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LECTURES ON THE ONSAGER CONJECTURE
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(Communicated by [the associate editor name])

ABSTRACT. These lectures give a detailed account of recent resultaipiag to the cele-
brated Onsager conjecture. The conjecture states that thmatispace regularity needed
for a weak solution of the Euler equation to conserve enesdy 3. Our presentation is
based on the Littlewood-Paley method. We start with quasatlestimates on the energy
flux, introduce Onsager criticality, find a positive solutit the conjecture in Besov spaces
of smoothnesd /3. We illuminate important connections with the scaling lawsusbu-
lence. Results for diadic models and a complete resolutioheofnsager conjecture for
those is discussed, as well as recent attempts to constssgialive solutions for the actual
equation.

This course is based on a series of four lectures given atliftesthool “Mathematical
Theory in Fluid Mechanics” in Ecov, Czech Republic, May 2009.

”...in three dimensions a mechanism for
complete dissipation of all kinetic
energy, even without the aid of
viscosity, is available.”

L. Onsager, 1949

1. Lecture 1: motivation, Onsager criticality.

1.1. Onsager’s original conjecture. The motion of an ideal homogeneous (with constant
densityl) incompressible fluid is described by the system of Euleaéiqas given by

9u + (u-V)u=—Vp, 1)

ot
V-u=0, 2

whereuw is a divergence-free velocity field, apds the internal pressure. We assume that
the fluid domairt) here is either periodic or the entire space. It is an easystpesce of
the antisymmetry of the nonlinear term i) @nd the incompressibility of the fluid that the
law of energy conservation holds for smooth solutions:

/ lu(t)|?dz = / luo|*dz, forall t > 0. 3
Ja Q
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Although the well-posedness theory for the systén (2) is well-developed for local in
time smooth three-dimensional and global two-dimensifioals, the Euler equations are
also implicated in modeling a wide range of singular fluid$leids with limited smooth-
ness such as vortex sheets, filaments, vortices, and mosttangy for us, turbulent flows
in the limit of vanishing viscosity. We therefore are leadctmsidering the systeni) —
(2) in the sense of distributions imposing only minimal asstiampon the velocity field,
namelyu € L{° L2, or more physically relevant; weakly continuous in time with values
in L2(£2). Under these assumptions the I&8y lfecomes non-trivial, and one can ask under
what minimal regularity assumptions on the velocity field tielation B8) still holds. A
naive argument gets us quickly to the answer. Let us mul{ipiyoy « as we would have
done ifu was smooth and consider the total energy flux

II= /Q(u -V)u - udz. 4

In the absence of necessary smoothness we cannot integratrts to obtainll = 0.
However, treating for a moment as a multiplication operator, which in many ways the
Littlewood-Paley theory teaches us to do, we deduce

I~ / (IV[Y/3u)3.
Q

It appears that it, has Hdlder continuity% we can at least make sense of the fllixand
any better regularity would be sufficient to justify intetioa by parts in §) to show that

= 0. Itis exactly what Onsager conjectured in his seminal papestatistical fluid
dynamics {1]: a) every weak solution to the Euler equations with smoetish > 1/3
does not dissipate energy; b) and conversely, there existsalt solution to {) - (2) of
smoothness of exactly/3 which does not conserve energy. Energy dissipation due to
irregularity of a flow is callecanomalous dissipation

Onsager’s own justification df/3 was not completely unrelated to the one above and it
was based on laws of turbulence. A turbulent motion of fluiddkeved to be described by
solutions of the Navier-Stokes equation given by

u+ (u-V)u=-Vp+rvAu+ f, (5)

wherev is a small kinematic viscosity anglis an external force which supplies energy into
the system (see Frisci{]). Let us suppose that we have an ensemble avefragehich
measures statistical quantities of the systém [h his unpublished notes (see Eyink and
Sreenivasan’[o] for a detailed historical account) Onsager reproducesradta similar to
what is known as Erman-Howarth-Monin relation:

O{u(r) -u(r +0))nL = %diw(\éu(é)\%u(ﬁ)), (6)

wheredu(f) = u(r + £) — u(r). Setting¢ = 0 in (6) one formally obtain®, (u?)nr, = 0
providedu has average smoothness better tha® Since in the Euler equatiori)the
nonlinear term is the only term present in the energy budgeagain are led to Onsager’s
claim.

Due to this special relevance to turbulence it makes sensdstostate the Onsager
conjecture more broadly for a forced equation. Specificédlyhere a forcef € S (or f
with finite Fourier support) and a weak solutiarof critical smoothness$/3 such that the
energy balance relation

lu(®)[2 = [u(0)])3 +2 / (f, u(s))ds, @)
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is violated at some. In particular, a stationary solutiom, violates () if (f,uo) # 0.
In this form Onsager conjecture has been extensively siifdieexample in shell models,
which we will discuss in Lecture 2.

1.2. Onsager criticality and Besov spacesWe now define suitable spaces to state On-
sager’s conjecture precisely. Let us recall that eventwed! are after vanishing of the total
energy flux §). So, let us fix a scalar mollifigr € C§°(R™), and denote

hs(y) = 0 "h(ys ™), 8)
Rn
Let us multiply equation) with (us)s and integrate in time. We obtain the relation
1 t
s~ lus@B) = [ [ wo)s: Vusdads, 10)
0 n

where we denotel : B = Tr[AB]. The right hand side ofl(Q) is the energy flux through
scales of ordef. We would like to find a bound on it in terms ¢f.||%, for some space-
time function spacé3. The optimal suchB will have dimension that of the cube root of
the energy. Fixing some units for velocity( length —X and time —T" we thus arrive at
relationship

(dim || - |g)® = TU X" L. (1)
Any spaceB satisfying (1) will be called Onsager-critical, although of course notrgv
Onsager-critical space is strong enough to produce a boond@. There are several
example of Onsager-critical spaces that will be of paréicitterest to us. These include
L3LY* and L3HY/® in 3D, L3LS in 2D, and most importantly a scale of Besov spaces
which we introduce now.

We will fix the notation for scales, = 2¢ in some inverse length units. Let us fix a
nonnegative radial functiog € C§°(R™) such thaty(§) = 1 for €] < 1/2, andx(£§) =0
for ¢ > 1. We defines(€) = x(A;'€) — x(€), andp,(€) = (A, €) for ¢ > 0, and
w_1 = x. For atempered distribution vector fieldon R” we consider the Littlewood-
Paley projections

w(@) = [ aeetude gz 1 12

So, we have:, = Z;’i_l uq in the sense of distributions. We also use the following hota

tionu<, =330 up, andiy = ug—1 + uy + ugr1. We say that a tempered distribution

u belongs to the Besov spagg . fors € R, 1 < p,r < oolif

1/r
lullzs, = | D Ngllugllp)” < 0.
q>—1
We also define
st),co = {’U, (S B;)oo . qll)ﬂolc )\;HU/qu = 0}
. n(3—p)+p .
In the range of Besov spaces the Onsager-critical onedaBs - ** . In particular,

L?Bj3,;, 1 <1 < oo are critical in any spacial dimension. One can further defiseker
versions of space-time critical spaces by reversing therasfitime and space. We will
make this precise in the next section.
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We finish here by noting that without the use of local symnastin the trilinear term,
one can only obtain the following bound:

t
/L/<u®w:Vwmﬂs§nmmwmmwm&
0 n

1
whereB = L3B3, , and this bound is sharp (seg)l Even though the spadeis Onsager-

o
critical, it does not reflect the critical smoothnegs.
1.3. Proof of the Onsager conjecture. The end result of a series of works by Constantin et
al [8, 14], Byink [21], and Duchon and Roberz{] was the proof of the Onsager conjecture
in the Besov clasgéfci. In other words, a solution needs to be "a little” smoothentfust

1/3. First, let us take a few preparatory steps to make the abiegastion more rigorous
(details can be found intf]).

Definition 1.1. A vector fieldu € C,, ([0, T]; L?(R™)), ("w" stand for weak continuity), is
a weak solution of the Euler equations with initial datac L?(R") if for every compactly
supported test functiop € C§°([0, 7] x R™) with V,, - ¢ = 0 and forevery0 < ¢t < T,
we have

/Rnx{t}“"/’ WX{O}UO'l/)/Ot/nuﬁsw/(;t/n(u@@u):w}, (13)

andV,, - u(t) = 0 in the sense of distributions.
One can equivalently incorporate the associated pressure
p=— Y RiRi(wu)

Lk=1

into (13) without requiring the test function to be divergence free.
The purpose of the following lemma is to show that one can frassthe weak formu-
lation of the equation to the mollified or to the integral etijas.

Lemma 1.2. Letu be a weak solution. Then for each fixed- 0, us : [0,7] — W*1 (as
defined in(9)) is absolutely continuous for all > 0 andq > 2, and moreover

Opus = =V - (u ® u)s — Vps, (14)
fora.e.t € [0, T]. Furthermore(13) is equivalent to the integral equation

u(t) = ug — /o [V (u®u)+ Vplds (15)

in the sense of distributions for alle [0, T7].

For a divergence-free vector fielde L? we introduce the Littlewood-Paley energy flux
through a wave numbey, by

II, = —/ (u®u)<q : Vucqde. (16)
R3
If u(t) is a weak solution to the Euler equation, then frdm) (ve have
Oi<yg = =V - (u®u)<q — Vp<y, (17)
Multiplying by u<, we obtain due to absolute continuity

10Ol = [0 B) = = [ Ty(s)as. (18)
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So, positivity of the flux means the energy is flowing from k&tg small scales.
Let us introduce the following localization kernel

223 q <0;
Ky={ ", 9=7 19
! {/\34/37 q>0, 49

We now prove a kinematic bound on the flux. The important featii the bound is that
it is quasi-local in the sense that nonlocal interactiorsent inll, are diminished by the
exponentially decaying tails of the kernil.

Lemma 1.3. The energy flux of a divergence-free vector field BB%’Oo satisfies the fol-
lowing estimate

Tg| < CZKq—pAp”UpHga (20)

p>1
whereC > 0 is an absolute constant.

Immediately from {8) and 0) we obtain the following result.

Theorem 1.4([8]). Every weak solutiom to the Euler equation on a time intervl, T']
which satisfies

T
i [ g 6) e =0 (21)
q—> Jo
conserves energy on the entire inter{@&|7]. In particular, energy is conserved for every

solution in the clas€.?([0, T'; Bé/j’))

Indeed, from 20) we have

¢ ¢
limsup/ I, (s)|ds < limsup/ Agllug(s)]3ds. (22)
0 g—oo Jo

q—

In order to see more transparent connection of conditio2ip 0 Onsager predicted
smoothness /3 we equivalently rewrite it as follows:

T
lim 1 / / lu(x) —u(x — y)[Pdzdt = 0. (23)
=0yl Jo Jre

So, loosely speaking, the solution needs to be a little bt 1/3 Holder continuous in
the space-time averaged sense in order to conserve energy.

Proof of Lemmad..3. In the argument below all the inequalities should be undetkstip to
a constant multiple. Let us denote for convenience the segue

dyp = X%yl
Following [14] we write
(u®u)<q =7g(u,u) — Usq @ Usq + U<q ® U<y, (24)

where

rq(u, u)(z) = / (xq)” (W) (u(z = y) = u(@)) @ (u(z — y) — u(z))dy.

n

After substituting 24) into (16) we find

I, = / rq(u, u) : Vucgda —/ (Usq ®Usq) : Vucqde. (25)
n R
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We can estimate the first term i@5) using the Hblder inequality by

< lrq (s w)l3/2] Vusqlls,

/ rq(u,u) : Vucqde

whereas
Iy )2 < / )| (- = ) = u()|3dy.

Let us now use Bernstein’s and Minkowski’s inequalities

- =) =) < D lyPARlup i+ > llupll3

p<q p>q
_\4/31,,12 —4/3 12 —2/3 2/3 52
- )‘q/ |y‘ ZAqu dp +/\q / Z)‘qudq
p<gq p>q

< (NPlylP + 20 (K = d?)(a).

Collecting the obtained estimates we find

/ rq(u, u) : Vu<qde

1/2
<o) ([ 106 INPPdr+ 4,7 ) [ 2l
R p<q

1/2

S (K d) (@A 2 Y NPd] < (K xd*)*?(q) < (K +d*)(q).
P<q
Analogously we estimate the second termaB)(

[ (050 © 02 s Vucyds < g Vs, s

1/2
< (Z IIup§> > Allupl3 < (K = d?)*2(q) < (K * d*)(q)-

p>q r<q
This finishes the proof. O

Let us note that Lemma.3 shows that the energy transfer from one scale to another is
controlled mostly by local interactions. It is a basic pijple underlying turbulent motion
for large Reynolds numbers. We will discuss more connesttorturbulence in the next
lecture.

As a consequence of Theordmiand the embedding >/ ¢ B;/Q?’ C Béf(’) we recover
the result of Frisch and Suleriai].

Corollary 1. If u is a weak solution to the Euler equation which belongs to thesc
L3([0, T); H®/%), thenu conserves energy.

Finally, we remark that the same regularity assumption aféfem1.4 automatically
gives the energy balancé)(for the forced equation with a smooth force.



LECTURES ON THE ONSAGER CONJECTURE 7

1.4. Sharpness of the Besov conditionsNo known example of a weak dissipative solu-
tion belongs to the class3 . Neither do we know any example of a solution to the forced
Euler equation with a smooth force, which violates the endaance 7). Under weaker
regularity requirements, however, such examples have dhseavered some time ago. In
[45] Scheffer constructed a weak solutiane L2L? compactly supported in space-time
(his definition of course is weaker than ours). Later4i][Shnirelman gave a simpler
example with the same regularity which emerges from a backenergy cascade. Very
recently more regular solutions have been found by De Lefi Szkelyhidi in the class
u € L L*> also with compact support in space-time3]f

We will show that firstlyB;’.. /3 s sharp for the argument of Theordml. Secondly, the
Euler equation itself is ill- posed in this space. Namelgréhis an initial conditions in

1/3 for which there exists no continuous Euler trajectory stgrfrom uy. It suggests
that the conventional approach to existence based on a foied grgument may not be
sufficient to resolve the other half of the Onsager conjectur

For simplicity we will work on the toru§™ so that the dual group B". The technique
developed in §] allows one to carry over the constructions to the open sfécelet €1,
é, be the standard basis vectorsRA. Let us fix a sequence of indexgs < ¢» < ... <
g; < ... far a part from each other. Let us define vector figlds follows

U= Z(qu + Uq_j+1)’
j=1
=2, cos(yAg, ),
qu+1 = qu 173 (cos(xhg;+1)€1 + sin(dg, 41 + yAg, ) (—€1 + 263)) .
Thus,U € Bl/?’ One can see that the flux through thg-th shell contains only local
interactions, and we have

g, = Ugy1 - VUy; - Ugya ~ 1.

Another earlier example of a 3D vector fidld € Bl/3 with non-vanishing energy flux
was presented by Eyink ir2[].

Let us consider the following vector field:

uo(z,y) = €1 cos(y) +egz)\1 cos(Aq).
q=0

We haveuy € B? __, foranyr > 1.

7,00

Proposition 1 ([12]). If u is a weak solution to the Euler equation with initial conditi
u(0) = ug. Then there i$ = §(n,r, s) > 0 independent of, such that we have

lim sup ||u(t) — UOHBf-,oo >4, (26)

t—0+
wheres > 0if r > 2,ands > n(2/r —1)if 1 <r < 2.

This result does not preclude existence of a weak solutmm fsur initial conditionug
with » = 3, s = 1/3. After all, among members a8, / there are some, such as vortex
sheets, which do allow for local solutions (see Secﬂ)ant simply suggests that solutions
will not possess enough time regularity to tie a non-vanigtilux at the origin to the flux
at near positive times.
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1.5. Helicity and enstrophy. A number of other conservation laws can be treated with the
Littlewood-Paley method. We will highlight two of them.

For a divergence-free vector fielde H'/? with vorticity w = V x u € H~/? we
define the helicity and truncated helicity fluxit¥ as follows

H= u-wdx 27)
R3

Hy = (u®u)<q : Vwsg + (uAw)<q : Vugg dr, (28)
R3
whereu Aw = u ® w — w @ u. If uis a regular solution to the Euler equation, then the
helicity is conserved ant{, is the rate of helicity transfer through the wavenumbgr
d

&(uﬁq ‘w<q) = Hy.

Similar to the energy, helicity flux is local in frequency spa More precisely, with the
same localization kernel as defined i we obtain the following result.

Proposition 2 ([8]). The helicity flux of a divergence-free vector fielde H'/? satisfies
the following estimate
Hel < C Z Kq—p/\ﬁllup\@- (29)
p=>—1
Consequently, every weak solution to the Euler equationt beongs to the class
L3([0,T); By n L>=([0, T); H'/?) conserves helicity.

3,(;0

An example of a field/ € Bi/; can be constructed to show that Proposittas sharp

in the same sense as Theorém We refer to P, 24, 7] and references therein for more on
helicity conservation and its role in turbulence and togglo

For regular solutions to the two dimensional Euler equati@vorticity is transported
by fluid particles, so a number of additional conservatiamslaome into place, in partic-
ular the enstrophyjw||2. For less regular weak solutions such as DiPerna-Majddisniu
([19]) with only w € L L? the flow may not be properly defined and therefore questions
of enstrophy conservation become nontrivial. The answer gien by DiPerna and Li-
ons [Lg] via the method of so called renormalized solutions whicpliag to every weak
solution with finite enstrophy. So, as long @se L L2, the enstrophy is conserved.
However, unlike in the case of energy and helicity the epdtydransfer from low to high
modes is essentially non-local (see Kraichna],[Eyink [23]). We can see it through our
Littlewood-Paley approach too. Let us define the enstrophydb follows

Q, = —/ (u®u)<q : VVwe, du. (30)
R2
Notice that for regular solutions one has
d
%ngqﬂg = —20. (31)
Let us define the kernel
A2 q < 0;
— q? —_ b
w={ 3 150 @)

Then following estimate holds (se€]]:

Q] < llwzgFW ) 2(q) + (W ¢%)*(q), (33)
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wherec = {||w,||3}p>—1. An example of a field presented if] [shows sharpness of esti-
mate B3) which is consistent with the infrared non-locality of engthy transfer observed

in two dimensional turbulence. Finally, let us notice th&?&rna-Majda solutions conserve
energy as long gs > 3/2.

2. Lecture 2: anomalous dissipation in turbulence; intermittency; Onsager conjec-
ture for shell models. In this lecture we will review some basic facts from the tuelmece
theory. The power laws of small scale turbulence predidtehargy dissipative solutions to
the Euler equation may come in the limit of vanishing vistosf "generic” viscous flows.
This prediction has been successfully verified for so-dadlgadic models which describe

energy behavior in a simplified form. We will once again ses the Besov spacBéf’o

plays the special role of an ambient space that houses dudilrealizations of turbulent
flows.

2.1. Kolmogorov 1941 theory. Let us recall that in homogeneous isotropic turbulence the
mean kinetic energy per unit mass is definedby %(|u|2) while the energy spectrum is
defined byE (k) = & L (Ju.,|?), whereu.,, denotes the filtered velocity field containing
all the frequencies below wavenumber(see P7]). So,& = [ E(x)ds. The mean
energy dissipation rate per unit mass is defined by

¢ = (w|Vu"[?). (34)
It is a basic assumption of the Kolmogorov 1941 theofiB([34, 35]) supported by nu-

merous experimental and numerical evidence that in the ivanishing viscosity”
converges to a finite positive value,

€ —e>0 (35)

(see Eyink P4] for the latest account). Let us assume now that f.., and solutions to
(5) tend to a statistically stationary state, i.e. stati$firaperties are independent of time,
and solutions have uniformly bounded mean energy. Let uarscaultiply (5) with u,,
and take the average. We obtain

(k) = —v{|Vucu]?) + (f - u<p), (36)
wherell(k) is the flux due to nonlinearity. Il > sy we have(f - u<.) = (f - u) = €”.

On the other hand, by Bernstein’s inequality|Vu.|?) < vk?(Jul?). Since the energy
{|u|?) is uniformly bounded by assumption, letting— 0 we obtain from 86)

II(k) =e. (37)

So, under no direct influence of the injection force the epdhgx is invariant and the
energy simply propagates down from large to small scalels eonstant rate. Recent
direct numerical simulations (see for example Keneda e8@) jerified (37) to a high
degree of accuracy. We interpré7 as a reconciliation of Onsager and Kolmogorov’s
anomalies. Indeed, in the limit of vanishing viscosity aerage solution to the (forced)
Euler equation inherits the anomalous dissipation ratézefes

An additional self-similarity hypothesis on the structfwactions in small scales (see
[27]) implies that the energy spectrum distributes accordinthé lawE (k) oc €2/3575/3
in the inertial ranges € [kr, kq). Herek, is the Kolmogorov dissipation wavenumber
given by )

ra= ()" (39)
14

andky is the integral wavenumbet; = max{|{| : £ € supp f1. In spite of abundant
empirical data supporting such distribution of the enemggcsrum further experiments
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revealed that not every turbulence was consistent withdhgesegime (c.f. Anselmet et
al [1]). In fact, Kolmogorov’s 1941 theory demands that the loadbcity fluctuations are

uniformly distributed over the space. In order to achie®¥8),(however, certain regions
of the flow must provide intense velocity gradients, or @ityi As a consequence of
the Helmholtz theorem a subsequent dynamical stretchingrtéx filaments leaves some
regions of the fluid domain with moderate turbulent actidtyd some with more intense.
This so-called spacial intermittency, although fully cetent with the dissipation anomaly
(35), must be accounted for in the description of other scalawgsl and, in particular,

of the energy spectrum. Generally, one obtains the exjpmessi

2/3
K3
€ 1 1D
ra= ()" (40)

whereD € [0, 3] is the dimension of the effective dissipation region. Tlths, classical
K41 model corresponds tb = 3, while D = 0 corresponds to a fully intermittent model
where energy cascades through inertial scales and dissipatpoints.

Let us now find interpretation of the above for individuallizations of the NSE flow.
Supposes” is a Leray-Hopf solution to the Navier-Stokes equatidh (et us denote by
() the long time average, a choice consistent with the Ergoglmotthesis, or a finite time
average. We define the Littlewood-Paley energy spectruay afy

() = tal) (41)

forall x € [Ag, Ag+1). One similarly defines the mean energy dissipation rate by
e = v{[|Vu”|3). (42)

If a family of individual realizationd " }, ., verifies Kolmogorov’s hypothesi8), then
the locality of energy flux expressed Q) suggests the following analogue &7

Ag{lugl3) o e (43)

for all ¢ large enough. In other words the limiting solution to thedEwdquation.” finds

itself "on average” in the Onsager-critical Besov clﬁgo‘i. Eyink showed in ?2] that

the Besov spacBéf; is consistent with the multifractal intermittency modefsFoisch

and Parisi P6] (see also§]). It speaks of sufficient capacity of this class to houséuur
lent solutions with singularity sets of dimension less tBgmve will discuss this in much
more detail in the next lecture). Within the Littlewood-8aframework we can alterna-
tively model intermittency correction consistent with3) by fixing a saturation level of
Bernstein’s inequalities. Specifically, in three spaciaiehsions we have

1
luglls S Ad llugll2,

and assuming that the region of active turbulence is boufsld on the torus), one also
has

[gll2 S [luglls-

Suppose that fok, € [x, k4] we have the relation

[uglls ~ Ag [lugll2; (44)
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for some0 < a < 1. In view of (43) and @4) we recover the energy spectrum law

2/3

Bvp(k) ~ —2

(45)

with « is related toD via D = 3 — 6. So, the fully saturated Bernstein's inequalities,
i.e. a = 1/2, correspond to uniform distribution of modeswin each dyadic shell and
hence strong localization in the physical spafe £ 0). On the other extremey = 0
corresponds to uniform distribution af, in physical spacelf = 3) and localization in
frequency space, which brings us back to the the classichi&gime. By fixing saturation
levels between highdt?-norms one can achieve intermittency corrections for higheer
structure functions, but we will not get into details.

We also mention here an important space-time local int&afpom of Kolmogorov’s
dissipation anomaly35) given by Duchon and Robert i(]. They introduce a measure
of anomalous energy dissipation as a distributiofu) € D’((0,T) x R?) defined by the
limit

D(u) = lim 7 [ V6.(¢) - sulsulde,

wheredu = u(z + &) — u(z), and¢. is a mollifier. If u” is a solution to the NSE, or
Euler forv = 0, thenD(u") does not depend of a particular choice of the mollifier and the
following energy balance holds in the distributional sefvee drop forces for simplicity)

at(%(u”)% + div(uvg(u”f £7) = FAW) +u(Vu)? + D) =0,

Similar balance holds for solutions of the Euler equation:
1 1
Oh(5(u)?) + div(u (5 () + ")) + D(u’) = 0. (46)
If {u”},<,, is a sequence of weak solutions to the NSE which tendg’ tstrongly in
L3L3, then

uhi% v(Vu’)? + D(u”) = D(u°), 47)

in the sense of distributions. So, assuming thids themselves are regular enough to
disallow Onsager dissipation, i.®(u”) = 0, then &7) becomes a space-time local version
of (35) providedD(u") > 0. Integration in space and a finite time interval reveals that
average total anomalous flux is equal to the litit, o v(||Vu”||3), as suggested b27).
However, the relationshipl{) does not seem to give a detailed shell-by-shell infornmatio
as in Q0) and @7). A sufficient condition forD(u®) = 0 similar to 1) was also obtained
in [20] as a direct generalization of{]. It implies energy conservation vigf), provided
u(t) is strongly continuous i.? since ¢6) is a distributional relation (for more on this,
see f)).

The saturation hypothesig4) and locality of energy transfer lay down a basis of so-
called dyadic models of turbulence, which we will discusstne

2.2. Discrete shell models.In late 70s—80’s several "toy” models of turbulence appaare
in mathematical and physical literature to test the powsslaf Kolmogorov's theory (see
for example 17, 40, 29)). In those models the total energy of the flow in a dyadiclshel
is replaced by a scalar quantidz)Z(t) while the nonlinear term of the full NSE or Euler
equation is simplified to involve only local interaction®, % derive a shell model we start
with the fully local version of 20):

g o )‘q||“q||§~
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Next we include intermittency correction by adopting onetef Bernstein identitiest{)
for somea. We will usec = 3a + 1 as a parameter instead of Thus,1 < ¢ < 5/2.
Denotinga, = ||u4||2 We obtain the expression
IT, o )\;ag.
Subsequent analysis shows that in order to preserve ptysiivthe scalar quantities,’s
as suggested by the definition one can model the flux with
I, = )\;aianrl.
The shell analogue of the energy budget relation is
q q

1d
Sdt Zaﬁ =~y + Z(*V)‘?;a?; + fpap),

p=0 p=0

1d Y !
Sq Zaz =-II,_1+ Z(—y)\iai + fpap).
p=0

Subtracting and canceling, we obtain the Desnyansky-Novikov model
d
at”

wherea_; = 0. We also consider the inviscid variant ofg] as a model for the Euler

equation:

g =Ao_1a; | — Noagagi1 —vAjag+ fg, ¢=0,1,... (48)

d (& (&

% = A471a371 — Ag@qaq+1 + fq, ¢=0,1,... (49)
Long after the origination analytical studies of the mod&lsumed in recent works of
Katz and Pavlovic§1], Cheskidov et al 3, 10], Kiselev and Zlat§ [37] and others. The
Onsager conjecture was first addressed in the works of Glmslt al in [LO, 9]. We
will describe the results below as they demonstrate a cdmplgreement with Onsager’s
prediction.

The energy of the system is defined &f¢) = 1 Z;‘;O a2 (t), while the Sobolev norm
by [lallF. = 202 A5°a;. We assume that the force has only one non-zero mpde,
(f0,0,-.).

Let us first discuss the inviscid model, ize= 0. The Onsager-critical class for validity
of the energy balance relation

E(t) = £(0) + / (f. als))ds (50)

is L3([0, T); H*/®). However, no solution to4@) stays inH /3 for all times, and every
solutions start to dissipate energy! The situation is thieiaong.

1) For everyay € /2 there exists a global weakly continuous/hglobal solution to
(49) with eacha,(t) continuously differentiable in time. Hy > 0, thena(t) > 0 for all ¢,
and the energy inequality

E(t) < E(to) —|—/ (f,a(s))ds, (51)

to
holds for all0 < t5 < t.
2) The H¢/3-norm of any solution blows up in finite time, moreover, fonsI’ > 0,
a ¢ L3(0,T); H?).
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3) The unique equilibrium given by’ = {Aq_c/?’\/fT)} is an exponential attractor, i.e.
every trajectory converges t& exponentially fast in the metric af. Clearly,a? itself
violates 60) since(a?, f) = adfo > 0.

4) For a trajectory:(t) we define the anomalous dissipation rate by

1d
eo(t) = (a(t), f) — ia\a(t)@
in the sense of distributions. In view di{), ¢, is a positive distribution, and hence a Borel

measure. Define
1 T
€ = TILH;OT/O deg(t).

Then,eq = (o, f) > 0 because of fact 3). We see that every solution dissipategygne
eventually. Moreover, the long time averaged flux throughemamberx satisfiesll, =
(@2, f) = (a° f) = €9, thus confirming the lawd().

5) Since e\z/ery solution converges to the equilibriafh) the energy spectrum defined
by E(k) = %2, i € [Ay, \gy1), SatisfiesE (k) o Ay ~>/3. This is consistent with the
description of the spectrum in the corresponding inteemity regime given by30).

The viscous case was treated $hfor a limited range of parametere (3/2,5/2].

i) In this case there exists a unique smooth stationaryigesblution«”, which is an
exponential global attractor if¥. Moreover,a” — o asv — 0 the metric of anyH*, for
s < ¢/3 (notice thatn” does not belong té/</%). Thus, for smal > 0, a/ o« )\;c/3 in
the range ofy consistent with the Kolmogorov dissipation wavenumié),(beyond which
«a, decreases exponentially fast.

i) For a fixedv > 0 and solutiona” (¢) there is no anomalous dissipation in the long
time average sense, i.e.

=1 QR d li Tl d v 52
o= Jim [ ZvlerOlnat = Jim [ L@ o). 0= @), 62)
So, in view of i), lettingr — 0 we obtain
e, — (% f) =€ >0,

which is a vivid manifestation of the Kolmogorov's dissijpet anomaly law 85).
Due to the technical restrictiane (3/2,5/2] it remains open whether the above results
hold in the classical K41 regime= 1.

3. Lecture 3: local energy balance, organized singularitiesyortex sheets.As we ar-
gued previously the suitable functional class in Besov eandiouse turbulent solutions to
the Euler equation is the Onsager-critical spﬂgléf’o. In intermittent regimes individual
realizations of Euler flow may in principle exhibit organize@rmations of the singular set
not covering the entire fluid domain. In this lecture we wikbenine some of those cases
in more detail. We obtain sufficient Onsager-critical cadiotis for energy conservation in
terms of mixedLP-spaces. Since a turbulent solution is expected to dissgatrgy these
conditions essentially tell us what a turbulent motion esdrive. Guided by these findings
we will explore a possibility of obtaining dissipative statary solutions with a point sin-
gularity in 2D. We will further establish that vortex sheate not turbulent despite being
in the critical classgéfg and no better. However at the time of first roll-up there is &-po
sibility for energy drop or loss. The results of this lectare mostly contained '] and
are inspired by an earlier work of Caflisch et &].[

First we will look at the problem locally in space-time. Weide the appropriate local
regularity class by taking2(l) as a determining condition.
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Definition 3.1. Let u be a weak solution to the Euler equations. We say#hatregular,
and writeu € R if the condition @1) is satisfied. For a relatively open getc [0, 7] x R™

we writeu € R(D) if u¢ € R for all scalarg € C§°(D). The maximal suctD is called
the regular set of, while its complement is called the singular set.

Forasetd C R™ x [0, T] we denote byA(t) the sliceA N (R™ x {t}), andA(¥',t") =
AN (R™ x (¢,¢)).

Lemma 3.2. Let D be the regular set of a weak solutian Then for every) € C§°(D)
one has

/ ful’¢ — / Jul¢ = [ul*3:¢ + (Jul* + 2p)u- Vo,  (53)
D(t") D(t") D(t,t")
forall ¢/, " € [0,T].

Definition 3.3. We say that a sef C R" x [0, T'| admits ak-dimensionalC”!-coverif
for every point(z, tg) in the space-time there is an open neighborhdaaf z( in R™ and
a relatively open subintervdl C [0, 7] containingt, for which there exists a family of
C'-diffeomorphisms
pr:U— By, tel, (54)
satisfying the following conditions
(@ St)NU C ¢; '(RF x {0}"* N By), forallt € I,
(b) There isC' > 0 such that
sup |y (x) — e (z)] < Clt" — "7,
zeU
forallt/,t" e I;
(©) sup,epier [Vapi(z)| < C.

In the casé: < n — 1 we have the following result.

Theorem 3.4([4€]). Letu € L3(R™ x [0, T]) be a weak solution to the Euler equation on
the time interval0, T']. Thenu conserves energy provided the singular Setf v admits a

3(n—k)
k-dimensionalC™'-cover andu € L}L{L ;""" locally, where the values of, n,k > 0
satisfy

3
n—k+2’
The mixedLP-space used in the theorem is defined as follows. Assuming#uh slice
S(t) is ak-dimensional smooth submanifold Bf we consider a local normal fiber bundle
S+ (t). Thus, each fibes* (x,t) is ay-smooth in time local tile orthogonal to the surface

S(t). We define the local spade’ L'; L%, . by assuming

v > n>k+1. (55)

3/p

p/q
/ / / (e, y, )i (y) | dob(@) | dt < oo,
I S(t)nU S+ (z,t)nU

over each coordinate neighborhobdx I, wheredo] denotes the surface measure of

3(n—k)
dimensionr. A straightforward computation shows that the spﬂééf;L;j’“*l is in fact
Onsager-critical.

The argument used in the proof of Theordniis local. We use the local energy balance
relation 6£3) as a platform for approaching the singular set by an orderiyoff procedure.
Just to give an illustration, let us consider the point case 0 and assume the point
singularity s(t) is regular in time. Let us consider a scalar cut-off functioa Cg5 with
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n(r) = 1forr € [0,1), andn(r) = 0 for » > 2. Fore > 0 we considerp.(x,t) =
1—n M . Since the support af. lies entirely in the regular region of, we can

substituteyp, into the local energy equalityp8) (compactness of the support can be easily
removed). As we let — 0 the left hand side clearly converges|to(t”)||3 — ||u(t')]|3-

Sinced; ¢, behaves like—! we obtain
1 t”
A
€ Jtr JBac(s(t))

/ |u|28t¢e
D(t/,t”)

This is smaller than the estimate we will obtain for the melar term. We have

1 t//
/ lulPu - Vx| < f/ / lul>dzdt
D(,t") € Jy Bac(s(t))
n—1

¢! n
< / / |u| %7 da dt — 0.
t Bac(s(t))
The pressure can be treated similarly.

Since the argument is local one can extend it to the case aflyofinite unions of
singular sets. Specifically, suppose that in every cootdinaighborhood” = U x I

Ny
s=Us (56)
j=1

where S;’s are k;-dimensionallyC"-*-covered inV. The conclusions of Theore4
remain valid under the corresponding assumptions tmeally near eacls;.

Because of its local nature it is more convenient to view Téen3.4 as a statement
about the local energy balance relatiéi)(rather than the total energy conservation. Thus
if « and.S are locally as described by Theorent then as far as the energy balance is
concerned the regular sBtof « can be augmented to include points%Hf

Example 1. Suppose: has a point singularity(t) at each time € [0,7]. Thus,k = 0
and the energy conservation is guaranteesdeifcﬁ2 andu € L3L»"7. In 2D we obtain
the conditionu € L3LS, while in 3Dw € L3L%2. In the case ofi = 3 andk = 1 we
obtainu € L3LLLS, . .
Example 2. As we discussed earlier, a physically meaningful formatatf Onsager’s
conjecture in stationary case consists of finding a smoattef € S and a fieldu €
By/2 N L? such that

(u-VYu+Vp=f (57)

holds in the distributional sense and

(f;u) #0. (58)

In view of Theorem3.4 we look for a solution having one point singularity at thegami
with v € LS A natural choice would be (in polar coordinates)

weak*
ﬁ(%\ll?—\lf’ﬁ), r<1;
u =< smooth, 1<r<?2; (59)
0, r>2.
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where¥ (9) € C2. This is an example of a divergence-free field witk LS __, N Bé/o?; N
L2, In order to satisfy%7) and 68), function¥ has to obey the following two conditions

3(VU")? 4 402 + 60T" = P, (60)

whereP is a constant related to the value of the pressure near siriguand

/ 2Tr(\If’(e)))Sda #0. (61)
0

Unfortunately an ad hoc argument shows tha) (and €1) are inconsistent. Indeed,
supposeP # 0. Let us test equation6() against¥™¥’ with n > 1. One obtains
J(@")3¢™ = 0 for all n > 1. Thus for any analytic functior&? vanishing ato one
also has[(¥/)*G(¥) = 0. Let us takeG (z) = 1 — e=*"/¢ and lete — 0. We ob-
tain fq,?éo(\lf’)3 = 0. In order to stay consistent witlb{) we necessarily conclude that
{¥ = 0} > 0. Hence, the set wher& = 0 has a cluster poinf,. At that point
¥’ (0y) = 0 which contradicts§0).

Suppose now thaP = 0, and assume without loss of generality thgt)) > 0 at some
6. Notice that at any such poif U”/(6) < 0. Let us consider a local maximu#y so that
U’(6y) = 0 and¥(hy) > 0. Since¥ cannot be identically constant, there ig:a> 6,
such thatl’(0,) < 0, yet¥(6;) > 0. Since?” < 0, the slope?’(4) will decrease to the
right of 6,. We eventually find a poirtt; > 6; such that¥'(6,) = 0, yet¥’(62) < 0. This
contradicts equatiort().

As a consequence, every solution exist in the form58) €atisfies the energy balance
relation, and yet this case is not covered by Theosefn

3.1. Casek = n — 1: slits. We now describe the hypersurface version of TheoBefin
which appears to be the critical case. Our settings will beesghat stronger than those
described in Definitior8.3. Namely, letS be aC! in time family of closed orientable
C?-submanifolds ofR™. Denote byii(z,t) the positively oriented unit normal t§(¢) at

x € S(t). Let us also define the normal segments for eyery) € S:

Ty(z,t) = (z,t) + 7i(x, )]0, €],
F—(‘T7 t) = (‘Ta t) + ﬁ(;lj, t)[iela 0]7
(the length being uniform in every coordinate chart). Bétc R™ x [0, T] be a relatively

open set such thal’ N S is a coordinate chart of. For a function or fieldf on W we
define the normal maximal function defined by

filz,t)= sup |f(2',1)],
z’' €l 4 (x,t)

and the normal limits by
fe(z,t) = lim  f(2/,1),

xr —T
z'€ly (z,t)

provided the latter exist. B{4(.5);,. we understand the local?-space with respect to the
measurelo,dt, wheredo, is the surface measure 6fft).

Definition 3.5. Let u be a weak solution to the Euler equations. The surfacecalled a
slit of w if

1) The limitsuy, py exist fora.et € [0,T] and a.ex € S(t),
2) u} € L3(S)ie andpl € L¥2(S)1oc
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If S'is aslit, then one can show directly from the weak formulatibthe Euler equation
and divergence-free condition that the normal component bas no jump across the
surfaceS(t):

Up - T =U_ - TT 1= Uy,
and the pressure is continuous through the surface- p_ for a.e.t € [0,7]. Moreover
almost every particle € S(t) through which the velocity has a jump, (z,t) # u_(z,t),
will remain on the surfacé at almost every time (seé€{] for precise statement). The latter
condition is similar to the kinematic condition on the sedaf a water wave.

The substitute of Theoref4 can now be stated as follows.

Theorem 3.6. Suppose that € L3(R™ x [0, 7)) is a weak solution to the Euler equations
and the singular set of is a slit. Thenu conserves the total energy. Moreover the local
energy balance equalitf3) holds on the entire space = R™.

We note that a generic field with a slit-type singularity s exactly to the Onsager-
critical cIassBéfoi, and no better class. As an example, consider,y) = (1,0), for

y > 0, andu(z,y) = (0,0) for y < 0, and assume thaitis tapered far from the origin. It
is a typical example of a vortex sheet which we will discusetne

3.2. Energy conservation for vortex sheets.A typical example of a slit is a smooth vor-
tex sheet. Vortex sheets in the classical sense are sirgpligions to the Euler equations
with vorticity concentrated on a hypersurface (séd) For notational convenience we
will consider the two dimensional case. In 2D a vortex sheeleiscribed by the graph of
a regular functior{(a, t) = (a, h(e, t)) and vorticity densityy = ~(«,t) on the graph.
Typically, one assumexr-periodicity onh and-~. Thus, in complex variable notation the
velocity field off the sheet is given by the Biot-Savart law

iz 1) = ﬁ /_: cot (2_42(‘”)) + (0, t)da

Providedy has enough smoothness on a time intef@al’], the standard potential theo-
retical considerations imply that € L{° L2°, the non-tangential, and hence normal, limits
exist and are given by

1
Ui(a,t) = _EPV

L ICCTTE) RRP

wheres'is the unit tangent vector oriented in the positive dirattidthez-axis. The pres-
sure can be recovered from Bernoulli's function, and isgibg the double-layer potential
formula I ]

p=—5lul + 5 D(lus* ~ [u_]).
From the classical jump relations for the double-layer ptigdD we see that the limits.
exist,py = p_ = 1(Jus|? + [u_|?) andp} € LI(S)oc forall 1 < g < oco.
Corollary 2. According to our DefinitiorB.5, the classical vortex sheet is a slit.

The kinematic condition on the surface discussed abovetigngpbut the well-known
evolution law of the sheet:
Oth = —U10,h + Us,
whereU = £ (uy +u_). In order for the total kinetic energy of the vortex sheetedihite
we assume vanishing of the total circulation:

/7T (e, t)da = 0.

—T
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Under this conditiony. € L>L?, and by interpolation with, € L>L> we obtainu €
L3132

Thus, the conditions of Theoref6 are satisfied and we arrive at the following corol-
lary.

Corollary 3 ([48]). Suppose that, h € C*°([0,T] x [, 7]), and the total circulation of
~ is zero. Then the energy of the vortex sheet is conserved.

Vortex sheets of this nature are known to exist in 2D and 3@llgdn time in spaces
of functions that admit analytic extension to a complexps(gee {, 50]). In general,
the global existence is precluded by occurrence of theuplsingularity (seed7]). The
conditions on Cauchy data stated ] that guarantee local existence allow for sheets with
zero circulation. Thus, Corollary applies to a variety of existing vortex sheets. However,
just as for Theoren3.4 the proof of TheorenB.6 is completely local. So, it applies to
obtain local energy balance relation even for sheets withiia energy.

Unfortunately, as we note in the beginning of this lecturediem3.6 closes the pos-
sibility of finding Osager-critical dissipative solutiomsnong regular vortex sheets. The
curvature blow-up of initially regular sheet constructgd@aflisch and Orellana] still
retains the structure of a slit as defined above even at ttieattime. Therefore this type
of singularity sustains energy conservation again due &ofgm3.6. However, the spi-
ral roll-up that develops due to Kelvin-Helmoltz instatyilis severe enough to dismantle
the geometric structure of the sheet thus opening a pasgibflenergy loss or gain. In
[53] Wu proved regularity results implying that at the time ofl4up a vortex sheet fails
to remain in the class of so-called cord-arch curves with enai@ rate of roll-up. This is
also suggestive of a steep velocity gradient near the cdreedpiral. Since away from the
core the vortex sheet remains regular, TheoBeimplies that the energy flux is localized
around the center. So, the question of energy concervatimduced to a point singularity
which falls into the lower dimensional settings of Theorgém According to Theoren3.4
if w remains inL3([0,¢*]; L%) near the center then the energy is conserved, however it is
not known whether this condition holds or not.

We note that if energy does not remain constant at the timellefip, this automatically
implies non-uniqueness of solutions in so-called Delatéss. Those are solutions with
vorticity being a measure-valued function of time (s&€]), of which vortex sheets are
particular examples. Existence of such solutions with digimite initial data was demon-
strated by Delort in 6] via a weak limit of solutions with regularized initial datés a
result Delort’s solutions can only dissipate energy at wds, if the energy of a classical
vortex sheet increases at the roll-up time, this solutiostrdiffer from Delort’s one. If the
energy drops at the time of roll-up, the reversed in timetsmhyproves the same result.

4. Lecture 4: energy equality for Leray-Hopf solutions of the NSE. In this last lecture
we will address the question of anomalous dissipation icouis fluids (not to be confused
with the dissipation anomaly > 0), which carries similar difficulty as the inviscid case.
Again, the Navier-Stokes equation governing evolution aisaous fluid is given by

u + (u-V)u=vAu—Vp+ f. (62)

Herew is a three dimensional divergence free field, gnd S divergence free also. For
the most part of this lecture we will assume fluid dom@ino beR? or T3. We refer to
Temam pZ] for the classical well-posedness theory for this equatiaat us recall that for
every fielduy € L?(2) there exists a weak solutiane C,,([0,7); L?) N L%([0,T); H')
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to (62) such that the energy inequality

u(t)[3 + 2 / Vu(s) 2ds < Julto)|2 + 2 / £ - u(s)ds, (63)

holds for all0 < ¢, and a.e0 < ¢y < ¢ includingty = 0. So,lim; o+ u(t) — ug Strongly
in L2. If (63) holds in the local sense too, the solution is called suitaBkistence of such
solutions was demonstrated by Schefféf]in R? and other domains by3[51]. In fact in
the case oR?® the Leray scheme already produces a suitable weak solution.

Itis believed that forr > 0 any Leray-Hopf solution has no anomalous dissipation, i.e.
the energy equality rather than inequali®) holds, i.e.

t t
lu(t)|3 + 2V/ \Vu(s)|3ds = |uol3 + 2/ fu(s)ds, t>0. (64)
0 0

The Leray-Hopf regularity class,, ([0, T); L?) N L?([0,T); H) is not sufficient, at least
in a direct sense, to establisbyj. Under the additional assumptianc L*L*, the energy
equality was proved by Lions3f]. Recently, Kukavica §8] relaxed Lions’ criterion to
p € L2L?, although this condition is dimensionally the same. By adimapplication of
Theoreml.4we obtain a dimensionally different sufficient conditiom {64).

Theorem 4.1. Letu € C,([0,T); L*(R3)) N L3([0,T); H*(R3)) be a weak solution to
the 3D incompressible Navier-Stokes equations with

T
i [ g0t =0 (65)
q— 00 0

Thenu satisfies the energy equalit§4). In particular, (64) holds ifu € L3([0,T); H%).

Let us notice that by interpolation with?([0,7"); H') Lions’ condition impliesu €
L3([0,T); Hs). In a bounded domain the analogue of Theorefican be stated in terms
of the domain of the Stokes operatér Thus, 64) holds provided: € L([0,T'); D(A% ),
which is again a condition of Onsager’s physical critiga{gee [L1]).

The analogue of Theoref4 for point singularities requires a weaker assumption on
the Holder continuity in time of the singular set.

Theorem 4.2([47]). Lets € C'/2([0,T];R?) andu be a weak solution to the NSE satis-
fying the following conditions

() weCu,L>NL*H' N L3LY?

(i) u€ R((0,T) x R*\Graph(s)),
Thenu satisfies the generalized energy equality:

/ e — 6 — 20,
RS x {/'} RS x ('} RS x (/)

- / ([uf? + 2p)u - Vo — 2 / Va2 + v / P’Ag. (66)
R3 x (t/,t”) R3 X(t’,t”) R3x (t’,t”)

forall ¢ € C§°([0,T] x R3), and0 < ¢’ < ¢” < T. In particular v is a suitable weak
solution.

Conditions stated in the previous too theorems, althougikesthan the classical ones,
still do not bring us much closer to the Leray-Hopf regulariEigure 1 gives a graphic
illustration of the known results relative to the Leray-Hdpe in the(%, %) coordinates.
However, one can still hope that the Onsager critical sgadan be broken with the use of
extra information about the singular set. Recall that thetresult of the partial regularity
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FIGURE 1. Here = L3L%2, T = A4

theory advanced by Schefferd], Caffarelli, Kohn and Nirenberd?], Sohr, von Wahl{9]
and others states that the singular set of a suitable weak®vis 1-dimensional in the
sense of the parabolic Hausdorff dimension. Moreover, therensional measure of the
setis zero. Let us examine how one can overcome the Onsadieigséor example, when
the singular set is just one point at time= 0 and the solution is regular fare [—1,0).
We can assume without loss of generality that the singulit g0 € R3.

Lemma 4.3. Suppose that under the conditions described above the vebatios « sat-
isfies

lim sup / |u(z,t)|*dz = 0. (67)
€=04e(—1,0) J|z|<e

Then the energy equalif$4) as well as its local varian(66) hold for all -1 < ¢’ < " <
0.

We see thatq7) is already of the same dimension B% L2. For example, it holds if
u € L LP, for somep > 2. Let us sketch the argument of Lemah&.

Proof. Let us fixe > 0 andd > 0 and fix a non-decreasing, € C*°(R") defined for
r >0, ¢o(r) = 1forr > 1andgy(r) = 0 for r < 1/2. Let us consider

2 2\ 1/2
¢e,5(x7t) = ¢0 <<|::2| + :;2) > .

Let us plug it into 66) assuming” = 0 and—1 < ¢’ < 0. We write the obtained identity
using labels for respective terms in the same order as th@sean 66):

A5,5 - BE,S - Ce,§ = D5,5 - QVEE,(S + VF6,5~ (68)
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Clearly we have

Acs — ul?, (69)
R3x{0}

Be,é - |U|2, (70)
R3x{t'}

E.s— |Vul|?, (71)
R3x(0,/)

ase, § — 0 regardless of the relative speeds:@inds.
Next notice that all partial derivatives @t ; are supported in the ellipsoidal shell

1/2
|JU|2 t2
t2< (sz

where in particulatt| < § and|z| < e. Thus, we have up to absolute constant multiples

<1

— 9

1
X(1r,0)(D10rde5(2, )] < SX(=5.0) (1) Xjal <e (), (72)
1
X(,0)(O|0ses(2, )] < —X(=5,0) ()Xl <e(2), (73)
1
X(t,0) (D)2 e 5(z, )] < SX(=5,0) (D)Xo|<e (). (74)
These imply the following estimates on the remaining te€ém®), F:
1 0
C.sl < / / lul2dadt, (75)
0 —6 J|z|<e
1 [ 5
|Des| < - (Ju]” + [pllul)dzdt, (76)
€J_s |z|<e
1 /0 )
Fes| < = Jul*dacdt. (77)
€ J_s J|z|<e

We now leto — 0 first, and there — 0. Since every Leray-Hopf solution remains in
we L3L3 _andp € L¥2LY? we clearly haveD, s — 0 andF, s — 0 already ag — 0.

loc loc

As to C 5 we use the condition of the lemma to obtain

|Ce5| < sup / lu(z,t)|2dz — 0
te(~1,0) J|z|<e

ase — 0. O

Balancing the rates of decay betwe&rand ¢ one can obtain further conditions for
energy equality up to time= 0. These include: € L°L? (taked = ¢°/2) and the line of
spaces connecting'* L*2/17 and L>° L?, excluding the latter end (take= ¢*).
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