ON THE REGULARITY OF WEAK SOLUTIONS OF THE 3D
NAVIER-STOKES EQUATIONS IN Bgo%oo

A. CHESKIDOV AND R. SHVYDKOY

ABSTRACT. We show that if a Leray-Hopf solution u to the 3D Navier-
Stokes equation belongs to C'((0,T}; BS!,) or its jumps in the B3' -
norm do not exceed a constant multiple of viscosity, then u is regular on
(0, T). Our method uses frequency local estimates on the nonlinear term,
and yields an extension of the classical Ladyzhenskaya-Prodi-Serrin cri-
terion.

1. INTRODUCTION

We study the 3D incompressible Navier-Stokes equations (NSE)
Ou—vAu+ (u-V)u+ Vp =0, r€Rt>0,
(1) V-u=0,
u(0) = uo,

where u(x,t), the velocity, and p(z,t), the pressure, are unknowns, uy €
L*(R3) is the initial condition, and v > 0 is the kinematic viscosity coeffi-
cient of the fluid.

In his seminal paper [13] Leray proved global existence of weak solu-
tions to the system (1) for every divergence-free initial data ug € L*(R?).
Furthermore a solutions can be found to satisfy the energy inequality (see
Section 2). Such solutions are called Leray-Hopf solutions. A famous open
question is whether or not all Leray-Hopf solutions with smooth initial data
are regular. A weak solution u(¢) is called regular if ||u(t)|| 51 is continu-
ous. Even though the regularity problem is far from been solved, numerous
conditional criteria were found since the work of Leray. The first result of
this kind is due to Leray in the R? case (see also Ladyzhenskaya, Serin, and
Prodi [14, 16, 15] in the case of a bounded domain). It states that every
Leray-Hopf solution u to (1) with w € L"((0,7); L*) is regular on (0, 7]
provided 2/r + 3/s =1, s € (3,00], orif u € L>((0,7T); LP) with p > 3.
The limiting case s = 3 stood long open. von Wahl [17] and Giga [10]
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first proved the regularity in space C'((0, T; L?) (see also Kozono and Sohr
[11]), and only more recently Escauriaza, Seregin, and Sverak [7] settled the
case of L>°((0,T); L?) using scaling and the backward uniqueness result.

The space L3, as well as all the other critical spaces for the 3D NSE
(see Cannone [2]), is continuously embedded into the Besov space Bgolyoo.
Hence, a natural question is whether or not Bo‘ofoo-norm blows up if a so-
lution looses regularity. In this paper we give a von Wahl-Giga version
of the answer. Namely, if a Leray-Hopf solution « to (1) is continuous in
B, on the interval (0,77, then u is regular on (0,7]. In fact we will
prove that regularity of the solution is guaranteed even if « is discontinuous
but all its jumps are smaller than a constant proportional to the viscosity
(see Theorem 3.1). Thus, discontinuities of a limited size are allowed. As
a consequence, we conclude that Leray-Hopf solutions with Bgofoo—norm
bounded by cv are regular. This last result will also be shown in the “al-
most everywhere” version (see Corollary 3.3).

A related direction in the study of the 3D NSE concerns solutions with
small initial data. The best present result due to Koch and Tataru [12] states
that if the initial data is small in BM O™, then there exists a global in time
regular solution of the 3D NSE with this initial data. Note that the space
BMO™"is continuously embedded in BZ . The small initial data theorem
in this larger space is unknown. However in [4] Chemin and Gallagher
found a class of initial data allowing for arbitrarily large Besov norms which
generate global in time smooth solutions. This contrasts to a recent result
of Bourgain and Pavlovic [1] (of which we learned after completion of the
present paper) preceded by an earlier work of Germain [9], which shows
ill-posedness of the Navier-Stokes equations in the homogeneous version
of B;ofoo. Such a result is suggestive of potential difficulties in carrying
over the Koch—Tataru approach to the critical Besov space.

Our arguments below are presented in the case of R?, but they apply to
the periodic case as well.

2. PRELIMINARIES

2.1. Besov spaces. We will use the notation A\, = 27 (in some inverse
length units). Let B, denote the ball centered at 0 of radius 7 in R?. Let
us fix a nonnegative radial function x € C§°(B,) such that x(§) = 1 for
|€] < 1. We further define

2) p(€) = x(ATE) — x(6).

and

3) ©q(&) = 0(A;16).
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For a tempered distribution vector field « we consider the Littlewood-Paley
projections

u, = F (p,) xu, for q>—1,
U_1 = F_I(X) * U,
where F denotes the Fourier transform. So, we have
o0
i=u,
qg=—1
in the sense of distributions. We also use the following notation

q
qu = E up.

p=—1
Let us recall the definition of Besov spaces. A tempered distribution «
belongs to B,  for some s € R and p > 1 iff
Jullg; . = sup Agllugll, < oo
g>—1

2.2. Weak solutions of the 3D NSE. In this section we recall some of the
classical definitions and results on weak solutions of the NSE.
Definition 2.1. A weak solution of (1) on [0, 7] (or [0,00) if T' = o) is a
function u : [0, T] — L*(R?) in the class

u € Cu([0, T L*(R?)) N Lig ([0, T]; H(RY)),

loc

satisfying

@ (u(t), ot)) + / (— (4 0ug) + v(Vu, V) + (u- V) ds

= (uo, ¢(0)),

for all ¢ € [0, 7] and all test functions ¢ € C5°([0,T] x R?) with V- p = 0.
Here (-, -) stands for the L2-inner product, and C, signifies continuity in
the weak topology.

Theorem 2.2 (Leray). For every ug € L*(R?), there exists a weak solution
of (1) on |0, 00) satisfying the following energy inequality

t
) ()3 + 20 / IVu(s)|2ds < JJu(to)2

for almost all ty € [0, 00) including ty = 0, and all t € [ty, c0).

Definition 2.3. A Leray-Hopf solution of (1) on [0, 7] is a weak solution
on [0, T'] satisfying the energy inequality (5) for almost all ¢, € (0,7") and
all t € [ty, T).
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A weak solution u(t) of (1) on a time interval [ is called regular if
||u(t)|| 71 is continuous on I. The following is a well-known fact concern-
ing Leray-Hopf solutions. Note that weak solutions are not known to satisfy
this property.

Theorem 2.4 (Leray). Let u(t) be a Leray-Hopf solution of (1) on [0, T). If
for every interval of regularity (o, ) C (0,7T)

lim sup [Ju(t)]

— (-

Hs < 00,

for some s > 1/2, then u(t) is regular on (0,T].

3. MAIN RESULT

In this section we state and prove our main result. Its proof is a con-
sequence of the limiting case of other regularity criteria in the subcritical
range of integrability parameter. We will discuss how those criteria extend
some of the classical and newly found results on regularity.

Theorem 3.1. Let u(t) be a Leray-Hopf solution of (1) on [0,T]. If u(t)
satisfies

(6) sup limsup ||u(t) — u(to)||g=1 < cv,
te(0,1] to—t— e

where ¢ > 0 is some absolute constant, then u(t) is regular on (0, T.

In particular, if
then u(t) is regular on (0, T].

The following criterion will be a crucial ingredient in the proof of Theo-
rem 3.1.

Lemma 3.2. Let u(t) be a Leray-Hopf solution of (1) on [0,T]. There is a
constant ¢ > 0 such that if u(t) satisfies

(7) limsup sup A, [ug(t)|o < v,
g—oo  te(0,T)
then u(t) is regular on (0, T].
Proof. Let (o, 3) C (0, 7] be an interval of regularity. Let us fix e € (0,1)
and use the weak formulation of the NSE with the test-function )\é“(uq)q.

Then on («, 3) we obtain
1d
®) oMl + X gl < A [ T - V] d

We can write
(u@u)g = rg(u,u) + ug @ u+u® ug,
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for all ¢ > —1, where

re(u,u)(@) = | F )W) (ul@ —y) — u(2) @ (u(z — y) — u(z)) dy.

R3

After proper cancelations we arrive at

/ Tr{(u®u), - Vu,] dx = / re(u,u) - Vug dx —/ Ug - Vgt - ug de.
R3 R3 R3

Let us now estimate the first term using Holder and Bernstein’s inequalities

/RS rq(u, u) - Vg de S {lrq(u, w)|[3/2Aq][ugls.

Using Littlewood-Paley decomposition we obtain as in [6]
Iratwlle S [ 177 )0t =) = w1 do

q o]
s [ ew) (Z IRHTAEEY ||up||§> dy

p=—1 p=q+1
q 00
S AN lE+ Y s
p=—1 p=q+1
Analogously,
q+1
/ Ug - Vegrn - tgde S |lugll3 Z Apllttp|l3-
R3 p:—l

Thus, up to a constant multiple independent of u, the nonlinear term in
(8) is bounded by

q 00 q+1
/\;”uql|3 Z A;%H“p”% + >‘3+6Huq“3 Z Hup”% + >‘2+6||uq||:25 Z Aplltplls-
p=-—1 p=q+1 p=—1

Let us now fix @) € N and sum over ¢ > () in (8) on («, (3) obtaining

1d ) ©
EEZW gl + 2> N Nuglls ST+ 1T+ 111,
q>Q 7=Q

€))
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where

I = Z)\e |uglla Z A2y I3,

p=—1
11 = ZV“ alls S a2
p=q+1
q+1
111 = ZAWHuqu > olluplls:
=Q p=-—1

We will show that the right hand side of (9) obeys the following estimate

(10) [+ 1T+ 11T S A |ugllf + R(Q),
=Q

where

R(Q) = sup ZA2“|uq||3

te(0,7) =1

Once this is proved, the argument goes as follows. By interpolation, ||u,||3 <
[qll3]lttq |- So

1d <&

S 1+e |Uq||2+yz/\3+e |Uq||2 < Oz/\3+€ |uq” (A 1||uq||oo)+CR(Q),

=Q =Q =Q

where C' > 0 is an absolute constant independent of u. Let ¢ = v/C.
Choosing @ so that A\ *[Jug(t)||oc < cforallg > Q andallt € (0,T), we
obtain

1d ...
34 Z)\(11+ uglls < CR(Q),
¢=Q

for any ¢t € (,(3). Since u(t) is bounded in L? on (0,T], it follows that
R(Q) < oco. Hence the H'/***-norm of u(t) is bounded on (c, 3). There-
fore u(t) is regular on (0, 7'] due to Theorem 2.4.
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Let us now prove (10). Indeed, using Young and Jensen’s inequalities we

obtain

I = Z/\€||uq||3 Z /\2||up||3

p=—1

2+ AR
=D A Plluglls D0 WA TINT T ull3
=Q

p=-1

o] |uq||3 +Z Z (Ap >‘

q=Q p=-1

< Z)\
< ZAi*enuqH% + R(Q).
=Q

LO\I\D

_ 2¢
I3

Similarly,

00 [ee)
IT="" N fuglls > Nyl
9=Q p=q+1

o0

oo
3+5 2¢ | 442
=N luglls D NN (w3
q—Q

(J+1

<ZV+5HuqH3+Z > O

q=Q p=q+1

S ZA?,“H%H%-
7=Q

And finally,
q+1

1= S Y Al

=Q p=—1
q+1
€

42 ) 1 24
=3O ugll3 D WA TN s
=Q p=—1
oo g+l )

S ZV*EIquI!ﬁZ D AT

q=Q p=-1

< ZA?EH%H% + R(Q).
=Q

2-‘,—5

w\m

3
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It is worth mentioning that this lemma immediately yields the following
corollary. For mild solutions in the sense of Kato a similar result was proved
in [3].

Corollary 3.3. Let u(t) be a Leray-Hopf solution of (1) on [0,T]. There is
a constant ¢ > 0 such that if u(t) satisfies

HUHLoo((o,T);B;{OO) <cv,
then u(t) is regular on (0, T].
Now we are in a position to prove Theorem 3.1.

Proof of Theorem 3.1. Take any interval of regularity (o, ) C (0,77]. Since
u(t) is a Leray-Hopf solution, u(t) € C=(R?) for all ¢ € («, 3). Hence

o(t) =limsup A H|ug(t) [« =0, Vt € (a, ).

q—00

Then, thanks to (6), ¢(5) < cv. This together with (6) implies that there
exists ty € (a, 3), such that

limsup sup A, [ug(s)]o < 2cv.
q—0o0  s€(to,B)

Thus, if ¢ is chosen to be half of what is in Lemma 3.2, then that lemma
implies regularity of u(t) on («, (], i.e., continuity of ||u(t)||z: on («, f3].
Hence u(t) is regular on (0, 7" in view of Theorem 2.4. O

4. EXTENSION OF THE LADYZHENSKAYA-PRODI-SERIN CRITERIA

We conclude with the following regularity criterion in the subcritical
range of integrability exponent.

Lemma 4.1. Let u(t) be a Leray-Hopf solution of (1) on [0,T]. There is a
constant ¢ > 0 such that if u(t) satisfies

(11)
t 2 r r r—1
sup lim limsup/ ()\(j Huq(s)Hoo) ds < u”lcT( 1) :
r—

te(0,T)10t=  g—oo  Jy

for some r € (2,00), then u(t) is regular on (0, T).

Proof. Let (a, 3) C (0,T] be an interval of regularity. We use the weak
formulation of the NSE with the test-function A\2"~*(u,),. Then on (a, 3)
we obtain

1d
(12) == A2 lugllz < —vAZ [Jug|l3 + X272 / Tr[(u® u)q - Vug| da.
]R3

2dt 1
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As in the proof of Lemma 3.2, we have the following bound on the nonlinear
term

/ Tr[(u ®u)q - Vug) dz < Cy Z )\\q p\)‘ I3,
R3

p=—1

where C'; > 0 is an absolute constant. Thanks to Young and Jensen’s in-
equalities,

(o]
_2
Ny gl P20 D0 AT Al 13 < v AT g1

p=—1
Z A

p=—1

r—1
A — r—1, ~v—r r
vV C (7‘ — 1) ,

and C' > 0 is an absolute constant independent of w. Therefore on («, )
we have

where

(13)
1d 27« 2” || < —V)\QTHU ||2r_._)\2r72||u H2r72C i )\_% A Hu ||3
2 dt q Uq — q qil2 q q 1 lg—p| P11 YplI3
p=—1
<A Y N lluld + RQ),
p=Q+1
where

R(Q) = (rA)” B ZX“HupH

p——l

€ (2,00), and @ € N. Note that since u(t) is bounded in L? on (0, T, we
have R((Q)) < 0.

Now assume that (11) holds for ¢ = (C/24)~'. Then there exist ¢, €
(e, B) and @) large enough, such that

& 21 r 1
sw/«wuw@m»wsﬁA

>Q Jtg
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Lett € (to, 3). Integrating (13) we obtain
(14)  sup AT 72[lug(s)[3" — A?]HHuq(to)H%’”

s€(to,t)

<247 / ‘QBP‘A;HUP(S)HgT ds + R(Q)(t — to).
0 p=Q+1

Thanks to Levi’s convergence theorem we have

[ 3 nE it o
p=Q+1
r— T 7_1 5
sSup{sup @I [ O ) }ZA;M
to

p>Q se(t()?t) 1

by
sasup{ sup A]%”Hupw)u%f}sup / O lap(s) o) dis
to

p>Q Se(to,t) p>Q

< jAsup sup A2 uy(s) |3
p>Q s€(to,t)

Hence, taking the supremum of (14) over ¢ > (), we obtain

ssup sup A2 2 lug(s)]137 < sup A2 Jug(to) |37 + R(Q)(t — to).
a>Q s€(to,t) >Q

Letting ¢ — ( we now have

1—1
sup sup Ag " |ug(s)|l2 < oo.

7>Q s€(to,B)
Thus, since r > 2, the solution u(¢) is bounded in H* on (to, 3) for some
s > 1/2, which implies regularity in view of Theorem 2.4. U

Let us now see how this lemma implies an extension of the classical
Ladyzhenskaya-Serin-Prodi condition in the subcritical range of integrabil-
ity exponent. Indeed, by Bernstein inequalities and Littlewood-Paley The-
orem we have the inclusions

342 4
Bss,oor C Boo ,00

L° c BY

$,007

for all s > 1. On the other hand, as an easy consequence of Lemma 4.1 we
have the following theorem.

Theorem 4.2. Let u(t) be a Leray-Hopf solution of (1) on [0, T| satisfying

2
(1) we L'((0,T); Biaw),
for some r € (2,00). Then u(t) is regular on (0, T].
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Let us also note that for a negative smoothness parameter as in (15), the
homogeneous version of the Besov space is smaller than the nonhomoge-
neous one, i.e.,

.2 9 2_q
T

So,00 C B oo, forall r > 2.

In view of this fact, Theorem 4.2 extends the corresponding result obtained
recently by Q. Chen and Z. Zhang in [5].
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