sequel. Thus

<fB,a><a,>=0,1,2, or 3.

We analyze the possibilities.

Case 0: <f,a><a, 3> = 0. This is the case (a, ) = 0. Thus <f,a> =
0=<a,(>.

In the remaining cases («, 3) # 0.
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Case 1: <f,a><a, 3> = 1. Here

<pB,a>=<a, > ==+1;

thus
B[] = Il
Since 4 cos? # = 1 we observe that
3 (a, B) > 0;
0 =
Z . (a,8)<0.

Case 2: <f3,a><a, 3> = 2. Here

<a,f>==41 and <fG,a>=2<a,(>

and
1811 = vV2l|al.
Since 4 cos? # = 2 we observe that
vy (a,3) > 0;
0 —
o (o, p) <.

Case 3: <f,a><a, 3> = 3. Here

<a,>==41 and <f,a>=3<aqa,[>

and
1811 = V3llal.
Since 4 cos? § = 3 we observe that
5 (a, B) > 0;
0 =
% o (a,8) <0,

Now let A be a base for ® and let

A:{Cl/l,...,a/g}
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be a listing of the distinct elements of A. Recall that
Rank ® = ¢ = Dim E.

The Cartan matriz of ® is C = (<, a;>). Since <o, a> =2 for all a € ®
it follows that the diagonal entries of C are all 2.

Suppose that «, 6 € A are different. Then « and 3 are non-proportional
roots and

(o, B) < 0.

We revisit the cases above.

Case 0: <f,a><aq, > = 0. This is the case (o, 3) = 0; thus <g,a> =
0=<a,(>.

In the remaining cases (o, 3) # 0.

Case 1: <f,a><a, (3> = 1. Here
<p,a>=<a,f>= -1,

18] = lel;

and 9
T
0= —.

3

Case 2" <f,a><a, 3> = 2. Here

<a,>=-1 and <f,a>= -2,
1811 = V2||al,
and 5
T
0=—.
4

Case 3: <(,a><a, 3> = 3. Here
<a,f>=-1 and <f,a>= -3,

1811 = V3llal,
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and
- 5%

6
The off-diagonal entries of C are thus zero or negative. For distinct 1 <
i,7 < € both of <y, a;>, <, a;> are zero or one is —1 and the other is —1,
—2 or —3. The four possibilities fit unambiguously into the four cases just
described.
There is only one possible root system (up to isomorphism) with given
Cartan matrix.

0

Proposition 3.3.1 Suppose that A = {ay,..., o} and A" = {af,..., o)}
are bases for rank £ root systems ® for E and ® for E' respectively. Suppose
further that <a;, a;> = <aj, o> for all 1 < i, j < . Then there is a linear
isomorphism ¢ : E — E’ which is an isomorphism of the root systems ®
and ®’.

ProOF: We sketch a proof. Before continuing review the discussion following
the Lemma of §9.2 in the text.
Since A and A’ are bases for E and E’ respectively, the set bijection
A — A’ given by «; — o) determines a linear isomorphism ¢ : £ — E’.
Since <a;, ;> = <aj, o> = <¢(a;), p(a;)> for all 1 < i, j < £ it follows
that
Ua;(ﬁf)(%‘)) = ¢(0a, ()

for all 1 <14,5 < /¢, or equivalently, since A spans E, that
o-agogb = ¢Ogai

for all 1 <14 < £. Since W is generated by simple reflections, goWop—t C W',
Replacing ¢ by ¢! gives ¢~1oW'o¢p C W. We have shown that goWWop~! =
W'

To complete the proof we need only show that ¢(®) = ®'. Let 3 € ®.
Then 3 = 7(q;) for some 7 € W and 1 < i < /; see part ¢) of the theorem of
§10.3 of the text. The calculation

3(B) = (dorod™")(¢(aw)) = (dorod™") () € (poWoo™!)(ap) € W'(e) C @

shows that ¢(®) C ®'. Replacing ¢ by ¢! gives ¢~ 1(®') C ®. Therefore
H(®) = ®' as required. [
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3.3.2 Coxeter graphs and Dynkin diagrams

See the case discussion for §11.1

3.3.3 Irreducible components

See the discussion of irreducible components for §10.4.

3.3.4 Classification theorem

This is very nicely written — no further comments.



