LOCAL REAL ANAL YTICITY OF SOLUTIONS FOR
SUMS OF SQUARES OF NON-LINEAR  VECTOR
FIELDS

DAVID S. TARTAKOFF AND LUISA ZANGHIRATI

Abstra ct. Weshaow that all smooth solutions of model non-linear
sums of squaresof vector “elds are locally real analytic.

1. Intr oduction

We considersumsof squaresof non linear vector elds, that is equa-
tions sud as
Xa
P(z,u, D)u = Xfu = f

1
with the new feature that f.X;g may depend in their \coezxcients"
on the solution u. As a prime example of this classwe considerthe
following case(fog r > 0):

s

(1.1) P,(D)v:= (D,)*+ (z"D)?*+ (¢"(z,t,u)Dy)? v, (z,t) 2 R?

with 7 real valued and real analytic in its argumeris.

We shall assumeour solution « to be C* | sincesmoothness(starting
from C?* <) follows from the argumerts of Xu [7] which are basedon
the subelliptic estimate clearly satis ed by P, and the paradi®eretial
calculusof Bony [1].

2. Resul ts

Theorem 1. If f is real analytic near (xo, ), then sois any smath
solution to (1.1).

We remark that the problem is signi cant in its own right and also
becauseat bearsthe sameresenblanceto generalquasilinearsubelliptic
partial di®eretial equationsthat the sumsof squaresof linear vector
“elds do to the subelliptic complexesand “boundary Laplacians'arising
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from the 9, operator in seweral complex variables. In particular, the
local real analytic hypoellipticity of those (in the linear case) with

symplecticcharacteristic variety (roughly correspndingto » = 1 here),
proved independertly by Treves and Tartako® in 1978 ([4], [5], [6]),

propelsonequite reasonablyto askthe samequestionin the quasilinear
setting, of which the type of operator under study here is a simple
prototype. (NB - the vector “elds arising from J; correspnd more
directly to 0,i yd, and 9, + 0, than to 9, 0,, 0, and y0, as separate
vector elds; nonethelessthe \Grushin-t ype" operators have always
provided the most tractable models.)

3. Pr oof

Using standard argumerts it is easyto prove the following a priori
estimates:8s, 0,u2 C* andcompactU,9C = C,,u:8v 2 Cj (U),
x3 © a
(3.2) kX,;0k? + kvkiL - C j(Pyw,v) + kok?  and
r+l

1

(3.2)
x3 x3 © a
kXZXJ'Uk5+ kXi’Uki_L-*- k”Uki_L - C kPuUk§+ kvki
ij=1 1 r+1 r+1
wherek ¢k, = kCkys, P, "~ P(x,u,D), X1 = Dy, Xo = 2"D;, X3 =
Xé“) = 2"n(t, z,u) D;, and C dependsonly onthe rst s+ 3 derivatives
of .
Howewer the estimate we will need usesthe maximality (and ar-

de ned asfollows for s a positive integer,

(3.3) « «
fivlii s kX Toks, (i vjij msuy ” kX 'vkps), for U open)
i 2 ifji- 2
then for any K and with X! = X1 X2 X% 9Ck :8v2 C} (U),
(3.4) iiviii2+ K . kXTvky - CkPyuky + Crkuko.
iji- 1

4. The general scheme

The generalsdieme, as always, will be to usethe a priori estimate
appliedto functionsv = ¢ D™u and then to bring ¢ D™ to the left of P,
modulo errors which are handledinductively. Noting that the a priori
estimate provides for maximal cortrol (i.e. no loss of derivatives) in
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the D, direction, we limit oursehesto estimating ¢ D" u. ¢ will be a
smaoth localizing function, namely idertically equalto onein a xed
open set Uy, where we wish to prove the solution « is analytic, and
supported in Uy, the open set where the data are assumedto be real
analytic. The localizingfunction ¢(z,t) may be takento be of the form
o(t)(x), and terms with derivativeson ¢(x) may be disregardedsince
the operator is elliptic when z is away from 0, namely in the support
of derivativesof ¢(x). . Thus for our purposes,p = ©(t) alone.
Taking Pu = 0 without lossof generality, we have from (3.4):

P
i oDy ujiiz  KXFeDi"uke - kPoDjuke, - KIXF oD"uke

S kgk’(xv l,u, u(bgp(k)xZTDZn*-Zi kUkZ + Ckwxzr[h(u)a Dth]DtZUKZ +
k=1 m) m)
X LK) Y2 ymi k or S,
4.1 . C kg™ X nlz)'t uka + Ckm [h(u),llDt u] D?uks .
: m!

k=1

consideringz?" D? = X2 writing h(9 ~ %2(¢9 and estimating the norm
kgr(, t, u, uYKgz,) by a constart. Herethe gx(z,t,u,u% stand for the
coexcients, asidefrom 22", which erter when ¢ is di®eretiated once
or twice,and the dots\..." denoteterms arising from lower order terms
in the operator P, terms cortaining fewer X's.

We focuson the bracket in the last norm, the crucial one. To expand
(D;”oh)(u(x, t)), we will needto usethe Fagdi Bruno formula or rather,
what will suzxce, and probably be more transparert, crude boundsfor
the results: writing

Di*g(u(z, 1)) = (u°Dy + D)™ *u’Dyg(u(z,1));
with primeson u denoting ¢ derivatives,writing this roughly as
Dig(u(z, 1)) = ((u% + D)™ *uf,_ )9,

i.e., 0 becomesa ‘courtem' for the number of derivatives received by
g. Then this is at worst

x M1

mj m mO i mP
mo g( ! O)(Dt uonl )

4.2)

mO

Finally, distributing « objectsinto g positionsyields

Dauob ~ X udal) ¢¢¢udab)

al aq! ap!
a1+ ¢€ap=a 1 b
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Thus we have
oy, Pl _ X (Dp°h(u(a, 1)) (@ DA D™
m

m9 (mj mo!

(4.3)

m0=1

with (cf. (4.2)):
(DPYh(ute, ) X B Dy )

a 0: | @
m9 i 0 l(m i m9! m®

X J(mO% m® X Dml ° p, Mo, m®, 0
- (mO%; mo! ¢ mQ®
S 0t 00
1 i

0: eol]
mOi mCO’ 1 mYi m

orin all, with (4.1),
(4.4)
i eDyujiiz  KloDp, Pluk X kW X2Dp Fuk,

m! ' m! e m!
k=1

X

00
h(m i m%9 Dml 0 D;nm 0 mOO,uO (xZT'DtZ)D;?M mou
+ (M

P (m% m% m bee m%% o (mi m9t °

m% m®

Where the sum is over m moi m®, 1, " m¥P= m®and so
By assanlatmg xz’“ W|th a di®eren term in the product if necessary

we may assumethat the last term is of greatestorder, and hencethat
the others are of order at most m/2.

0Oo0o0O0O

5. Remarks on the last sum

Se\eral remarksare in order concerningthe last right hand side.

First of all, in utilizing the property that H? is an algebrato take the
product of norms, there will occur a constart raisedto the m®% m® But
this is allowable, sincethere are m°; m®derivativeson the (analytic)
function h wherewe expect a constart to that power.

Secondly that power that power always correspndsto the increase

[o0]
in number of terms of the form D, u%m9? inside the norm; in the end
the number of theseterms cannot exceedn, hencethe constart cannot
exceedC™.

Thirdly, we will asseiate the localizing function ¢, with the highest
orderterm and take it out of the norm, introducing another one which
is closelyrelated to the number of derivativesin that term - in this
casem i m% In bringing ¢ out of the norm there may be one or two
derivatives(or three or four, giventhe rst termson the right of (4.4)),
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and while they will presumablybalancequite well with m! we needto
be sure that they balanceas well with (m j m9! whenm j m°®may
actually be rather small (a large drop may have occurred all at once).
To this end we make the following obsenation: as m drops from m
to m j mP there have appearedm®; m®new lower order terms, or
m®; m®+ 1 terms of no greater order, courting the principal one.
Thus we have

(5.1) (m% Mm% D(mi mY, m; ie.,—— - m%i m®+ 1,

the samefactor that occurred before, and appearsin the number of
derivatives on h. Thus, again, we can a®ord (m/m j m9* without
danger.

The fourth obsenation concernsthe e®ectof the sum. The sum
correspnds at most to the number of ways to partition m derivatives
amongat most m functions, generally many fewer. Denoting by D a
derivative (m of them) and by « a copy of u (¢ of them) we are faced
with the number of ways to ‘idertify' or selectt items (the u%) from
amongm + t items (the D's and u's) with the understandingthat in
an expressionsud as

(62) PLEDAPLRDE PDEDE PDEDY ueSHDHDR
|— = Az - -}

m D% and t(- m) u%

the D's di®eretiate only the rsg v following. The ansver is that there
arecertainly not morethan ™ * . 2m*t. 22m = 4m ways. And while
we have written this out only for the rst completeiteration of the a
priori estimate,it isaremarkablefact that the form of the sumdoesnot
changeafter multiple passesand hencethe number of terms involved
is subject to the samebounds. What is more, the sameanalysisapplies
after iteration of (4.4) (cf. below) and thus the sum will alsonot pose
adixcult y in proving analyticity and may be replacedby a suprenum
below.

Finally, when these considerationserter and readability is an issue
due to the length of lines, we shall tacitly replacethe sum by a supre-
mum and omit a constart sud as C™% ™2

6. The localizing functions and intr oducing new ones

Prop osition 1. For any two open sets- o b - 1, with seration d =
dist.(- o,- §) and any natural numker N, there existsa universal con-
stant C' degendingonly onthedimensionandafunction? =2 _ = 2
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C} (- 1), ~ lon-(with
p- Cﬂj5j+1

(6.1) D7 = N g 2N

The rst localizing function, p = 2 .| satis es:
6.2) 2,7 1on Uy,2,,2C5 (Uym), i@ Bj- Fmk k- 4
wherewe have set,for a, 0:
(6.3) U, = f(z,t) 2 Uy :dist((x, 1), Uy) < a(dist(Up, Up)g .

When the rst localizing function needsto be replaced but, say,
m derivatives of u» remain to be estimated, we shall localize it with
a function idertically equalto one on U,/,,, the support of 2 ,, but
dropping to zeroin a band of width 1/m of the remaining distance
(a(1j 1/m)) to the complemen of Uy, i.e., supported in

(6.4) Usspai 0 = Uremin = Uy 1y

We shall denotesud a function by .2 ,, That is, ,2 , satis es:

(6.5) 2o lonU, 25205 (Uyg b W)

Derivativesof ,2 , satisfy, with universalconstart C:

M s
(6.6) iDY(R2 )i = k- 4
1i p

uniformly in p, 0. Of courseany other ( xed) bound for £ would do.

While it is true that we could just write kpwk, - ckpkkwk,, for
s, 2,to dosowould incur at leasttwo derivativeson ¢ with no gain
on w. To avoid this ditcult y, we usethe following ner estimatesof
the H? norm of product of functions.

Prop osition 2. If ¢, ¢ are two smaoth, compactly supprted functions
with @~ 1 on suppp then for everyp, 2

(6.7) kpDPuk, - C? supkD%k; 2 keDPi duk, ,  and
q 2

(6.8) koDPuky - C?supkD9okpr KDP' 9uk g2 gupp ) -
q 2
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7. Expanding the norm of the product in (4.4)

The norm of the product in (4.4) will be replaced,asannounced,by
the product of the 72 norms, most of which will have asnew functions
1m? mo multiplying through by m,

fiio® mDMujiz X ket ¥ X2DMi Fyk, +

(7:1) (mi 1) (mi 1)!
0

k=1
Y Oy gDy e kg ) XD ™k

+ sup @ fm_mt A0 m t U2
mP (mj mPj 1)

m, mO m® 1
£ PO
0. [00)
(L M m D= mO

J=1

where,using(5.1), the factor m/mj m°which ertered on the right from
multiplying through by m and decreasinghe last denominator by one
is absorbed in a slightly larger constart C™% ™" in the product. We
have also bounded the terms kh(")(z, ¢, u)/r'k by C" and distributed
theseconstarts, oneper term in the product of norms of derivativesof
u®

To unify thesetwo types of terms we could conmbine them into one
sum,over k+ mP®, 1, but thereis nothing newintroducedby consider-
ing the couple of extra derivatives which the localizing functions may
receie - there is compensationwith decreasen m and we have already
seenthis e®ect it is essetially onefamiliar in elliptic regularity proofs
by L? methods, sowe will omit the terms with & > 0.

Now we have seenthat we may bring the last localizing function,
o %) out of the last norm and intro ducethe next function, 1/, ,u; mo,
idertically equalto oneon the support of (2 ,,,, with a larger constart
C},. According to the above Proposition, when bringing a localizing
function out of the norm its L' norm will cortribute up to two or,
if already di®eretiated, perhapsfour factors of m with correspnding
decreasan the number of derivativeson . This disturbs the balance
betweennumber of derivativesand the factorial, but (5.1) shaws that
evenfactorsof roughly (m/mj m)* merelyseneto modify the constar
Cy; we concludethat we may passfrom onelocalizing function to the
next without problems.

That is, applying (7.1) to its own last term, with m replaced by
m i m® and ignoring k > 0 for simplicity, we have, denoting by m% =
1i (1i L)(1i —*-) the bandusedup by the supports of the Tst two

i m°

localizing functions, which will depend on the choice of m°, and once
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againignoring the rst term on the right,

§ii 1/m@ i mo DY ™ 2

7.2
(7:2) i m9% 1)! L
. 00 .
N p%( pOOCkl/mza pJ_OODtpJ uq(zA kl/ma S XZDan mO poukg
SUp 09 . 0- 0. 1)!
j=1 Pj* (ml m=y pPTi )
or together,
2 ® Ok @ oDl K :
i 0 o D" Y Ckin® Dy i
(7.3) ni D sup@ | —5
j=1 1 J
. 00 .
£ @p%( pOOCkl/mza pj‘JODth uq(ZA K1/m® mi mo XZDZn‘ m poukg
i1 P (mi mPi i 1)

whergthe supsenum is over both setsof indices: m mP%+ p% m® p®
g Mm% A 0L By @y 006 if 0= ,04 0

an i=1 w1 (mg + pp) = m>+ pPsoif we sets” = m°+ p

Bnd s = m®+ p® we have a sumover all m , s°j s®, 2 and
0. .00

5

b2 5%y = s®while after the st iteration the sum was over all

. . 0. [09]
indicessudh that m , m® m®, 1, ".]"™ m3®= m® In both cases,

and for all succeedingones,the number of sud possibilities was seen
by (5.2) to be boundedby C™.

We cortinue this process,pulling the localizing function 1,2 ,,; o
out of the last norm and replacing it with 1/,,,2 ,; mo -0, Subjecting
that term to the a priori estimate, etc. Eadh time there is a whole
“spray' of far lower order terms, but the number of theseis s°% s@ eadh
hasa suitable localizing function which will let us passto a subsequen
one by placing one (universal) constart with ead new copy of «° and
in the end we have a product of on the order of m terms of the form
kD" ukpz(u,) all of orderr - 4, say. (After all, localizing functions need
not be introducedat the last stages- or evenin any of the above, until
we needto estimatea giventerm carefully - for instgnce,in the product

m
J
kD, uokH 2(Ugm)

in (7.1) the terms could easilyhave beenleft as ———m———,) at least

until the time cameto subject that term to the a pjriori estimate to
reduceits order (in caseall other terms had been reducedto lower
order).

We also needto remark at the end that what was true for the rst
localizing function, namely (5.1), will be a little di®eremn, sincethe
next localizing function may bring not a factor of m | m°with eah
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derivative it receivesbut rather the factor (cf. (61.16))
M
0

mi m°” _ _ m
ETE R e

sothat, passingfrom m i m°to mj m° n°we encourer instead of
just
m
— mli m®+ 1
miji m
an extra factor of m/mj 1, possiblyto the fourth power; and this may
keepoccurring asthe order of the leading term keepsdecreasing.For
instance,after a fewiterations, the analogous extra’ factors from (6.6)
will be
H Tu Tu l
m

mi ma mi mgij me

mij 1 mi mij 1 mi mii maij 1
or even the fourth power of sud a product. But there cannot be more
than m terms in the product and ead factor is far lessthan 2, leading
to an easily acceptableconstart C™ in the end.
This will prove the boundsfor the laft hand side of (7.1)

ij o D}l 2
(mi 1)
uniformly in m and hencethe analyticity of u in Uy. O

C«m+1
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