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Abstract: Asymptotically exact and conservative confidence bands are obtained for non-
parametric regression function, using piecewise constant and piecewise linear spline estimation,
respectively. Compared to the pointwise confidence interval of Huang (2003), the confidence
bands are inflated by a factor of {log (n)}"/?
Watson bands of Hérdle (1989), the local polynomial bands of Xia (1998) and Claeskens and

Van Keilegom (2003). Simulation experiments provide strong evidence that corroborates with
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1. Introduction

For two decades, nonparametric regression has been widely applied to biostatistics, economet-
rics, engineering and geography, due to its flexibility in modelling complex relationships among
variables by “letting the data speak for themselves”. Two popular nonparametric smoothing
techniques are local polynomial/kernel and polynomial spline.

The kernel type estimators, namely the Nadaraya-Watson and the local polynomial estima-
tor, are based on the locally weighted averaging. The polynomial spline estimators are “global”
in terms of implementation, as a single least square procedure leads to the ultimate function

estimate over the entire data range, see Stone (1994). In terms of pointwise asymptotics, of



course, both kernel and spline type estimators are local in nature, see Fan and Gijbels (1996)
and Huang (2003).

The fidelity of a nonparametric regressor is measured in terms of its rate of convergence
to the unknown regression function. The convergence rate can be pointwise, least square or
uniform. For kernel type estimators, rates of convergence of all three types have been established
by Claeskens and Van Keilegom (2003), Fan and Gijbels (1996), and Mack and Silverman
(1982), to name a few. For polynomial splines, least squares rates of convergence have been
obtained by Stone (1994), while pointwise convergence rates and asymptotic distribution have
been recently established in Huang (2003). Confidence band for polynomial spline regression,
however, is available only under the restriction of homoscedastic normal errors, see Zhou, Shen
and Wolfe (1998).

In this paper, we present confidence bands of univariate regression function based on poly-
nomial spline smoothing. We assume that observations {(X;,Y;)}"_; and unobserved errors

{e;}, are i.i.d. copies of (X,Y,¢) satisfying the regression model
Y=m(X)+0o(X)e, (1.1)

where the joint distribution of (X, ¢) satisfies Assumption (A4) in Section 2. The unknown
mean and standard deviation functions m (z) and o (z), defined on interval [a, b], need not to
be of any specific form. If the data actually follows a polynomial regression model, m (x) would
be a polynomial and o (), a constant.

Confidence band has been obtained for kernel type estimators of m (), see Claeskens and
Van Keilegom (2003), Hall and Titterington (1988), Hadle (1989), and Xia (1998). These are
computationally intensive as the kernel estimator requires solving an optimization problem at
every point. In contrast, it is enough to solve only one such problem to get the polynomial
spline estimator. The greatest advantages of polynomial spline estimation are its simplicity of
implementation and fast computation. Hence, it is desirable from a theoretical as well as a
practical point of view to have a confidence band for polynomial spline estimators.

We organize our paper as follows. In Section 2 we state our main results on confidence
bands constructed from (piecewise) constant/linear splines. In Section 3 we provide further
insights into the error structure of spline estimators. Section 4 describes the actual steps to
implement the confidence bands. Section 5 reports findings in an extensive simulation study
and the testing of polynomial trend hypothesis for the fossil data using linear spline band.

Section 6 concludes. All technical proofs are contained in Appendices A and B.



2. Main Results

To introduce the spline functions, divide the finite interval [a, b] into (IV + 1) subintervals
Ji =1[tj,tji+1),7=0,...., N—=1,Jy = [tn, ] . A sequence of equally-spaced points {tj}j.vzl, called
interior knots, are given as

thy=a<t) <---<ty<b=tnyi,tj=a+jh, j=0,1,...,N+1,
in which h = (b—a) /(N + 1) is the distance between neighboring knots. We denote by
GP=2) = G»=2) [q,b] the space of functions that are polynomials of degree (p — 1) on each J;
and has continuous (p — 2)th derivative. For example, G~V denotes the space of functions that
are constant on each J;, and G denotes the space of functions that are linear on each J; and
continuous on |a, b].

In what follows, |||, denotes the supremum norm of a function r on [a,b], i.e. ||r| =
SUD,efqp |7 (2)], and the moduli of continuity of a continuous function r on [a, b] is denoted as
w (7, h) = maxy pefap) jo—a|<h |7 () — 7 (2')]. One has ;lliﬂ%w (r,h) = 0 by the uniform continuity
of r on a compact interval [a, b].

An asymptotic exact (conservative) 100 (1 — a) % confidence band for the unknown m (z)
over interval [a,b] consists of an estimator m (z) of m (z), lower and upper confidence limit

m(x) — 1, (x), m(x) + 1, (x) at every x € [a, b] such that

lim, oo P{m (z) € m(z) £ 1, (z),Vz € [a,b]} = 1-— «, exact,

liminf, . P{m(z) € m(xz) £, (x),Vz € [a,b]} > 1— a, conservative.

Our approach is to get the following polynomial spline estimator based on data {(X;, Y;)};,

drawn from model (1.1)

iy (@) = argmin Y7 {Yi—g(X)}p =12, (2.1)
|

geGP=2[ab

and then construct the error bound function [, (x) around this spline estimator. The technical

assumptions we need are as follows:
(A1) The regression function m (-) € C® [a,b], p=1,2.

(A2) The density function f (-) of X is continuous and positive on interval [a,b] . The standard

deviation function o (-) € C'|a, b] has bounded variation and positive lower bound on [a, b].
(A3) The subinterval length h ~n=Y@+) e, the number of interior knots N ~ n'/(2p+1),
(A4) The joint distribution F (x,€) of random variables (X, ) satisfies:
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(a) The error is a white noise: E(s|X =x)=0, E(?|X =2)=1.

(b) There exists a positive value § > 1/p and finite positive Ms such that Ele|**® < Ms and
SUD, (o) B (|el™|X =) < M;.

Assumptions (A1)-(A3) are the same as in Huang (2003), while (A4) is the same as (C2)
(a) of Mack and Silverman (1982). All are typical for nonparametric regression, with (A1),
(A2) and (A4) weaker than the counterparts in Hardle (1989).

To properly define the confidence bands, we introduce some additional notations. For any

x € [a,b], define its location and relative position indices j (x),d (z) as

j (@) = jn (@) =min{[(z —a) /h] , N}, (2) = {z — tjw) } /D (2.2)

Since any x is between two consecutive knots, it is clear that t;,,) < = < ()41, 0 <
§(z) < 1,Vx € [a,b), and & (b) = 1. Denote by ||¢||, the theoretical L? norm of a function
¢ on [a,0], |83 = E{¢*(X)} = ff ¢* (z) f (x) dr,and the empirical L? norm as ||¢H§n =
n~t3°"  ¢°(X;). Corresponding inner products are defined by

n

b
<¢>790>=/¢(93)90(90)f(56)d9iZE{cb(X)sO(X)},(cb,@)n=n_1z ¢ (Xi) 0 (Xi) .

=1

for any L*-integrable functions ¢, ¢ on [a,b]. Clearly E (¢, ) = (¢, ).

Although the truncated power basis is used in implementation (see Section 4), it is more
convenient to work with the B-spline basis for theoretical analysis. The B-spline basis of G(=1),
the space of piecewise constant splines, are indicator functions of intervals J;, b;; (v) = I; (z) =
Iy (x),0 < j < N. The B-spline basis of GO the space of piecewise linear splines, are
{bja2 (@)},

—t.
bjo(x) =K <%> ,j=-1,0,...,N, for K (u) = (1 —|ul), .

Define the rescaled B-spline basis {B;,, (a:)}jvz \_, for G(-p)
Bjp (2) = bjp () [bjplla', 1 =p <G < Nyp=1,2.

Obviously all the rescaled basis function will have the theoretical norm 1.
To express the estimator 7, () based on the standardized basis {B;, (x)}j-v:l,p, we intro-
duce the following vectors in R"™ for p =1, 2

Y = (Yi,....Y,)" B, (X) = {B,,(X1),...B;, (X))} ,j=1—p,...,N.



N

i1 p \;pBi, () where the coefficients

The definition of m, (x) in (2.1) entails that m, () =

. . T
{)\l—p,}n vy A N,p} are solutions of the following least squares problem

N

{5\1,,,7,,, o S\N@}T = argmin Zé_l {Yi — ijlip NipBijp ()Q)}2 . (2.3)

Typically those are the solutions of the normal equations

N Q N o n
(<Bj7P7 Bj’:P>n)j,j/:1fp <)‘j,p> = <n ! Zi:l Bj,p (Xl) Y;>

Jj=1-p

N
i=1-p
It is straightforward to see that (B;,, Bj/,) = 0,|j — j’| > p, thus the inner product matrix
on the left side of the normal equation is diagonal for the constant B spline basis (p = 1), and
tridiagonal for the linear B spline basis (p = 2). According to Lemma 3.1, it is approximated
by its deterministic version whose inverse has explicit formula given in Section 4.

For p = 2, this inverse matrix S and its 2 x 2 diagonal submatrices {S5;,0 < j < N} are

expressed as

84,51 54,

_ S‘—l,‘—l 5_17
S=(sj5) 50—y = ((Bja, By2)) ™", S = ( o T ) : (2.4)

The width of the confidence bands depends on the heteroscedastic variance function. Define

:ffam 0" (v) f (v) dv 2 (2)= i Bjro () By (%) 5500

o2 (x) o = (2.5)
! n||b](50),1||% ' j,j’7l,l’=—1 n
with j (z) defined in (2.2), and sy in (2.4), and
N
(Ujl);\,[j/:q =Y = {/ 0% (v) Bja (v) Bia (v) f (v) dv} : (2.6)
Jj'=—1

These o}, ,, () are shown in Lemmas A.4, B.4 to be the pointwise variance functions of 1, () , p =
1,2.

We now state our main results in the next two theorems.

Theorem 1 Under Assumptions (A1)-(A4), if p =1, then an asymptotic 100 (1 — ) % exact

confidence band for m (x) over interval |a,b] is
1y (2) £ ons (2) {210g (N + 1)} d,,, (2.7)

in which 0,1 (x) is given in (2.5) and can be replaced by o (z) { f () nh} 2, according to (A.7)

i Lemma A.4, and

(2.8)

log (1 — a)}+loglog(N+ 1) + log4m

d,=1—{2log (N + 1)}‘1{105-1:{ 5 2



The confidence band in Theorem 1 is superior to the connected error bar of Hall and
Titterington (1988) in two aspects: we treat random instead of equally-spaced designs, and
by applying the strong approximation theorem of Tusnady (1977), our confidence band is
asymptotically exact rather than conservative. The upcrossing results (Theorem 4) used in
the proof of Theorem 1 is also different from that used in Bickel and Rosenblatt (1973), Hadle
(1989), and Rosenblatt (1976).

Theorem 2 Under Assumptions (A1)-(A4), if p = 2, then an asymptotic 100 (1 — a) % con-

servative confidence band for m (x) over interval [a,b] is
T (2) £ 0 (x) {2l0g (N 4 1) — 2loga}'/?, (2.9)

where 0,9 (x) is as in (2.5), replaceable by o (z) {2f (z) nh/3} 7?2 AT (z) Si)A (x) according
to Lemma B.4, and by o (z) {2f (z)nh/3}"* AT () Zj@)A () according to Lemma B.S.

Theorem 2 on linear confidence band bears no similarity to the local polynomial bands
in Claeskens and Van Keilegom (2003) and Xia (1998) except the width of the band being of
the same order n~'/% (logn)'/?. The asymptotic variance function 02 o (x) of s () in (2.5)
is a special unconditional version of equation (6.2), in Huang (2003). Thus, the linear band
)

localized at any given point x, is only a factor of (logn % wider than the pointwise confidence

interval of (2003).

3. Error Decomposition

In this section, we break the estimation error m, (z) —m (x) into a bias term and a noise
term. To understand this decomposition, we begin by discussing the spline space G®~2) and
the representation of the spline estimator 7, (z) in (2.1).

We note first the uniform convergence of the empirical inner product to the theoretical

counterparts.

Lemma 3.1 Under Assumptions (A2) and (A3), as n — oo

Ay = s |I1B3all3, = 1| = 0, (VT Tlog (n)) (3.1)
0<j<N ’
Apg = sup (91, 92),, — (91, 92) =0, <\/n*1h*1 log (n)) : (3.2)
ageco | gz [lg2ll,




We write Y as the sum of a signal vector m and a noise vector E

Y=m+Em={m(X)),.mX,)} E={0(X1)e1,....0(X,)e,} .

N

Projecting this relationship into the linear space spanned by G2 = {Bjp (X)},—,_, asub-
space of R™, one gets
1y, = {1, (X1), ..., 10, (X0)} = Proje-o Y =Proj,e-2 m + Proj -2 E.
Correspondingly in the space G?~2) of spline functions, one has
My (€) = 1y, () + & (2) (3:3)

() = S NipBip @) 5 (0) =3 B (). (34)

The vectors {S\I—p,pa e :\NVP}T and {@1_pp, ..., dN’p}T are solutions to (2.3) with Y; replaced by
m (X;) and o (X;) &; respectively.

We cite next two important results from de Boor (2001) and Huang (2003).
Theorem 1 There exists an absolute constant C, > 0,p > 1 such that for every m € C® [a,b],

there exists a function g € GP~2) [a,b] such that
lo il <l (=0, ) o= < 0, ] .

Theorem 2 There exists an absolute constant C, > 0,p > 1 such that for any m € C® [a,b]
and the function my, (x) defined in (5.4),

772 (2) = m (z)[|o < Cp inf flg —mll,, = Op(h"). (3:5)

geG(p_Q)

According to Theorem 2, the bias term m, (z) —m () is of order O, (h?). Hence the main
hurdle of proving Theorems 1 and 2 is the noise term &, (z). This is handled by the next two
propositions.

Proposition 3.1 With 0,1 () given in (2.5), the process o, (x)" &1 (), € [a,b] is almost

surely uniformly approximated by a Gaussian process U (x) ,x € [a, b] with covariance structure

N
EU(2)U (y) =Y I () I () = 8ja),5(: V2. y € [a,0],
=0

where 05, s the Kronecker symbol, i.e., 6;; =1 if j =1 and 0 otherwise.

Proposition 3.2 For a given 0 < o < 1,and 0,5 (z) as given in (2.5)

liminf P | sup |0y} (2) & ()| < {2log (N +1) — 2log a}? >1—-a. (3.6)

n—oo x€[a,b]



We state next the strong approximation theorem of Tusnddy (1977), which will be used later
in the proof of Lemmas A.6 and B.6, key steps in proving Proposition 3.1 and Proposition 3.2.

Theorem 3 Let Uy,...,U, bei.i.d. r.v.’s on the 2 -dimensional unit square with P (U; < t) =
A(t),0 <t <1, wheret=(t;t2) and 1 = (1,1) are 2-dimensional vectors, A (t) = tits. The
empirical distribution function FY(t) based on sample (Uy,...,U,) is defined as F(t) =
n 30 Lw,<ty for 0 <t < 1. The 2-dimensional Brownian bridge B (t) is defined by B (t) =
W(t)—=A(t)W (1) for 0 <t <1, where W (t) is a 2-dimensional Wiener process. Then there
is a version of ¥ (t) and B (t) such that

logn

P sup [n'2{EF¥(t) = A(t)} — B(t)| > (Clogn + ) 7z | < Ke ™" (3.7)
0<t<1 n
holds for all x, where C, K, X are positive constants.
The well-known Rosenblatt quantile transformation is denoted as
(X', eY=M(X,e) = {FX (z), Flx (5|x)} , (3.8)

which produces random variables X’ and &’ with independent and identical uniform distribution
on the interval [0, 1]. This transformation had been used in, for instance, Bickel and Rosenblatt

(1973), Hardle (1989). Substituting the vector t = (1 t2) in Theorem 3 with (X’,¢’), and the
stochastic process n'/2 {F* (t) — X (t)} with

Zy{M " (2"} = Z, (z,¢) = V/n{F, (v,e) — F (z,¢)}, (3.9)

where F), (x,¢) denotes the empirical distribution of (X, ¢), then (3.7) implies that there exists

a version of 2-dimensional Brownian bridge B such that
sup | Z, (z,¢) — B{M (z,¢)}| = O (n""*log’ n) , w.p.1. (3.10)

The next result on upcrossing probability is from Leadbetter, Lindgren, and Rootzén
(1983), Theorem 1.5.3. It plays the role of Theorem Al in Bickel and Rosenblatt (1973) or
Theorem C in Rosenblatt (1976).

Theorem 4 If¢,,....¢, are i.i.d. standard normal r.v.’s, then for M, = max{¢{,,...,§,},7 €

R, asn — oo

P{a, (M, —b,) <7} —exp(—e7), P{IM,| < 7/an +b,} — exp (—2¢77),

where a, = (2logn)"? b, = (2logn)"/? 5 (2log n) "% (loglog n + log 47) .



4 . Implementation

In this section, we describe the procedures to implement the confidence bands in Theorems
1 and 2. Our codes are written in XploRe for convenience of using kernel smoothing, see Hardle,
Hlavka and Klinke (2000).

Given any sample {(X;,Y;)}._, from model (1.1), we use min (X7, ..., X,,) and max (X, ..., X,,)
respectively as the endpoints of interval [a,b]. Minor adjustments could be made for outliers.
The number of interior knots is taken to be N = [¢;n!/ V] + ¢y, where ¢; and ¢, are positive
integers. Since explicit formula of coverage probability does not exist for the bands, there is no
optimal method to select (¢, ¢2). In simulation, the simple choice of 5 for ¢; and 1 for ¢y seems
to work well, so these are set as default values.

The least squares problem in (2.1) can be solved via the truncated power basis {1, z, ..., 2P~!,
(x — tj)i_l ,j=1,...,N}. In other words

mp( ) Z ,ka +Z ,y‘jp - J)f__lvp:172 (41)

where the coefficients {’yo, s Vo1 Vi o0 Y N,p}T are solutions of the following least squares

oo
problem

-1 N )2
B0 Anw} —aggjvrflnz REED DR D DA THC )

When constructing the confidence bands, one needs to evaluate the functions, o7 ,

(x) in
(2.5) differently for the exact and conservative bands, and the description is separated into
two subsections. For both cases, following Lemmas A.4, B.4, one estimates the unknown
functions f (z) and o (z) and then plugs in these estimates, the same approach taken in Hall
and Titterington (1988), Hadle (1989), and Xia (1989). This is analogous to using X =+ 1.96 x
sn/y/n instead of X £ 1.96 x 0/y/n as a large sample 95% confidence interval for a normal
population mean p, where the sample standard deviation s, is a plugin substitute for the
unknown population standard deviation o.

Let K (u) = 15(1 —u?)* I {|u| < 1} /16 be the quartic kernel, s, =the sample standard

deviation of (X;)?_, and

; " ~ (X — 140\ /°
fx)y=n"! Zl . hoi 4K < x) s aot,p = (47)1/10 (TO) n~ s, (4.2)

hrot f

where Do, is the rule-of-thumb bandwidth of Silverman (1986). Define next matrices Z, =
{Zypy oy Znp}  p=1,2 with Z;,, = {V; — 1, (X;)}* and

X=X (x) _<X1—x,...,xn—x)T,W—W(x)—diag{f? (X_x)}n =

9



where hyq , =the rule-of-thumb bandwidth of Fan and Gijbels (1996) based on data (X;, Z; ,);"_,

Then one defines the following estimators of o2 ()
52 (z) = (X"WX) " X"WZ,,p=1,2. (4.3)

The following uniform consistency results are provided in Bickel and Rosenblatt (1973) and
Fan and Gijbels (1996)

MaXy=1,2 SUPyefqp) [0p () = 0 ()] + SUP,efo ‘f (2) = f(2)] = 0, (1). (4.4)

4.1 Implementing the exact band

The function o, (x) is approximated by either one of the following, with f (z) and &, (z)
defined in (4.2) and (4.3), j (x) defined in (2.2)

(L) 77 (ti) n™ 2072

(@) FV2 () V22,

Q>

5_7171 ((E, 1)

Q>

(3%1 (ZL’, 2) =

where the additional parameter value 1 or 2 indicating the estimation at each value x or at the
nearest left knot. Since sup ¢, |z — tjw| < h — 0, as n — oo, (4.4) entails that both of the
bands below are asymptotically exact with m; (z) given in (4.1) and d,, in (2.8)

1y (x) + Gy (2, 0pt) {2log (N + 1D)}2d,,, opt = 1,2. (4.5)

4.2 Implementing the conservative band

According to Lemma B.3, for 0 < j < N, the matrix Z; approximates matrix S, uniformly.

Hence both of the bands below are asymptotically conservative, with 7y () given in (4.1)

1y (x) £ s (x,0pt) {2log (N + 1) — 2log a}'/?  opt = 1,2, (4.6)
where the function 0,9 (x) in (2.5) for the linear band is estimated consistently by either one
of the next two formulae

U 5 ~1/2
onz (@, 1) = {AT (@) EjmA ()} 7 02 (L) | 57 (L) nh 7
) )
3

2

Gna (,2) = {AT (2) Zjm A ()} 62 () f(:c)nh} ,

Ar) = Ciw)—1 {1 — 0 (z)} . V2 j=-1,N (47)
Cia)0 () T 1 j=0,.,N—1" '

Lot onn Livs s
2 = (J“”“ ”1’”2),]':0,1,...,1\1, (4.8)

Livoje1 livog+2



with terms [y, |i — k| < 1 defined through the following matrix inversion

1 V2/4 0
V2/4 1 1/4
/4 1 . _
My 2= / S = (lik)(]\lf+2)><(N+2) ’ (4.9)
1/4 1 V2/4
0 V2/4 1

(N+2)x (N+2)

and computed via (4.12), (4.13), and (4.14) given below.
In order to calculate the matrix My ,, which is needed for (4.8), we introduce two theorems

from matrix theory, equation (43) in Gantmacher and Klein (1960) and Theorem 4.5 in Zhang
(1999).

Theorem 1 For a symmetric Jacobi matrix J given as follows

aq b1 0
b
J=1" ,
bnt1
0 bv+1 an+2 (N+2)x (N+2)
its inverse matriz J~' = (Lik) (v 12y x (N 42) Satisfies
where i
. = (—1)" det (J(1 ..... ¢—1)) bibit1 -+ -bny1 = (—1)" det (J(k+1 ..... N+2)) (4.11)
' det (J) Pk bibesr - bvgr '

.....

.....

submatriz.

Theorem 2 For a tridiagonal matrixz given as

a b 0
c a
TN: 7N>]-7
b
0 c a

NxN
if a® # 4be, then the determinant of T is

QN+l — g+t a++va? — 4bc 5_@—\/a2—4bc

detTy =2~ o=
v a—g '° 2 2
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Now we let

2+/3 2 -3 2
. +\sz2: \/_,ezé:@_\/g) — 743, (4.12)
4 4 z

and apply Theorems 1 and 2 to obtain

I B 827 (1—0Y*1) — 2 (1—07)
N T (1= ") — 25 (1—0Y) + 8 (1 - 67T

L {820 (1—0"7) — (1 -0 {8 (167" = (1-677)}

4.13
T (m ) {6427 (1 0MT) — 162 (1-07) 164 (1 -0V} (419)
for 2<i< N +1 and
AR Y. EY S0 B (e
BTN T e (0T e (1 0%) £ 8 (107 )
Ba (@) (10"} {8 (1-0"") - (1-6"7)}
liit1= (4.14)

(—4) (21 — 22) {6427 (1 — OVF') — 162 (1 —6V) + 64 (1 — 6" 1)}
for 2 < ¢ < N. By the symmetry of matrix My, the lower diagonal entries are l;1;; =
li’iJrl,vZ' - 1, ,N + 1.

5. Examples

5.1 Simulation example

To illustrate the finite-sample behavior of our confidence bands, we simulate data from model
(1.1), with X ~ U [-1/2,1/2], and

100 — exp ()

m (z) = sin (27zx) 0 (z) = Ugm,

e~ N(0,1). (5.1)

The noise level op = 0.2,0.5 while sample size n = 100, 200, 500, 10000. Confidence level
1 —a = 0.99,0.95. Tables 1 and 2 contain the coverage probabilities as the percentage of
coverage of the true curve at all data points by the confidence bands in (4.5) and (4.6), over
500 replications of sample size n. We have also computed the coverage probabilities of the
confidence bands in (2.7) by plugging in the true value of density function f (z) = Ij_1/2,1/9 ()
and the variance function o (z) in (5.1). These bands are called “oracle bands” as they use
quantities that are unknown but for “oracles”; whereas the bands in (4.5) are called “estimated
bands”.

In Table 1 the surprise is that all four bands have the same coverage at noise level 0.5. At

noise level 0.2, the performance of all four becomes much closer with sample sizes increasing,
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whereas for small sample sizes the oracle bands are slightly better. In Table 2, the coverage
percentages show positive confirmation of Theorem 2. At sample size 200, regardless of noise
level, both of the two candidate bands in (4.6) achieve at least 95.6% and 90% for confidence
level 1 —a = 0.99,0.95 respectively.

From both tables, it is obvious that larger sample size guarantees improved coverage,
with reasonable coverage achieved at moderate sample sizes. The linear band outperforms
the constant band, corroborating with the theory. The noise level has more influence to the
constant bands than the linear ones.

For the linear bands, we have also carried out simulation for sample size n = 10000 and
opt = 1. Regardless of the noise level, the coverage is always 99.4% for o = 0.01 and 97.6%
for @« = 0.05, both higher than the nominal coverage of 99% and 95%, consistent with their
conservative definitions. Remarkably, it takes merely 88 minutes to run 500 simulations with
sample size as large as 10000 on a Pentium 4 PC. This is extremely fast considering that
nonparametric regression is done without WARPing, see Hardle, Hlavka and Klinke (2000).

The graphs in Figure 4.6 are created based on two samples of size 100 and 500 respectively,
each with four types of symbols: points (data), center thin solid line (true curve), center dashed
line (the estimated curve), upper and lower thick solid line (confidence bands). In all figures,
the confidence bands of n = 500 are thinner and fits better than those of n = 100.

Table 1: Constant bands coverage probabilities (500 replications).

noise level | sample size n | confidence level | estimated bands | oracle bands

0.99 0.476 (0.458) 0.606 (0.606)

100 0.95 0.256 (0.246) 0.438 (0.436)

0.99 0.704 (0.708) 0.802 (0.802)

0.2 200 0.95 0.454 (0.456) 0.532(0.532)
0.99 0.826 (0.834) 0.832(0.832)

500 0.95 0.462 (0.456) 0.468 (0.468)

0.99 0.618 (0.618) 0.618 (0.618)

100 0.95 0.504 (0.504) 0.504 (0.504)

0.99 0.860 (0.860) 0.860 (0.860)

0.5 200 0.95 0.716 (0.716) 0.716 (0.716)
0.99 0.932(0.932) 0.932 (0.932)

500 0.95 0.802 (0.802) 0.802 (0.802)
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Table 2: Linear spline bands coverage probabilities (500 replications).

noise level sample size n confidence level 0.99 confidence level 0.95

100 0.900 (0.896) 0.816 (0.814)
0.2 200 0.956 (0.962) 0.902 (0.904)
500 0.990 (0.988) 0.954 (0.958)
100 0.904 (0.904) 0.822 (0.814)
0.5 200 0.956 (0.960) 0.900 (0.902)
500 0.990 (0.988) 0.956 (0.960)

5.2 Fossil data example

The fossil data reflects global climate millions of years ago through ratios of strontium isotopes
found in fossil shell, it was studied by Chaudhuri and Marron (1999) to detect the structure via
kernel smoothing. The corresponding penalized spline fits is provided in Ruppert, Wand and
Carroll (2003). In this section we test the polynomial form of the fossil data regression curve.
The null hypothesis is Hy : m (z) = Zizl apx®, with polynomial degree d = 2,3,5,6. The
response Y is the strontium isotopes ratio after linear transformation, Y = 0.70715+4ratio*10~?,
since all the values are very close to 0.707, while the predictor X is the fossil shell age in million
years.

In Figure 2, the center dotted line is the linear spline fit. The upper/lower thin lines repre-
sent linear bands implemented according to (4.6). The solid line is the least square polynomial
fit with degrees d. Clearly, the oversmoothed quadratic null curve (d = 2) is rejected at signifi-
cance level 0.01 since it is not totally covered by the confidence bands with confidence level 0.99.
When d = 3,5 the null solid curves can capture the big dip at the range of 110 — 115 million
years old, it is still not a good fit. Thus both null parametric models H are rejected at the level
0.01. While in the case d = 6, all significant features are shown in the null polynomial curve,
the relative high ratio before 105 million years old, the substantial dip around 115 million years
old, and the relative flat stage between 95 and 105. Given a 80% confidence bands the entire
null curve falls between the upper and lower limits even though the bands are narrower than
the those with confidence 99%. In other words, a p-value greater than 0.20 indicates acceptance
of the null hypotheses of degree 6 polynomial. The shape of the polynomial curve with d = 6 is
consistent with the findings in Chaudhuri and Marron (1999) and Ruppert, Wand and Carroll
(2003).
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6 . Conclusions

We provide close forms of confidence bands constructed from polynomial spline regression.
Asymptotic properties have been established for equally spaced, nonadaptive selection of knots.
Extension to adaptive design is infeasible, as Hardle, Marron and Yang (1997) had shown that
adaptive knots selection could lead to inconsistency in L., norm.

It is possible, however, to extend the constant band in Theorem 1 to unequally spaced
deterministic knots subject to mesh constraints as in (2003). The linear band in Theorem 2
does not allow such direct extension. This is one of the two reasons that the constant band
remains viable despite the fact that the linear band has much better theoretical property and
practical performance. The constant band is kept also for its simplicity. When implemented
according to (4.5) with estimation on equally-spaced knots, the confidence limits at point x
is the exact same as those at the nearest knot ¢;(,, so the constant band is in fact (N + 1)
independently inflated confidence intervals. In contrast, the linear band has to be calibrated at
each new point x. The confidence limits at z and the ones at ;) are different.

The main hurdle of generalizing our method to higher order splines is the inversion of the
inner product matrix of B-spline basis, for which close form solutions exist in the case of linear
spline with the aid of (4.10) and (4.11). Such close form formulae become unavailable for higher
order splines.

Verbatim extension to multivariate regression is difficult for lack of sharp approximation as
in (3.7). This limitation is also in Claeskens and Van Keilegom (2003) and Xia (1998). However,
the univariate bands in this paper are still valuable for multivariate regression for the following
reason. Semiparametric dimension reduction models such as the additive model, the partial
linear model and the single index model provide various conduits of reducing multivariate non-
parametric regression to some form of univariate smoothing. For instance, the components of
additive model, the nonparametric component of partially linear model and the nonparametric
link function of single index model, are all estimable via univariate smoothing. Therefore any
new tool for univariate smoothing always brings fresh insights into high dimensional smoothing

problems.

Appendix A: Proof of Theorem 1

A.1 Preliminaries

Throughout Appendices A and B, we denote by the same letters ¢, C', any positive constants,

without distinction in each case. The detailed proof is given at www.msu.edu/~yangli/bandfull.pdf.
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Lemma A.1 Under Assumptions (A3) and (A4), there exists ag > 0 such that the sequence
{D,} = {n*} satisfies

log” ” (2+6) vnh §7-1/2
N OZD o D 0. Dt h T = 0 (A1)

For such sequence {D,,} ,P{w|3N (w),2|e;| < Dp,1 <i<n,n>N(w)}=1

Denote the theoretical norms of the basis ¢;,, = [|b;1]|; and d;,, = ||b;2l|; as

Cjn = /b L (z) f (v)dz,dj,, = /b K*? (x_thH) f(z)dx.

a

Lemma A.2 Under Assumptions (A2) and (A3), as n — oo,

Cin = f (tj) h (1 + Tj,n,l) ) <bj,1, bj’,1> =0,y 7é jl (A-Q)
p 147, i =0,..,N—1,
Qo= 2f () h] 2 (A3)
3 1/2+rj,n,2 ]:—1,N,
1 1+ 7Fin2 |J =71 =1,
bio,bio)=—=F(t:iq1)h St A4
( VAR ,2> 6f< J+1) { 0 7 =g > 1, (A4)
where
maxo<j<n [Tjn1| + max_1<jen {|7jn2l + [Fjnel} < Cw(f,h). (A.5)
In particular,
1 2
2 () {1 = Co (£, 1)} < dj < S F (1) R {1+ Cwo (£, 1)} (A.6)

PrROOF OF LEMMA 3.1. For brevity, we give only the proof of (3.1) for A, ;. Take any

j=0,1,..,N
2 . n
1B5al3, — 1| = > &

with F¢, = 0 and for any k£ > 2, Minkowski’s inequality implies that

& ={Bj (Xy) =1}
k
Blgl" =nB[B}, (X)) - 1" <2 ' B [BY (X)) +1] < {%} Coh.

while (A.2) entails that B > n~2E [LB2, (X;) — 1] > {2/ (nh)}* Cyh. One can then find a

constant ¢ > 0 such that for k > 2, E|&,[" < (en'h "))  ?KIE|£,]>. Applying Bernstein’s
inequality, one has P {|Z?:1 & > dlog'/? (n) (nh)_l/Q} < 2n7? for large enough § > 0. Thus,

Zn:l P {Sup0<j<N ‘” 1||2 - 1‘ > (510g1/2( ) (nh)fl/z} < o
for such § > 0, then (3.1) follows. .
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A. 2 Proof of Theorem 1

In this section, we investigate the behavior of &, (z) defined in (3.4). Since (B (X) ;B4 (X)>n =
0 unless 7 = j', & (z) can be written as &; (z) = Zj-v:o e;Bj1 () HBJ-JHQ_E, in which ¢} =
<E7 B, (X)>n =n"! >y Bin (Xi) o (Xi) &4

Lemma A.3 Let & (z) = Z;-V:o eiBj1(z),x € [a,b], for A, defined in (3.1)
&1 (2) = &1 (2)] < Apa (1= Apn) 7 &1 (2)] 2 € [a,b].

Thus, sup,ep, ) €1 (2)] and sup,¢(, 4 [€1 (7)] have the same asymptotic behavior.

Lemma A.4 The pointwise variance of &, (x) is the function o}, | (z) defined in (2.5) which

satisfies with sup,e(y ) 7o ()] — 0

E{& (x)}2 = 0%71 () = fa(:zchn)h {1+ 7r1(x)}, 2 € [a,b]. (A.7)

Lemma A.5 Let the sequence {D,} satisfy (A.1), then as n — oo

Ena (z) — éle (:L‘)”OO =0 (D;(H‘S)\/nh) =o(1), w p. 1,
where, for x € [a,b]
N N
Enn (2) = 0nn (1)) Bja ()€ = 00 (2)7 ) B (x) (£ — Ee))
N J=0
el (@) = ony (2)7 Y Bji (2) (€] = EE}) Ijej<n,y- (A.8)
PROOF. Notice that Fef = E{n~"'Y_" | Bj1 (X;) 0 (X;)e;} =0, then

Ena ( {anl ) Ve n} // v)edZ, (v,€)

according to the definition of Z, (v,¢) in (3.9). The truncated part éfl)’l (x) is defined in (A.8).
The tail part &, (x) — éfZ . (x) is bounded uniformly over [a, b] by

SUDgc[a,b] {Unl \/_C](a: n} // ](az 5]{‘5|>Dn}dZ (U 8)

1
< SUD,efop) [ {1 (%) Citoyn } ZI Xi) €il{je,>D,} (A.9)
+ 85U fay) {01 (2) Ciapn} / / @) (V) (v) elezp,y)dF (v,6)[ . (A.10)
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By Lemma A.1, the term (A.9) is 0 almost surely. The term (A.10) is bounded by

-1
Sl[lpb] {Un 1 l’) Cj(:v),n} /I](:U) (U) g (U) f (U) |:/ |€’ I{|6|2Dn}dF (8 |U) dv
z€la
—1

M5 A nh
< sup {041 (%) Ciayn } /Ij(x) (v)o (v) f (v) dUD1+5 < CD1+5'
xe[a,b] n n
The lemma follows immediately by the third condition in (A.1). OJ

Lemma A.6 Define for x € [a,b]

&0 (@) = {on1 () VAcjwyn ) // v) elfe<p,ydB{M (v,e)}

then as n — oo

‘ =0 (b0 2D, log’n) = 0(1), w. p. 1.

PROOF. First,

51)1 (x) — éD (q;)‘ can be written as

{on1 (@) Vncjam} // i) (V)0 (v) el{ej<p,yd [Zy (v,€) — B{M (v,€)}]|,

which becomes the following via integration by parts

{on1 (@) Vncjwyn} // — B{M (v,e)}] d{I €f{|e|<Dn}}'

S {Un,l (I) \/ﬁcj(x)’n}_l// |Zn (7},5) — B {M (U,E)H d {EI{|E|<Dn}} d {Ij(m) (U) g (U)} .
Next, by Lemma A.4, the bounded variation of the function o (z) in Assumption (A2), the

~(0 ~
e (2) = &7, ()

strong approximation result (3.10) and the first condition in (A.1),

is bounded as
O {(nh)l/2 n~Y2p~1 (n_1/2 log” n) Dn} =0 (n_1/2h_1/2Dn log”n) = o (1)

with probability 1, thus completing the proof of the lemma. O
~(1)

1 (z) defined in terms of the 2-dimensional Brownian

The next lemma finds a process &

motion to approximate 527)1 (x).

Lemma A.7 Define for x € [a,b]
1 {Unl \/_C] } // 8I{|E|<D }dW {M (U 6)}

then as n — o0,

2 @) el @) _=0 (hl/w%) —o(1), w.p. 1.

oo
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PROOF. Based on the Rosenblatt transformation M (z,e) defined in (3.8), and ZAH=2) —

A(z.e)
f(x,e), then the term &) (x) — éﬁfﬁ (x)H is bounded by

n,1

sup

z€lab] {On’l \/_C](x ”} // v) |e| Ifjej<pydM (v, ) W (1,1)
< sup {0, (2) \/ﬁcj(x),n}_l/lj(x) (v) o (v) f (v) dv

z€[a,b]

<{ [l Haepp fntelonte | 1.1)

<C (g) D]\ﬁ; W (1,1)] = O (h'*D,; ") =0 (1) w. p. 1

The last step is obtained by applying the third condition in (A.1). O
The next lemma expresses the distribution of ég’)l (x) in terms of 1-dimensional Brownian

motion.

(1)

Lemma A.8 The process €,

() has the same distribution as
) (@) = {on1 (@) VCjwm} 1/1] v) 50 (v) f2 (v) dW (v) @ € [a,0]

/€2I{|g|<pn}fsv(€|v) (A.11)

PROOF. As var {é‘(l) (3:)} and Var{ (x)} are exactly the same for any = € [a,b]. Hence,

n,1
the two Gaussian processes £\ (z) and & (z) have the same distribution according to It6’s

Isometry Theorem. O

Lemma A.9 Define for any x € [a, b
£ @) = {ona (2) Vs [ Ly @0 @) 7% @) aW ()

then as n — 00,

2 (@)~ (@) _ =0 (D) =o(1) wop 1.

oo

(3
n?

PROOF. By the fourth condition in (A.1) , sup,, ég)l (x) —¢

by

)1 (x)) is almost surely bounded

_ _ _ 1
s[5 (0) = 1] sup o} ) 5ty / L (v) 0 (v) £ (v) W (0)
v€E|a, xE|a,

=0 (D,’h?) =0(1). O
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Lemma A.10 The process é,(f’)l (x) is a Gaussian process with mean 0, variance 1, and covari-
~(3 ~(3
ance cov {1} (@), 621 (1) } = s Vo, y € [0,

PROOF. It0’s Isometry Theorem and (A.7) implies the lemma result. O

PROOF OF PROPOSITION 3.1. The proof follows immediately from Lemmas A.3, A.5, A.6,
A7, A8, A9 and A.10. U
PROOF OF THEOREM 1. It is clear from Proposition 3.1 that the Gaussian process U ()
consists of (N + 1) i.i.d. standard normal variables U (ty), ..., U (ty), hence Theorem 4 implies

that as n — o

P {Supxe[a,b] U ()] < 7/ans1 + bN+1} — €xp (—2677) .

By letting 7 = —log { log (1—« } and using the definition of ay,; and by,1, we obtain

n—oo

1
lim P |sup,ep 4 |U (2)] < —log ¢ —slog(l — 2log (N +1 —1/2
€la,b 2

1
+{2log (N + 1)}/* — 5 {2log (N + 1)} * {loglog (N + 1)+log 4%}} =1—a.

Replacing U () with o, (z)”" &, () (Proposition 3.1), and the definition of d,, in (2.8) entail
that
lim P [supxe[ab] |1 ( (2) 7' & (x )| < {2log (N + Ny d, } =1-a.

As (3.5) entails that \/log (N + 1) / (nh) || (z) —m (z)||, = 0, (1). Thus according to
(3.3)

lim P |m (z) € i (2) £ 0 () {210g (N + 1)}?d,, Yz € [a, b]]

= lim P [{2log (N + 1)} ?d;! sup o} (2) |51 () + 17 (z) —m(z)] < 1

n—00 z€[a,b]
= lim P _{210g (N + 1)} 2 a;t SUD,cfas] T () [E1 (2)] < 1} =l—-a O

Appendix B: Proof of Theorem 2

B. 1 Preliminaries

In this subsection we examine matrices used in (2.9) of Theorem 2. In what follows, we use |T|

to denote the maximal absolute value of any matrix 7', and My s is the tridiagonal matrix as
defined in (4.9).
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Lemma B.1 The inner product matriz V' of the B-spline basis { B2 (x)}jvzfl defined as V =
(Uj’j)j-vj/:,l = ((Bj 2, Bj72>)j.vj,:71 ,which has the following decomposition
)N

G'=—1 - MN+2 _|_ V

V= Mya + (05
where Uy = 0 if [j —j'| > 1, and ’f/‘ < Cw(f,h).

PROOF. By (A.3), (A.4) and (A.5), the inner product of (b2, b;2) can be replaced by & f (¢;41) h
if |74l =1, and £ f (tj+1) h or 2f (tj41)h when j° = j, plus some uniformly infinitesimal
differences dominated by w (f, h). Then based on the definition of B; (), the lemma follows
immediately. 0

The next lemma shows that multiplication by My, o behaves similarly to multiplication by

a constant.

Lemma B.2 Given matriz € = Mpyyo + ', in which I' = (yjj,)j.vj/: satisfies v, = 0 if

-1
j— 4| > 1 and [U| 2 0. Then there exist constants ¢,C > 0 independent of n and T, such

that in probability
cle| <1Q¢l < Clgl,CT g < Qe < g],VE € RN (B.1)

PROOF. Since each row of My s has diagonal element equal to 1, and one or two nonzero off-
diagonal terms whose total absolute values do not exceed 1/v/2, hence (1 —1/v2 —3|T) [£] <
12¢] < 3(1+ |I'|) |€&|,which entails the first inequality of (B.1), and the second one follows by
switching the roles of £ and Q€. O

As an application of Lemma B.2, consider the matrix S = V! defined in (2.4). Let
éj, = {sgn (sj/j)}j.vz_l, then there exists a positive C, such that

N ~
Zj:—l |81 < ’553-/

The matrix S in the construction of the confidence band can not be computed exactly as it

<C,|&,| = C, V' = =1,0,.., N, (B.2)

involves the unknown density f (x). We approximate S by the inverse of My o, with a simpler,
distribution-free form in (4.9). This approximation is uniform for S; in (2.4) and Z; in (4.8) as

well.
Lemma B.3 Asn — oo, |[Myl, — S| — 0 and maxo<j<n |Z; — Sj| — 0.

PROOF. By definition, MNHM];}H =]=VS= (MN+2 + 1~/> S. Denote by e; the unit vector
with i-th element 1, then applying Lemma B.2 with Q = My o,

c|Myiy — S| = cmax{? [ (Myl, — ) e

< maxd(? [My s (Mihy — ) ei] < [V] (|M51, = 8]+ [ ML)
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Since Lemma B.1 makes ‘f/‘ < Cw(f,h), as n — o0, |M]§i2 — S! = O{w(f,h)} — 0. Now by

, the lemma follows. [

111 1 = . =, _ G, -1 _
definition of submatrices S; and Z;, maxo<j<y |5 — ;| < [Mgl, =S

B. 2 Variance calculation

We now examine the asymptotic behavior of
~ . N ~
&2 (z) = Proj,0 E = Zj:—l a;jBjs (x),z € [a,b] (B.3)

where the coefficient vector a = (a_1, ..., a N)T are solutions to the normal equations
N ~ \N -1 " N
((Bi2: Bya)y) ey (@), = (" Y . Bia(Xi)o (Xi)éz)

=1 j=—1

In other words

N

a=(a,)" , = (v + B)l (n—1 S B (X)o (X)) gi) o (B.4)

i=1 =1
where ‘B’ < An2=0, (n’l/Qh’l/2 log'? (n > by (3.2).
Now define a;’s by replacing (V + B) - with V=1 = S in above formula, i.e.
N " N
a=(a;) = (ij_l sjm Zi:l Bjs (Xi) o (X;) €z'>j:1 (B.5)
and define for = € [a, b]

ég (CL’) = Z CAI,]‘B]‘Q (ZL‘) = Z sj/jn_l Zj:l Bj72 (Xz) o (Xz> SiBj/,Q (CL’) . (BG)

Jj=-1 jv.jlz*
The next lemma is a special case of the unconditional version of (6.2) in (2003).

Lemma B.4 The pointwise variance of & () is the function o3, () defined in (2.5), which

satisfies
B{E(0)} = 0% (0) = 51y AT (1) Sy (2) {1+ 1o (0))

With SUP e (a4 [Tn2 (2)| — 0, j (x) in (2.2), A(x) in (4.7) and matriz S; in (2.4). Consequently,
there exist 0 < ¢, < Cy such that for large enough n

Co (nh) M < s (2) < Cy (nh)* Vi € [a,b)]. (B.7)

PROOF. See Wang and Yang (2006). O
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B. 3 Proof of Theorem 2

The next several lemmas are for the proof of Proposition 3.2.

Lemma B.5 Define for x € |a, b

N
Ena (@) = 0,5(2)E () = 0,5 (2) Zj}lajfBjaz (),

N
ely(@) = o b)) G5By 2 () L)<,y

J==

where D,, satisfies (A.1). Then with probability 1

Ena(x) — 632 (x)HOO =0 (n1/2h1/2D;(1+5)) =o0(1).

PROOF. Since obviously E&,, 5 (x) =0, Vz € [a,b],

Ena(z) =00 (z) 0™/ Z o ( Zs“// 2 (v) 0 (v)edZ, (v,¢€)

J'=j(x)— Jj==1

where Z, (x,¢) is defined in (3.9). The technical proof is very similar to Lemma A.5, except
that we employ (B.2) to deal with Z;-V:q s;jj. The same order is also achieved. O

Lemma B.6 Let M be the Rosenblatt transformation given in (3.8) and define

1 N

0 () = ——— y I B{M
B = g 3 Bl D5y [ [ Bia ()o@ elgen, B (M v.)

o>

for x € [a,b]. Then as n — oo

sup ég; (x) — 632 (x)‘ =0 (n_1/2h_1/2Dn log’n) =o(1), w. p. 1.

z€[a,b]

PROOF. See Lemma A.6. O

Lemma B.7 Define for x € |a, b

N

A 0.2 ()
ey () = ;ﬁ S Byala s“// 2 (0) 0 (v) Loy p,y AW {M (v,€)},

ji==1

then as n — oo

sup
z€[a,b]

e () =% ()] = 0 (2D, 1) =0 (1), w. p. 1.
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~(1
n

@) = b @ Y Brate)sy [ [ Ba)o )5, 0) £ 0 dW (0

for x € [a,b], where s2 (v) is as defined in (A.11).

Lemma B.8 The process )Q(x) ,x € [a,b] has the same distribution as

PROOF. Similar to that of Lemma A.8, see Wang and Yang (2006) for details. O

Lemma B.9 Define for any = € |a, b]

~(3
&%) (x) =

Z Bra@)sps [ Bia(w)a (o) £ (0)dW (o

JJ*—I

\/_UnQ

then var {éf’% (x)} = 1,Vz € [a,b], and as n — o0

57(12)2 (z) — 3513)2 (m)H =0 (hfl/QD;‘S) =o(l), w. p. 1.

o0

~(2 ~(3
&%) (x) — &8 (x)

sup ’1_33:,(55)‘ e[ b] {UnQ ZB’2 |SJJ|/ 72 (

z€la,b] jlim—1

PrROOF. Using (A.1) in the last step, the term sup,¢,

is bounded by

l\)\)—l

f2 () dW(v)}

N

gMﬂg%V%w/mmf(mmww):onWDf):oﬂywp.L

Meanwhile, directly from (2.6) and (2.5), for any = € [a, 0]

var {sﬁf’% (a:)} =FE {0;’12 (@) ﬁ: Bji s (z) Sj'j/Bj,2 (v) o (v) f2 (v) AW (v)} =1.

Now define for any j' = —1,..., N and = € [a, b], the functions
(i (2) =n 0. h () Byra (), € (2) = ((jaymr (2) 5 () (2)
and the random vector A = (A_1, Ao, ..., Ay ) where

,_ZSH// o (V) o () f7 (v) dW (v).

j=—1
Then A ~ N(0,5)S5) as EAy = 0,VYj = —1,..,N, and the covariance is EAjAy =
Z%:_l sj oSy, for any j',I' = —1,.., N, and o, is defined in (2.6). Notice that

e () A =C@)" Ay, Ay = (Ao, 49)7j = 0, N,

Il
I
Q\
—~
~—

J'=i(z)=1,j(x)
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Since Lemma B.9 states that the term 57(13)2 (x) always has variance 1, it means

¢ (@) A |
VE@ {cov (Aj) }E ()

Lemma B.10 For any given 0 < o < 1, one has

liminf P ( sup |&nz2 (2)] < [2{log (N + 1) — log 04}]1/2> >1—a. (B.9)

n—oo z€|a,b]

PROOF. Define for any 0 < j < N,Q; = AT {cov (A,))} " Aj. Result 4.7 (a), page 140 of
Johnson and Wichern (1992) ensures that @; is distributed as x3, hence

«

PlQ; > 2{log (N +1) —loga}] = N1

Y0 < j < N.

Then (B.8) and the Maximization Lemma of Johnson and Wichern (1992), page 66 ensures
that
. 2
E@)" A

A(3) > -1 _
{en,g (x)} = 0T for (M) 1€ < Ajy {cov (Ajw) b Ay = Qja),

2
&%) (l‘)) < maxo<j<y {Q;} and

for any = € [a,b]. One has therefore sup |,

P

sup
z€[a,b]

20 )] < 2 {log (V1) - 1oga}]

> P {max {Q;} > 2{10g(N+1)—10g04}} >1—a.

0<j<N
Now (B.9) follows from Lemmas B.5, B.6 B.7, B.8, B.9. O
Lemma B.11
&y (z) & () log n
Sup - =0 =o0,(1).
xe[a,b] O-n72 (x) IE[a7b} Un,2 (x) P nh p< )

PROOF. Recall the definition for & = (a_y, do, ..., an)" and & = (a_y, o, ..., ay)" in (B.4) and
(B.5), one has (V + B) a = Va. Based on Lemma B.2 and (3.2), there exists a constant ¢ such
that c|la—a| < |V (a—a)| = ’Ba < A, (|a—a| +|a]), it implies that |a —a&] < ;“T ElR

From the definitions of &5 (z) in (B.3) and &, (x) in (B.6), plus (B.7) and (A.6), as n — oo

ég (ZE) 52 (JZ)
On2(z)  opa(x)

N [a-alBs ()| _ o2 _An2
j=—1 Ona () - c—Ano

al.

sup
z€la,b]

< sup
z€la,b]
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Use (A.6) again, it implies that as n — oo

&g () vnh ~ .
Supxe[a,b] O (l‘) > C, Supze[a,b} ‘aBg (I)‘ > C\/ﬁ|a|

where By (2) = {B_15(2), ..., Bya ()}, by (2) = {b_15 (2), ..., bxo (2)}" .
Then the desired result follows, i.e.
_0 logn 0
- r nh |~

PROOF OF PROPOSITION 3.2. It follows from Lemma B.10 and Lemma B.11 automatically.

An,2

c— An,2 z€la,b]

éQ (LC)
On2 (33')

ég (CL’) gg (LC)

On2 (l‘) On2 (33')

<C

sup
z€[a,b]

0J
PROOF OF THEOREM 2. Now (3.5) entails that

(nh) ™" /log (N + 1) Iz (&) = m (2), = Op { (n) ™% \/log (m)h?} = 0, (1)

Applying (3.6) in Proposition 3.2

liminf P [m () € ma (z) £ 0p2 (z) {2log (N + 1) — 2log a}? Yz € [a, b]}

n—oo

= liminf P | sup 0,4 (z) &2 (z)+me (z)—m (z)| < {2log (N + 1)—2log 04}1/1

n—oo z€|a,b|

gQ ({L‘)
Ona ()

= liminf P | sup
n—oo 7€ a,b]

§{210g(N+1)—210ga}1/2] >1-a. O
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Confidence band, n=100, confidence level=0.95
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Figure 1: Plots of confidence bands (thick solid curves), the linear spline estimator msy(x)
(dashed curve), the true function m(z) = sin(27z) (thin solid curve), and the data scatter

plots. The bands are computed from (4.6) with opt = 1.
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Figure 2: Plots of null hypothesis curves of Hy

(dotted line)

(

linear confidence bands
and the data (circle).
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