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FLUID-LIKE BODIES

MIROSLAV BULICEK, EDUARD FEIREISL, JOSEF MALEK,
AND ROMAN SHVYDKOY

ABSTRACT. We study a system of equation governing evolution of in-
homogeneous fluid-like bodies (granular fluid) disregarding effects of
viscosity. A local well-posedness theory is developed on a bounded
smooth domain with no-slip boundary condition on velocity and van-
ishing gradient of density. The cases of open space and periodic box are
also considered, where the local existence and uniqueness of solutions is
shown in Sobolev spaces up to the critical smoothness 5 + 1.

1. PROBLEM FORMULATION

We consider a system of partial differential equations:

(D) div,v =0,
2) Oo+v-Vgz0=0,

< . . . 5 2
3) o atV+d1Vm(V®V)> + Bdiv,(V,0® V,0) = —V,p+ §Vx’vmg| :

where § > 0 is a given constant, the unknowns ¢ = o(t,z), v = v(¢,x),

(and p = p(t, x)) are functions of the time ¢ € (0,7") and the spatial coor-

dinate z € ) - a bounded regular domain in the Euclidean space R?.
Problem (1) - (3) is supplemented with the boundary conditions

(4) V- n|ag = O

1991 Mathematics Subject Classification. 76A05; 35A01.

M. Bulicek thanks Jindfich Necas Center for Mathematical Modeling, the project
LC06052 financed by MSMT, for its support.

The work of E. Feireisl was supported by Grant 201/09/0917 of GA CR as a part of the
general research programme of the Academy of Sciences of the Czech Republic, Institu-
tional Research Plan AV0Z10190503.

J. Mélek’s contribution is a part of the research project MSM 0021620839 financed by
MSMT; the support of GACR 201/09/0917 is also acknowledged.

This work was initiated during the visit of R. Shvydkoy at Jindfich Necas Center for
Mathematical Modeling, the project LC06052 financed by MSMT. R. Shvydkoy also ac-
knowledges partial support of NSF grant DMS-0907812.

1



2 M. BULICEK, E. FEIREISL, J. MALEK, AND R. SHVYDKOY

and

(&) Vi0lon = 0.

The initial state of the system is determined by the initial conditions
(6) 0(0,+) = 00, v(0,) = vo,

where oy and vy satisfy the boundary conditions (4)—(5).
Applying the gradient to (2) we obtain the evolution equation for co-
vector V. 0:

(7) OV 0+ [VaVeo] v+ (Vav) Vi = 0.
From (7) we obtain the balance relation
) WV aol* + v - Va|Va0|* +2V,v : (Va0 ® Vep) = 0,

where A : B denotes Tr[A - BT]. It follows immediately from (8) that
property (5) is transported by the flow provided all quantities are smooth.
Thus the boundary condition (5) remains valid for any smooth solution of
system (1) - (4) provided that it is imposed on the initial datum oq. In
particular, the density o remains constant on each connected component of
0N). Saying differently, when dealing with smooth solution (i.e., those that
have the velocity field at least in L' (0, T'; W1>°(Q))) we could replace (5)
by the requirement that V9, = 0 on 0.

The system of governing equations (1)—(3) describes the motion of inho-
mogeneous incompressible fluids in which there are no entropy producing
mechanisms. The model can be viewed as a generalization of the incom-
pressible Euler system, considering gy = const > 0 in (6), and the incom-
pressible inhomogeneous Euler system, obtained formally from (1)-(3) by
setting 5 = 0.

In order to make the relation between (1)—(3) and the inhomogeneous
Euler system more precise, let us recall that isothermal processes in fluid-
like-bodies are characterized by the balance of mass and balance of linear
momentum

) 0+ odiv,v=0 and pv=div,T
completed by the reduced thermodynamical identity
(10) T:D(v) — ot = (.

See for example Mélek and Rajagopal [12] for details and as a general ref-
erence for the derivation of the model that we briefly summarize in the
following lines.

In the above equations, p stands for the density, v is the velocity, D(v)
the symmetric part of the velocity gradient, T is the Cauchy stress, 1) is the
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Helmholtz potential, ( is the rate of entropy production and 2 = 0;2+V z-v
for any scalar quantity z.

The second law of thermodynamics is fulfilled if ¢ > 0. In what follows
we set

(11) (=0 andy =10, V,0).

Inserting (11) into (10), and using (9); for incompressible fluids (div,v =
0) and (7), we obtain

0 1/ 0
(12) (S -0 <8V¢g Q@ Vz0— 3 (avwg -ng) I)) :D(v) =0,

where S =T — (% Tr T) I =: T + pl is the deviatoric part of the Cauchy
stress and p is the mean normal stress (the pressure). It follows from (12)
that

0 1/ o
= _— = . I
(13) S=o (ng ® V.o g (ng ng) ) ,

which implies that

B oY 1 oY
(14) T=—-pl+0p (8Vmg Q@ Vz0 3 (vag Vw) I) )

Choosing 1; of the form

D(0, Vi0) = 11(0) + 2%\%@!2

and inserting it in (14), and then the result into (9), we finally obtain (1)—(3).
Obviously, if we assume that 1; in (11) depends on p but is independent of
V.0 then we end-up with T = —pl. Inserting the last equation into (9) we
obtain the inhomogeneous Euler equation.

From the mathematical viewpoint, system (1) - (3) is a rather non-standard
hyperbolic system of first order equations. Our goal is to show local-in-time
existence of strong solutions in the framework of Sobolev spaces for any
sufficiently regular initial data gy, v, satisfying the boundary conditions
(4), (5). Problem (1) - (6) is closely related to the inhomogeneous Euler
system studied by Beirdo da Veiga [2], Beirdo da Veiga and Valli [3], [4].
Besides, there is a vast amount of literature devoted to the classical incom-
pressible Euler system, see Bourguignon and Brezis [5], Ebin and Marsden
[7], Kato and Lai [9], Temam [14], among others.

In light of these results, the initial-boundary value problem (1) - (6) seems
to be well-understood. However, there are additional difficulties related to
the presence of the quadratic term div,(V,0 ® V,p) that make the proof
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rather delicate. At the first glance, we face a problem with “loss of deriva-
tives” as div, (V.0 ® V,p) is apparently not controlled by the standard
energy norm. On the other hand, it is not difficult to check (see Section 2 be-
low) that difficult term disappears, at least at the level of a priori estimates,
because of cancelation of certain terms in the energy balance. This fact was
also observed by Lin et al. [10], where the authors establish local existence
of regular solutions for the Cauchy problem for a system closely related to
(1) - (3). However, the technique used by Lin at al. [10] does not apply
directly to our case because the system of equations considered in [10] does
not contain the density in the material derivative in (3). Accordingly, the re-
sulting problem in [10] may be rewritten as a symmetric hyperbolic system
in terms of two new variables - the velocity v and the density gradient Vo
- that can be solved by a standard approximation scheme. Such a reduction
is impossible in the present setting due to the dependence on p. As a matter
of fact, introducing three phase variables v, o, V.0 would lead to a system
very similar to the inhomogeneous ideal magnetohydrodynamics equations
studied by Secchi [13]. It is worth noting that the corresponding local exis-
tence result obtained by Secchi [13] requires the density gradient V.o to be
small - a rather restrictive hypothesis in the context of (1) - (6).

Our approach is based on a priori estimates derived in Section 2. Solu-
tions are then constructed by means of the Galerkin method proposed by
Temam [14]. This technique put in the abstract framework was later de-
veloped by Kato and Lai [9]. In contrast with [9], however, our function
spaces framework is based on spaces of solenoidal functions and a result of
Ghidaglia [8] concerning regularity of solutions to certain elliptic problems
posed in these spaces, see Section 3.

The existence theory established in Section 3 for the framework of Sobolev
spaces of integer order (in smooth bounded domains) is extended in Sec-
tion 4 to the framework of the fractional Sobolev spaces (embedded into
Wt (Q) for the velocity). We however restrict for simplicity to the spa-
tially periodic or Cauchy problem here. Our procedure is based on approx-
imation of initial data by functions in higher integer Sobolev spaces (then
the theory established in Section 3 is applicable) and new uniform estimates
in fractional Sobolev spaces. Using them we can easily take the limit and
conclude the existence result.

2. A PRIORI ESTIMATES

A priori estimates are derived under the principal hypothesis that all
quantities appearing in (1) - (6) are smooth enough. They are purely for-
mal and serve only to identify the function spaces framework used in the
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existence proof. Most of them depend effectively on the length of the time
interval (0,7") and/or on the size of the initial data.

For simplicity and without loss of generality, we set 5 = 1 in what fol-
lows.

2.1. Uniform unconditioned estimates. We assume that initially the den-

sity satisfies uniform estimates

(15) 0 <mg < go(xr) < My < oo, forall x € .

As o satisfies the transport equation (2) we immediately obtain that

(16) 0<my<o(t,z) < My < oo, forall z € Q,t > 0.
Multiplying Eq. (3) by v and using (2) and (8) we deduce after integra-

tion over ) the energy balance

(17) / (olv]* +|Va0?) (t,2) do = / (00[vol® + |Va00|?) (2) da,
Q Q

for any ¢ > 0. Unfortunately, estimates (16 - 17) seem to be the only a
priori bounds that are independent of the length of the time interval. Note
that (8) yields

t
(18)  |Vao(t,z)” < cexp (/ VeVl oo (ms) dT) SUS IV 200(2)]?
0 S

forany t > 0, x € €,

however, uniform bounds on the velocity gradient Vv are out of reach of
our approach.

2.2. Pressure equation. A proper control of the pressure plays a crucial
role in problems involving the incompressibility constraint (1). Unlike its
thermodynamic counterpart that is an explicitly given function of the den-
sity, the pressure in “incompressible” problems is viewed as a kind of La-
grange multiplier maintaining (1) in force and implicitly related to the mo-
tion.

Dividing (3) by o and applying div,, to both sides of the result we deduce

1 1 1
(19) —div, (vap) = div, (Edivx (ng ® Vy0— gyvxg\%))
+ div,div,(v @ v).
Moreover, as v satisfies the impermeability boundary condition (4), we have

mv:V,v=pv-Vy(v-n)—pvev:V,n=—pvRv:V,n
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on 0f). Therefore, after a simple manipulation, we conclude from (3) and
(5) that

(20) V.p-n=pV,n:[v®v]ond.

It appears that the highest derivative of density in (19) is of order 3, which
gives a gain of one derivative of o over p. This will not be sufficient to close
estimates below. We will show however that the highest order derivative
can be absorbed by the pressure giving rise to a modified pressure. More
specifically, let us consider

2
(21) H=p+vaﬁ

Using I, the momentum equation (3) takes the form

1
ov+divy(vev)+ Edivm(vxg ® V,0)

1

(22) 1
= —~V, I+ -V,|V.0|*
0 0

Taking divergence we obtain
: 1 o
—div, (—Vxl_[) = div,div, (v ® v)
%
1
(23) + div, (—divm(VxQ ® Vmg))
0
: 1 2
—div, | =V.|V.0|” | .
0
The velocity tensor can be written as
divdiv(v® v) = Vv : (V,v) '
For the remaining part of the right-hand side of (23) we have
: L. . 1 9
div, Edlvx(va X Va:@) — div, vawa‘

1 1 1
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in view of the indentity V0 - V,V,0 = %VAVIQF,

= div <1VIQAQ> — 1div <1V1«]Vmg|2>
0 2 0

1 1 1
= _E|ng‘2AQ + E|AQ|2 + va@ - V. Ap

1 1 1
. __QVIQ'Vxle:QF—{__A‘VIQ’Q
2\ o 0

in view of the identity A|V,0|> =2V, 0- V,Ap + 2|V§U2)Q|2,

Aol? — V;(L«Q)g 2 1 /1
- | | Q| | + E §Vm9 : vm|vm9|2 - ’va|2AQ .

Here V' o denote the full second gradient (0,50)ij-
We may rewrite (23), (20) in the form of an inhomogeneous elliptic Neu-
mann problem

2
v, 180k - 9P
0

4)  —div, (évm) = V,v: (V,v)

1 /1
T (5%9 Vo Vol - |Va:Q|2AQ)
(25) VIl n‘aﬁ = van : [V ® V”aﬁa
and we fix the pressure by prescribing the mean value as fQ IT = 0 for a.a.
t e (0,7).

Note that, as a consequence of (5), the density o is constant on the bound-
ary with its value being determined by the initial data.

2.2.1. Elliptic estimates. Before we start, we introduce a family of Hilbert
spaces H™(€2) of functions defined in {2 and having m generalized deriva-
tives square integrable. The spaces H" are endowed with the scalar product

< Uu,v >Hm:/ Z 0“ud®v dx.
Q

|| <m
The spaces of vector valued functions H™(€); R?) and H™(0f) are defined
in a similar way.
In order to deduce suitable estimates for the pressure I, we consider the
elliptic problem

1
(26) ~div, (5%11) = hin €, V,II - njoq =g,
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where h, g satisfy the appropriate compatibility conditions for (26) to admit
a unique solution. The standard elliptic theory yields the a priori bounds

27) IVallllz2@) < e (IPllz-1@) + l9lla-12000)) -

It also implies the estimate

IVl msi () < e(@)(Allam@) + lgllzrmeir2 (o))

for all m > 0 (see [11, Theorem 5.2]). In order to recover the dependence
of c on o we write

V20

—AIl = — V. I 4 oh in .
0

Again, by [11, Theorem 5.2] one has for all m > 0,
V0
0

- V11

19,0 S e +

(28) H™(Q)
+ (|9l zrm+1/200) -

Here and throughout we use the notation A < B to denote A < ¢B, for

some absolute ¢ > 0. Moreover, H™({2) is an algebra for m > 2, in which

case we get

- V11

‘ng

< CHQqumH(Q)||VmH||H’"(Q)7
H™(Q)

where, by interpolation,

VeIl ) < [[VeIT]

}1_73+1(Q)||vmn||22(9)7 A=

Combining the previous estimates we may infer that
29) IVallllgmer) S llellam@llhllmm@) + (|9l gmeirzoa)
2/A
+ el oy (Il 10y + 191l z-12(00))

for any m > 2.

2.2.2. Pressure estimates. Applying (29) to solutions of problem (24) -
(25) we conclude that

19T sy < Ny (IV1mes aumsy + el sy + lelfms)

2/
(30) + o3y (Vs amsy + olimeziay + lolmsz))

+ HV|’121[m+1(Q;R3)7

for any integer m > 2. We can see that the pressure II enjoys the same
regularity as g and gains one spatial derivative with respect to v.
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2.3. Density estimates. Let us fix a multi-index o with |a| < m, and a
J € {1,2,3}. Applying 950; (here, we denote 0; := 0, for simplicity) to
the continuity equation (2) we obtain

(31) 01(0%0;0) + v - V,(020,0) + 0%0;v - V0 = hl,,
where
hl =v -V, (0%) + 9%V - Va0 — 9%(v - Vo).
Multiplying (31) by 050, 0 yields
0:1020,0* + v - V,|0%0;0|* + 20%0,v - V500200 = 20%0;0h’.,
which in turn implies
0y (%lagang) + div, (é|8§‘8jg|2v) = —Zagajv - V3005050

(32) 9
+ =0%ohl..
0

Notice that the highest derivative of v contained in hé 18 of order m, while
the highest derivative of g is of order m + 1. So, we have the bound

(33) /
Q

2.4. Velocity estimates. Similarly to the preceding part, we differentiate
momentum equation (22) a-times to deduce

2
~070;0h,,
0

dz < CHQH%{mH(Q)||V||HW(Q;R3)'

G4 (OV) + (v V) (00V) = —&° (évxn)

(35) + 05 (%vxmgﬁ)

(36) - édivx (V.o ® 00V,0)
(37) - %divx (05Va0® V20)

(38) +h,
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where h? contains at most m + 1 derivatives of g and m derivatives of v.
Notice that terms (35) and (37) add up to the following

o (évxmgF) - édiw (07 V20 ® V. 0)
— %vz(vxg - V,0%) — %(VIQ -V, V,0%) + h;
= sz(vxg - V,0%) — évr(vx@ - V.0%) + h},
_ %vi(vxg . V,0%0) + hi.
We thus can rewrite (34) through (38) as follows
0 (05v) + (v - Vo) (95v) = =0 (évxn)
- %VI(%Q - V.0%0)

(39)
- édivx (Voo ® 0;V20)
+h3.

Taking the scalar product of (39) with 05v we find

(40) D02V |* + div, (|02v]*v) = —20¢ (%VJ;H) - (09v)

(41) + 2%%(%9 -V,0%) - (05v)
)

(42) — Edivx (V2o ® 97 Vz0) - (07V)

(43) +2h) - (92v).

We have the desired estimate for the remainder term
(44) / 13- (029)] < eV IEm gy, + ellolZmn -

Similar estimates for other terms can only be obtained in combination with
the density equation.

2.5. Velocity and density equations - synthesis. We now add the two bal-
ance equations (32) and (40) - (43) obtained above, sum up over || < m,
and j = 1, 2,3, and integrate over the fluid domain 2. Our observations
will show that in this process the terms with the m + 2 derivative of o and
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m + 1 derivative of v cancel out. First let us compare the term on the right-
hand side of (32) with the term in display (42). Using the repeated index
summation convention the former can be written as

2 2
(45) —/ —8g‘8jv : Vzgafc‘a,g dxr = —/ —(9;“8]-1)7;(9@-@838]-@ dx.
Q0 Q0

For the latter we have, after integration by parts and using the boundary
conditions (4), (5) to cancel the boundary terms,

2
/ =(00V 40+ V,00v) - Vo do + / hS dx
Q0 Q

(46) )
= / —Q‘jajgajaﬁviaig de—f‘/ hgdl’
Q0 Q

We can see now that (45) and (46) add up to the remainder term, which
again contains only at most m + 1 derivatives of ¢ and m derivatives of v.

Next, the term on the right-hand side of (40) containing the pressure II
will be estimates by means of (30). As to (41) we can integrate by parts
using the divergence-free condition on v and the boundary condition (5).
We obtain

1 1
/ -V, (VIQ ’ vxagg)(agv) dz = / _Q(nga(xxv) (VCCQ : Vza?Q) dl’,
Q0 Q0
which is bounded by || V|| g || 0]|3m -

In view of these arguments, we may therefore conclude that

d
= (llelmesiay + IV mazn)) <

S 1+ (llo

for any m > 3. Estimate (47), together with a suitable choice of approxi-
mate problem, yields existence of (classical) solutions to problem (1) - (6)
defined on a (possibly) short time interval (0,7"), where the specific value
of T" can be determined in terms of the structural constants appearing in
(47).

47) N(m)

?.Ierl(Q) + ||V||§{m(Q;R3)> ’

3. APPROXIMATE PROBLEMS AND EXISTENCE OF LOCAL-IN-TIME
SOLUTIONS

Approximate solutions will be constructed by means of the Galerkin
method. More specifically, we consider the family of finite-dimensional
spaces

Yy =span{w;|i=1,...,N}
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where {w;}3°, C X™ is a complete system of eigenvectors to the eigen-
value problem

/ Z 80‘W'8avdx:/\/w'vdxf0ranyv exXm,
Q Q
la]<m
where
X™ ={ve H"(R) | div,v =0, v-nlspg = 0}.

The same system of approximate spaces was used by Temam [14] (see also
[15]). As shown by Ghidaglia [8], the eigenvectors w; belong to the space
H?*™(Q;R?) € H™(Q;R3), m > 1.

Given N > 1, we look for approximate solutions in the form

N
VN = Z a; W;
i=1
such that p satisfies the equation of continuity
(48) Oron + v - Veon =0in (0,7) x Q,

while v solves a system of ordinary differential equations

/ (8tVN + div,(vy ® VN)) -w; dz
Q

1
= - _dlvx(vaN X vaN) * W dx

(49) Q ON

1
— | —V. Iy -w;dz
Q ON

1
+/ _vx‘vaN‘z * W d.fL",
Q ON

for: =1,..., N. Here, the pressure Il satisfies
. 1 T
—div, | —V, Iy | = Vv : (Vevy)
ON

(50) + o~ IV onP
ON

1 (1
+t (_vaN V| Vaon]* - IVxQN|2AQN) )
oy \2

Problem (48) - (50) is supplemented with the boundary conditions

(51) Vaonlaa = 0,
(52) V. Ix -nlsq = onVen @ [Vy @ vivl|sa,
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the initial conditions

(53) on(0,-) = oo,
(54) /VN(O,')-WidI:/VO-WZ‘dl‘,’iZl,...,N,
Q Q

and with zero mean value condition on IIy, i.e.,
(55) / Iy =0, foraa.t e (0,7).
Q

The existence of local-in-time solutions to problem (48) - (55) defined
on a time interval (0, Ty) can be shown by means of the standard Schauder
fixed point argument. Now, the crucial observation is that the a priori
bounds established in Section 2 apply to the approximate solutions o, v as
a direct consequence of the choice of w;.

With the uniform bounds stated in Section 2 (that are valid provided that
Q € C™*2), it is easy to pass to the limit for N — oo to deduce existence
of local-in-time solutions to problem (1) - (6) belonging to the class

0 € C([0,T); H™(Q)), v € C([0,T); X™), m > 4.

In view of the standard Sobolev embedding relations, the solutions o, v
are classical. Moreover, it is easy to show that they are unique as soon as
m > 4. Thus we have shown the following result.

Theorem 3.1. Let Q) C R? be an open bounded domain with boundary
o0 € C™2, Suppose that

00 € H™(Q), 0 < mg < go(x) < My < 00, V,00lon =0,
Vo € Hm(Q;Rg), div,vy =0, vp - nlgg =0,
for some integer m > 3.

Then there exists time T' > 0 such that problem (1) - (6) possesses a
unique solution in the class

0 € C([0,T); H" (), v € C([0,T); H™(; R?)).

4. LOCAL WELL-POSEDNESS IN FRACTIONAL SMOOTHNESS SPACES

In this section we develop the Littlewood-Paley approach to well-posedness
of system (1) - (6). We pursue the analogue of Theorem 3.1 in the simpler
open space or periodic settings but for Sobolev spaces of fractional smooth-
ness s down to the critical value sy = % + 1, where n is the spacial dimen-
sion of the fluid. The same smoothness s = 7 + 1 is known to be critical
for the homogeneous fluids as well. The ill-posedness results found in the

Besov space B 2t [6], and in the supercritical Holder classes [1] apply in

2,00
our case too to suggest that there might be an initial condition in H 2! for
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which there is no continuous trajectory in H 2 *!. This however remains an
open question.
We will rewrite the system (2) - (3) as follows

(56) 00,v + ov - Vv ==V, Il —div, (£ ® §)

(57) €+ v Vi =—(Vov)'E,

where £ = V,oand Il = p + %|ng|2. We will work on the fluid domain
() which is either the open space R" or the torus T". Since the case of R"
requires extra care due to the presence of infinitesimally small frequencies,

we will from now on assume that {2 = R”, and n > 2. Our basic assump-
tions on the initial conditions remain the same:

(58) divvg =0, 0<mpy<oo(r) <My < oo, forall z € R".

The uniformity condition on the density is clearly inconsistent with the re-
quirement gy € H*"'(R"). The proper analogue of the regularity condition
on o will thus become Vo € H*(R").

Theorem 4.1. Suppose v, and oy satisfy (58) and
vo, Ve00 € H®, for some s > g + 1.

Then there exists time T’ > 0 such that the initial value problem (56) - (58)
has a unique solution on the interval [0,T') satisfying

v, Voo € C([0,T); H?).
The associated pressure can be restored as before from the elliptic equa-
tion
(59)  —divy(07 'V, II) = div,div,(v @ v) + div, (¢ 'div, (£ ® £)) .
Unlike in the case of a bounded domain, our estimates for R™ below will
tolerate the loss of one derivative of I over o. Therefore, by the same argu-

ment as in Section 2.2.1 along with [11, Theorem 5.4] for elliptic estimates
for fractional smoothness we obtain

(60) 107 V0| ot < CUV [ + €1 5)Y.

The proof of Theorem 4.1 is based upon obtaining a priori estimates on
the energy inside each individual dyadic shell in the Fourier space. The
closing argument however uses the Galerkin method presented in the previ-
ous sections, so we will not repeat it here. Thus, our aim is to find estimate
of the form

d
(61) prilNd 3 + 1€ 7 + 1I€]

for some N € N, assuming the solution is smooth.

2.) < C(||v]

we)

9
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4.1. Product estimates. In this section we introduce basic elements of the
Littlewood-Paley theory and obtain product estimates that are at the core
of the proof of Theorem 4.1. We will fix the notation for scales \, = 24
in some inverse length units. Let us fix a nonnegative radial function xy €
C°(R™) such that (&) = 1 for |£] < 1/2, and x(§) = 0 for |{| > 1.
We define (€) = v(A, ") — x(€). and ¢, (€) = (X, %€) for ¢ > 0, and
@_1 = X. For a tempered distribution v on R™ we consider the Littlewood-
Paley projections

(62) ug(x) = [ Flu)(&)pg(§)e™"dE, q> —1,

R"
where F[u] denotes the Fourier transformation of u. So, we have u =
Zf;i_l u, in the sense of distributions. We also use the following notation
Ucqg =0 upandus, =) u,. Letus recall the following classical
inequalities:

11
(63) [ fllee < N flles, s >n (5 - ]3) . p > 2, (Sobolev),

©64) [[IVI°follr ~ )\ZquHLr, (Bernstein),
-E
65 [IVEfll 2 < I fll IV f

In what follows we need the following detailed product estimate, which
follows from the standard Littlewood-Paley estimates. We present the argu-
ment in the Appendix for the convenience of the reader.

k

75, k < 'm, (Gagliardo-Nirenberg).

Lemma 4.2. The following product estimate holds for all s > 0, and q¢ > 0:

1fgllzs < 1(fg)<qlls + I F LIV g5g-2]l 22
Fllgllz< IV f>q-2l 2
Throughout we assume that 0 < mgy < o(z) < My < oo holds for all
x € R". We denote V0 = £. We will use the traditional Japanese brackets

(x) = (1 + 2%)'/2. As the density often enters estimates as a multiplier we
prove the following auxiliary lemma.

Lemma 4.3. Let F' € C*(|mq, My]) and f € H*, s > 0. Then the follow-
ing inequality holds:

(67) 1E (o) fllms < C(|€]
where C' depends only on my, My and F.

(66)

fl

HS> Hs»

Proof. Let us assume s > 0, otherwise the statement is trivial. Using (66)
with ¢ = 0 we obtain

IE @) llas < NF()fll+1f e[V F(@)soll L2+ F (@) [ e V] f>oll 22
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This implies

[E (o) fllme < CA+[[IVIF(2)>0llz2)
So, it remains to estimate |||V|*F(g)so|r2. Let d = [s]. We have
IV F(e)sollre < VI F(0)sollze < IV F(0)ll12 ~ VEH F (o)l 12

For any multi-index 3 of order d + 1 we have

d+1

iF@<cF) > ][]0kl

SB[ li=d+1 =1

Consequently, using Holder and Gagliardo-Nirenberg inequalities we ob-
tain
d+1

IV Pl <C Y [TlIo%el

S8 li=d 41 =1

d+1
<c >y

S |Billi=d+1 =1
S C(F’ mo, MU)”vg—i—lQHLQ ~ ||

2(d+1)
L 1Bl

R

The proof is over. U

Let a, b, ¢ be distributions. Let us denote d,a(z) = a(z —y) — a(x). We
have for g > 0

(ab), = a4b + aby + ry(a,b),
where

ro(a,b)(z /f (0a) (4)8,(2)5,b(x)dy.

Lemma 4.4. For all ¢ > 0 one has the following estimate

/ (o, bley

< o lleallzllVacg-zle[lbzq-2|l 22
q

+ )\—HCqHLQ\|Vb<q—2HL°oH%HHL2
q

n
+ Ad llegllz2llasq—2l 2 |b>g—2| 22

Proof. Notice that

Oytcqg—2(2)0ybego(x)cy(z)dx = 0.

Rn
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So, we have

/ rq(a,b)e / T'q a<q—2>b>q—2)cq+/ Tg(a>q-2,b<q-2)cq
n Rn Rn

a>q 2, b>q 2)Cq

_l’_
%\

We estimate

/ r (@<q 27b>q 2)

< ||Cq||L2/ F gl I0ya<q—2l o 110,b2g—2]| L2y

< IICqHL2I\Va<q—2||Loo||bzq—2||L2/ |7 eal ()l yldy

Rn

< )\—HCqHLQHV%qﬂHLwHszHL%
q

Similarly,

1
< )\—||Cq||L2||azq—2||L2||Vb<q—2||L°°a
q

/ Tq(a>g-2,b<q-2)cq
n

and

< llegllze llazg-2l[ 22 [[bzg-2| 22

/ T(@>q-2,b>¢-2)cq

n
< A¢ lleglizellasq—2ll 2 |b>g—2]| L2

Lemma 4.5. For any s > 5 + 1 one has the following estimates

69 % [ rfa.t) - Velds < Jallu ol el

q>0 "

Hs—1 Hb‘

Hs—1 HCHHG

6 Y [ ) it < Vo

a>0 "

Proof. Let us establish (68) first. According to Lemma 4.4 we have to es-
timate three terms. Since the first two are symmetric we only focus on the
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first and third ones. We have
D AN V|2l Vacy sl o [b2g-a]l 2

q>0
1/2 1/2
<llall ;30 (Z Azsncqniz) (Z Azsanq_gniQ)
q q
1/2
< ol el (zxzs 5 prr|%2)
q p>q—2
1/2
< llalllleflus (Z > Aéiﬁ?ﬂ%ﬂ@) < Nl 1Bl szl el -
q p>q—2
As to the third term we obtain
SNV, | 2 llazgall 2 lbzgs o2
q=0
1/2 1/2
< sup A 1 (z A23||a>q-2||iz> (z A35||b>q-zlliz>
a q q
S ||C| Hs CL| Hs b| HS.

In order to show (69) we rearrange powers of )\, differently. We have

A?/R [7q(a,0) - cql < Aglleqllzz | Vacy—allze Ay [1bsg-2ll e
n

+ X llegllzzAgllasg—all L2y M| Vo<qal|
+ Asllcqll 2 Agllasgall 2 Ay 1|bsg 2|l 22

< Aglleglle Ay HIbzg-al 22 Val
+ X lleqllz2 Ay IVasg—al| 21|l o

+ Agllegllz2 AT IV azg—all 2 A7 [b2q-2l e

Hs—1

Proceeding with summation as before we obtain (69). ]

4.2. Proof of (61). Let us notice that it suffices to establish the bound only
for the high frequencies,

#:) < O{[[v] A

2
Hs

i+ |1€]

i+ 165 :

d
CUNT(

as the low frequency a priori bound follows readily from the energy con-
servation (17). So, in order to prove (70) we test the momentum equation
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against (v,),, and (57) against (&,),, for ¢ > 0. For the former we obtain
(dropping integral signs for short)

1
0qVt Vg + §Q(’Vq‘2>t +74(0, Vi) - Vg
+04(v-Vuv) v, + 0o(v- Vv, - v+ 1o, v - Vaev) - vy,
=§,®E: Vv, +ERE,: Vovy +14(€,8) - Vavy.

Notice the following identity

(71)

1
o(v-VaV)g vy =0vy- VoV - v+ eV Valvol* + 07y (v, Vov) - v,
while
2 2 _ 2
ov - V| ve|” = =|vy|"v - Voo = [vy[ 0:.
On the other hand, using the original equation (56) we write
04V Vg + 0,V -Vov) v, = —g,0 'V, I v,
- Qquldivx(g & £) * Vg,
and similarly,
T(I(Qv Vt) " Vq + Tq(@v A vmv) " Vg = _Tq<gv Q_lvml_-[) " Vyq
- Tq(Q, Q_ldivcc(€ X 5)) " Vg

Plugging the obtained identities back into (71) we obtain

d (1
(72) at (§Q|Vq|2> = A, + By,

where

A, = quflvxﬂ Vg + gqgfldivm(é ®E)-vy—0Vy ViV,
+£'vaq'£q+£q'vxvq'£7

and the remainder terms are

By =r4(0, 0 'V, 1) - vy +14(0, o M div, (£ ®E)) - Vg
- QT(I(V7 V:EV) ’ Vf] + Tf](£7£> : vxvq-

(From the continuity equation (57) we similarly obtain

d (1 . .5

(73) E §|£q| :_gq'vxvq.€_Vq'vm£'£q_£q'vrv'€q
+1q(v, &) div, &,
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Adding (72) and (73) the last term of A, and the first on the right hand side
of (73) cancel out. Moreover, using that V£, = V.V, is symmetric, we
obtain further cancelations:

£ Vv Eq — vy - V€ €q =& vqu " Vg — (div, €)Vq ) Eq

v, V€€,
— v, Vi, E— vy V€€,
— (div, &)v, - €,
= Vg Vm(gq &) — (divy &)v, - éq
= —(div, &)v, - &,

Thus, we obtain

74 3 e+ I6) = 4+ B,

where

AZI - Qq(Q_lva) Vgt qu_ldivx(E ®E)vy— 0y Vv vy
- (dlvx S)Vt] : €q - €q . va : £q7
B = By +14(v,§)div, &,

We will now multiply both sides of (74) by )\gs and sum up over ¢ > 0.
On the left hand side we obtain 1 (o||vso||3: + |€<0l|3:),» and we need to

obtain an estimate on the right hand side in terms of powers of ||v|| s and
||€|l s Using (60) and the embedding L™ — H*~!, we obtain

D OAPAL S g

q>0

o=t [0 Vall|| oo | v]

HS

%{S VxV”LO"

+ 1€l o]l 07 dive (€ @ €)[| |V
+ || dive &l oo [V [l zrs 1€] [ s + [1€]
S 1€l o1 ]l0™ VIT | o1 [ v]
+ [Vl €T + €115 [ v]
< (€115 + [vllFe)™

The remainder terms collected in B; can be all estimated by a direct appli-
cation of Lemma 4.5. Indeed, from (69) and (60) we obtain

me + V]

%{S Vvl e
s+ [|€]

Hs

3
Hs

b [Vl s+ [[v]

2
Hs

DA rglo. 07 VD) - vy | d S |[€]l sl VL1

q> 0 Rn

Hs—1 ||V| Hs

>N

ie + VI

S (1€l
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Again, using (69) and Lemma 4.3,

2N / g0, 07" diva (€ @ €)) - vyl d

q>0 R

he Vv lEe)",

S 1€l 1]l dive (€ @ €))]

and likewise,

e S (€]

ZVS/ lorg(v, Vov) vyl do S Mol vz < (I€NT + IvIIE)"

q>0

Applying (68) to the remaining terms we obtain

S0 [ Irl€.) s Vvl do S I8l Ivllae 5 Q€I + VI

q>0
S [ Jrafv.€)divag,| do S IVl S (€l + VI
q>0 "
Thus,
Z 22 By < (€115 + IvI17)Y
q>0
This finishes the proof.
5. APPENDIX I: PROOF OF LEMMA 4.2
We have
[ fallms < 1(f9)<qllm= + [I(f9)

Using the Littlewood-Paley decomposition we have

1 9)>allfre ~ Y X9yl 7

p>q

Let us notice

(f9)p = | f<p—20p-2<-<pra + fr-2<<pragep—2 + Z Jrt+aGk+o
k>p,lal,|b]<2

So,

1(F9)nll72 S N fep—20p-2<-<prallie + | fo2<<prageap—2llTo+

+ Z JrtaGk+b

k>p,‘a|,|b|<2 L2
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We thus obtain

H <f9)>qH?{S < Z >‘;298Hf<p—2gp—2§§p+2||%2 +Z )‘;2>s||fp—2S~Sp+2g<p—2||2L2

p>q p>q
2

+ Z Az Z Jr+aGk+b

p>q k>p,|al,|b]<2 12

To estimate the first term we notice that || f,_2|[ o« < || f]|z. So, the first
term is bounded by C/|| f]|3 < |||V|*g>q—2]|3.. Similar estimate holds for the
second term. As to the third term we have

2 2
SN YT frramen| <O D Ak frra) it
P>q k>pi|al,|b|<2 2 P> ||k>palb]<2 L2
SZ Z )‘;ka)‘kaJrangrbH%?
P>q k>p;|al,[b]<2
<yl D XoslNifirallie
p>q k>p,lal,|b]<2
< gz V1" foq-2llZ-
This finishes the proof.
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