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Abstract. Practically all coordinate systems in mechanics are rotational, whether
they are located on slow planets such as Earth and Jupiter or on fast planets such
as Mercury or a future space station with rotationally induced gravity. Now let us
consider, say, one of the most-studied three-dimensional cases of fluid flow, axially-
symmetric flow in a pipe (see, e.g., Ladyzheskaya [12]). It can be easily seen that
the (Navier-Stokes or Euler) equations are essentially two-dimensional because they
split into a two-dimensional analog and a one-dimensional equation which is easy to
solve if we know the solution of the two-dimensional equations. The two-dimensional
equations (see, e.g., Constantin and Foias [6], Ladyzhenskaya [11], Témam [22] for the
Navier-Stokes and Kato [10], Lichtenstein [14], Wolibner [24], Yudovich [25] for the
Euler equations) are known to have global classical solutions. If we add, as is standard
in the literature, rotation along the axis of symmetry, the same conclusions are valid.
However the picture changes if the axis of rotation does not coincide with the symme-
try axis. The flow is then “stirred” and the splitting we mentioned above is coupled.
Therefore in spite of the symmetry, i.e., the dependence on two spatial variables, the
flow is essentially not two-dimensional. Actually, the name ”2'/2-dimensional” flow
would fit better. When the velocity of rotation is small, one can hope to show that
the time of existence of the solutions tends to infinity when the velocity goes to zero.
In the present paper we show this to be exactly the case. Namely, we consider axially-
symmetric solutions to Euler equations in a cylinder which uniformly rotates along the
axis perpendicular to the symmetry axis. We show that for arbitrary large T' > 0 the
unique classical solution exists on the interval [0, 7] for a sufficiently small velocity of
rotation.
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1 Introduction.

The subject of rotating fluids has been attracting attention of researchers due
to both practical and academic interest. Many interesting results were obtained
which help the understanding of fluid dynamics. The study of rotational flow
goes back to 1885 when H. Poincaré [18] obtained a system of equations by
the linearization of the Euler equations about the solution which corresponds to
rotation of the fluid as a rigid body around the z-axis. A systematic investigation
of this new system of equations was initiated by S.L. Sobolev [21]. The case
when the velocity and the pressure are dependent only on two spatial variables
x and z and the fluid domain is an infinite cylinder with the axis parallel to the
y axis was studied in detail in series of work pioneered by Alexandrian [1] and
Zeleniak [26]. Fokin [7] recently showed that solutions of the Poincare-Sobolev
equations in this configuration has a surprisingly complex vortex structure for
a system of linear equations.

The extension of Sobolev’s analysis to the fully nonlinear Navier-Stokes and
Euler equations was done by Babin, Mahalov and Nicolaenko in [2], [3], [4] and
[5]. They studied the fluid flow with periodic boundary conditions for strong
rotation. In particular they proved the global existence of regular solutions to
the Navier-Stokes equations for sufficiently fast rotations. The global regular
solution was shown for some classes of solutions on thin domains ([19], [20], [8]
and [23]) where the flow is considered as a perturbed 2-D flow. Mahalov [15]
proved the existence of global regular solutions for helical flows in pipes with
“standard” azimuthal rotation.

At the same time, for essentially three-dimensional Euler equations there
are no global existence results. Babin, Mahalov and Nicolaenko [5] proved
the existence of regular solutions to Euler equations (with periodic boundary
conditions) on a time interval which gets larger for faster rotation. Marsden,
Ratiu and Raugel [16] produced an analogous result for thin shells with the
interval depending on thickness of the shell.

In the present paper we consider Euler equations for an ideal flow in the same
configuration as in Fokin [7]!. The cylinder axis is perpendicular to the axis of
rotation?, the velocity of rotation is uniform, and the solution is axially sym-
metric. The flow in this case is essentially three dimensional. This differs from
“standard” rotation, when the axes of rotation and cylinder coincide, leading to
the splitting of Euler equations into two- and one-dimensional equations.

We call a solution a classical solution if it, along with its derivatives that
appear in the equations, is of class C(Qr). The following result is proven for a
cylinder with a simply—connected base, although with certain modifications, it

IThough the domain Q does not have to be convex.

2The axes does not have to intercept. A long flow tube on the polar regions of Earth
and an artesian shaft are good examples of the model under consideration (where axes are
intercepted) as well as the same kind of flow located on the surface of Earth along latitude
lines. As we comment later, the result is easily extended to arbitrary position of the ”tube”.



can be proven for a multiply connected base using the same method employed in
[10]. External forces are assumed to be absent. We show, for appropriate initial
conditions, that the slower the rotating velocity of the cylinder, the longer a
classical solution exists. If one considers the case when rotation and cylinder
axes form the angle a € [0,1I/2], & = 0 being the ”standard” rotation and
a = I1/2 being the case considered here, then one can prove existence of classical
solution on a longer interval for a smaller «. This interval goes to oo as a goes
to zero. The extension of the result to the case of arbitrary positioning of the
cylinder and rotation axes and the presence of external force is straightforward
along the lines of this paper and is merely a notational complication.

1.1 Problem.

Let us consider our problem in a rotating Cartesian coordinate system
(z,y,z), which is solidly connected to the cylinder. Let the y- and 2- axes
represent the rotation and cylinder axes respectively, so that the pressure and
velocity components do not depend on the variable z. In this coordinate system,
the problem is as follows: let 2 C R?(x,y) be a simply—connected bounded do-
main with boundary 99 of class C?*®. Then in Q7 = 2 x [0, T| we have to find
functions wu, v, w, p satisfying the equations
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§+u£+va—y = —Au (3)
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with the initial and boundary conditions
(u,v)|t:0: (ug,vo), (z,y) €N (5)
w|t:0: Wo, (z,y) € (6)
(ung + vny)|aQ: 0, tel0,T7, (7)

where n,,n, are the components of the exterior normal to 92 and X € R is the
rotation velocity.

Without rotation (A = 0) the system of equations splits into subsystem (1),
(2), (4), (5), (7) (which is the 2-D Euler equations and, as known, has a global
classical solution, [10]) and into equation (3) with initial condition (6) (which
can be solved in the usual way for known u and v).



For A # 0 the Coriolis force appears, now the third vector component of
velocity w influences the motion dramatically, the fluid is “stirred”. In this case
the following theorem holds:

Theorem Let (ug, vo, wp) € CH0(Q), %uo—l—a%vo =0 and (uonz+v0ny)|{m:
0, where 0 < 6 < 1. Then a classical solution to the system (1)-(7) exists on
time interval [0,T], where T depends on norms of initial conditions ug, vg, wo
in CYT9(Q) and on velocity of rotation \. Furthermore, T()\) = ©(log(1/))),
A — 0. The solution is unique up to an arbitrary function of t which may be

added to p.

1.2 Notation.

Instead of writing («,y) for the coordinates of Q2 we use notation = (21, z2). A
2-D vector (u,v) is denoted by V. For a vector function V' we introduce matrix

vy (Ve Y )
Uml 'UIQ

We will work in the space of continuous functions C*(2), C([0, T]; C*(Q)),
C**¢(Q7), etc. Norm || - || of a scalar function means the usual uniform norm

— def
on C(Q), and || - [[rre = |-
semi-norms is used:

||C([0 )0kt (@))- Lhe standard definition of Holder

W g V@ V)
@,y €Q |z —yl®
T F#y
Norm || - || of vector V' and of matrix VV means ||u|| + ||v|| and ||ug, || + || vz, || +
[lvzy || + ||vzy || respectively. The same refers to the seminorms | - |, (-).

We will use L; (i = 1,2,...) to denote continuously differentiable monotoni-
cally increasing functions that are positive at 0. In our estimates, these functions
define dependence of constants on the parameters of our problem.

For reader’s convenience, we state several lemmas from [10] which will be
used in the this paper. In these cases, references to the corresponding lemmas
are provided in parentheses.

Finally, all asumptions of the above stated theorem are assumed to be sat-
isfied throughout the paper.

2 Outline of the proof.

After applying the “2-D” rot (rotV def Vg, — Ug,, & scalar function) to equation
(1), (2), we obtain

G+V-V( = —dwg, (8)



¢ = rotV (9)
we+V-Vw = —lu (10)
Now let us suppose the velocity field, V' (z,t), is known and sufficiently smooth.

Then we can solve the system (8), (9), (10). First, we solve the differential

equation
dX

e =V(X,1). (11)
We denote its solution with the initial condition X (s) = zg by X=X (t $,Z0)-
Then the solution to (10) is w(z,t) = wo(X(0;t,x)) — )‘fo u(X(s;t,x),s)ds.
We can see that u(X (s;t,2),s) = & X(l)(s t,x) by (11), where X is the first
component of X. Therefore (10) can be rewritten as

w(z,t) = wo (X (05t,2)) + M(XD(0;t,x) — 1), (12)

and (8), (9) as:
GHV-VE = —AVwo(X(05t,2)) - Xoy (0t,2) — N2XD(0:¢,2)  (13)
¢ = rotV. (14)

We solve the system (13), (14) as follows. We take a scalar function ¢(x,t)
from some set of functions S and construct V such that for all ¢t we have

rotV =, divV =0, V-n|,,=0. (15)

With this V we solve (13) for ¢ with initial condition ¢|,_ = a %' rotVj :

C(z,t) = a(X(0;t,2)) + / Vwo (X (058, X (s;t,2))) - Xay (058, X (558, ) ) ds+

+)\2/X (055, X (s;t,2))ds

Using X (035, X (s;t,2)) = X(0;t, ) we get

C(x,t) = a(X(O;t,x)) + AVwy (X(O;t,x)) '/0 Xy (0; s,X(s;t,x))ds—i—

+)\2/ XD (055, X (s5t,2))ds < ¢+ G+ G, (16)

where we implicitly introduce notations for the three terms of ¢ in the expression.

So for every ¢ € S we construct ¢, i.e., we construct a map { = F'(¢). Now,
we choose S so that F' maps S into itself and the conditions of Schauder’s fixed
point theorem hold. If ¢ = ¢ = F(ip) is a fixed point, then associated functions
u, v, w will be the solution to (1)—(7) along with a pressure p, existence of which
is guaranteed by a lemma on orthogonal decomposition of L5 on solenoid and
gradient parts.

An exact definition of S will be given later. We prove all lemmas and pre-
liminary estimates for ¢ € ..., C([0,T]; C=(Q2)).



3 Preliminary lemmas and estimates.

Let us construct V for given ¢. Let 9(x,t) be a solution to Ay = —¢, ¢|8Q: 0
with fixed ¢. Then, clearly, V = (¢,,, —,) is the desired function (i.e., which
satisfies equation (15)).

Lemma 1 Map ¢ — V = (Yu,, —ts,) is continuous from C([0,T]; C%(Q2))
0 C(0,T]; C10(@) -
Vilivo < Kllello

Proof. The conclusion follows from a well-known fact that the map ¢ — ¢
is continuous from C?(Q) to C?+%(Q) for fixed ¢ (see [13]), where the constant
K does not depend on . a

Lemma 2 (Lemmas 2.1 and 2.2; [10]) Let V be from Lemma 1. Then dif-
ferential equation (11) has a unique solution X = X (t;s,x),t € [0,T] for any
initial condition X (s) = x, where s € [0,T] and z € Q. X (t;s,x) is continuously
differentiable as a function of the three variables. For fized t and s, X (t;s,x) is
a one-to-one map of Q onto itself, where ) is mapped onto itself. The Jacobian
of this map equals 1. X (s;s,x) is the identity map, and X (s;t,x) is the inverse
of X(t;s,x).
Lemmas 1 and 2 justify the calculations in section 2.

Lemma 3 (Lemma 2.6; [10]) Let X (t;s,x) be from Lemma 2. Then
X (t;s,2) = X(&5,7)| < L(lll) (1t — 2" + s — 5" + o — 7|%),

where a=t = L(|||]).

Further we need an estimate of the change of
us differentiate (11) with respect to z :

w with respect to z. Let

4

o (VX(t;s,2)) =VV - VX(t;s,2).

Solving this equation for the function VX (¢; s, x), we get

VX (1 5,2) = exp{/st YV (X(r: s,x),T)dT}. (17)

Lemma 4 LetV be from Lemma 1 and X (t;s,x) be from Lemma 2. Then
i) [VX(t:s,2) = VX(E5,7)| < TLi([IVVlo, T) (Jo =yl + [t =7 + s = 51);

i) | X(ts,x) — X(Es, )| < V|-t =1
i) | X(t;s,x) — X (;35,2)] < ||[V]elVVIT|s — 3]



Proof. i) It is enough to prove the estimate for the next two cases:
a)t=ts=75, b)x =T.

a) By using the inequality ||eAt? — e4|| < || B|lelAI+IBl] where A and B are
matrixes ([9], p.24), and (17), we obtain the following sequence of inequalities,
which gives the desired result:

t
VX (t;5,2) — VX(t;5,9)] < 3IVVIIE=s / [VV (X (75 8,2),7)—
*VV(X(T;S,y),T”dT <
t
< SIVVIT (7Y, / X(r:8,2) — X(r:8,9)|%dr <

t
< AITITTY) VX [ o yltdr <

< €(3+9)HVVHT<VV>9T|.T _ y|9.

b) This result follows from the inequality

T
VX (t:5,2) — VX (&S, 2)| < e3|vv|t—8|{/ ||VV(X(T;S,LC),T)HdT+
t

+/ ||vv(X(T;s,x),T)|}dT} < SIVVIT V| {|t — | + |s — 5]}

ii)We have

< /ttV(X(T;S,x),T)dT

>
=
\EID
8
S~—
\
b
-~
\‘PF
flb
8
-
A

<|[VII'ls =5l.
iii) Set z = X(¢;8,2), zZ = X(t;35,2) and 2’ = X (s;5,2). Then we have
[z — 2| = |X(5;5,2) = X(s;5,2)| < [V |s — 5.
Next, by (17) we have

|2 — 2| = X (t;5,2) - X(t;5,2')| < el VVIT]z — o).

By combining these two results we get inequality iii). |



Lemma 5 Let o be as in Lemma 3 and 6 = af. Then for { = F(p) the
following inequalities hold:

Il < Nall +ATel VI (| Two|| + ) (18)
Gz, 1) = Sy, )] < {{a)o L’ (llel) + AT +

+(AT)?) L2 (|[Vwolls, [IVV 15, T) Ha — yI° (19)

Gz, t) = ¢, 9) < La((a)e, [Vawolle, IV 11, T, A) [t = s[° (20)

Proof. The inequality (18) is a consequence of (16) and (17). To prove the rest
of the inequalities we estimate (q, (> and (3 separately for convenience.
By Hoélder continuity of a we have

i, t) = Gy, 1) < {a)o L0 (el — g, (21)
[4

Gi.8) = Gal, )] < (a)o (IV]eITVIT)E — s1) (22)

where we used Lemma 3 for the first and Lemma 4 (743) for the second inequality.
To estimate |(2(x,t) — (2(y,t)| we add and subtract

t
)\Vwo(X(O;t,a:)) / Xz, (O;s,X(s;t,y))ds
0
and use (17) and Lemma 4(4):
(1) — Co(y, 1) < A|Vwo (X (03¢, 2)) | x
t
[ s 035X 532)) = X (055, X 53 ,9) s+
0
t
+)\|Vw0 (X(O;t,x)) — Vwg (X(O;Ly))’/ ’sz (O;S,X(s;t,y))‘ds <
0

t
< AT Vol L (|VV 5, T) / X(s;t,2) — X (s, ds+
0
AT el VVIT (0) 5| X (05 8, ) — X (03¢, )]0 <

< AT{||[Vwo Ly ([[VV 5, T) e IVVITT 4 0HIIVVIT(G00) 53 o — y)°.

Hence
Ga(@, 1) = Ga(y, t)| < AT La([|Vwolls, [VV |ls, T) |z — yI°. (23)

Similar consideration, plus Lemma 3 and 4(ii), gives usthe estimate

[Ca(x,t) — (o, s)] < )\|Vw0(X(0;t,x))|/ |ch2 (O;T,X(T;t,z))|d7+



—&-)\’Vwo (X(O; s, :1:)) — Vwy (X(O;t, m))‘ /OS‘XI2 (O;T,X(T; s,x)) ’dT <

< M Vwo || eVVIT)E — 5] + AXTelVVIT (Fawg)g ||V ]2V IT |t — 5|

or
[Ca(,8) — Gal, )| < ALs ([[Vwollo, [VV, T) [t = s]°. (24)
Finally, by using Lemma 4(7) and (17) again, we get the last two inequalities
t
Ga(,t) = Ga(y, t)] < AQ/ | Xy (055, X (s:t,2)) — Xy (055, X (s31,y)) |ds <
0
t
< )\2TL1(||VV||5,T) / | X (s5t,2) — X(s;t,y)|‘5ds <
0
< NTL(|VV s, DIVXI° Tz =yl < W)’ Le(|VVls. T) |z = y°5  (25)
t
G3(2,t) — G3(,8)] < XA’/ | X0, (057, X (73t 7)) [dr < N2elVVIT|e — 5| (26)
The estimate (19) follows from the inequalities (21), (23) and (25). The
estimate (20) follows from the inequalities (22), (24) and (26). O

4 Application of Schauder’s theorem.

Let us define the set S4 p as the set of functions ¢ = ¢(x,t) such that
lpll < A and

B
lells < 720 lel@st) = (e, s) < Ls((a)a, [IVawollo, B, T, Mt=sl’, (27

where K is the constant from Lemma 1 and 6 = 6/L(A). It is clear that Sa g C
S’. Moreover, as we will see, for some choice of A and B and some condition

on A, T, the set S4 p has the necessary for application of Schauder’s theorem
properties, i.e., it is convex, compact and F' maps it into itself continuously.

Lemma 6 For any a and wy there exist such positive A, B that F' maps Sa.p
into itself for any X and T < T(X\). Where T(\) = O(log(1/X)) for A — 0.
Proof. Let A and B be a solution to the system

A lall + XTe"E (|| Vawo | +A) (28)
B = K{{a)gL?(A)+ N + A}, (29)

where N is some positive number. A solution to this system exists for some
choice of A and T More precisely, rewrite the system (28),(29) as

A = fi(B) (30)
B = fa(A). (31)



The derivative of the composition fi(fa2(z)) Lof f(z) equals

KNT2(|Vwo|| + N ({@)gfL?~ () L' (z) + 1)eT K {{@)o0L? (@) + Nta} (32)

and for sufficiently small A and T" will be less then 1 —¢ for z € [0, @], where €

is some positive fixed real number. This guarantees the existence of a solution to
the equation = f(z), because f(0) > 0 and f(@) < f(O)—i—(l—s)@ = @.
Clearly, a solution A of this equation and its associated B will be a solution to
the system (28), (29). It is important here to point out the fact that either A
or T could be chosen in an arbitrary way, and the other constants have to be
taken so that the condition above holds. Thus, let’s fix A and choose T7(\) to
guarantee the existence of A and B.
Now we let Ty = T5(\) be such that the following inequality holds

AT + (AT)?| Ly (||[Vwolls, B,T) < N. (33)

This can be done because of the continuity of Lo.

Taking into account that for ¢ € S4 p by Lemma 1 we have ||V||149 < B, for
chosen A, B and arbitrary A and T' < min{T} (\), T>()\) }, we obtain the following
estimates for ( :

by (18) €] < flal + ATeET (Vo + ) = 4
by (19) 16 0) ~ €y, 0 < {(@)oZ?(4) + N}z —yl’ < (5 — A)lo — ol

B
e ||<lls < E;
by (20) K(.’ﬂ,t) - C($,8)| < L3(<a>97 ||Vw0H9,B,T, )‘)|t - S|9'

These estimates show us that F' maps S4 g into itself.

The last statement of the lemma follows from the fact that 77 () and To(X)
have leading terms of order log(1/)\) for A — 0, what is easy to get from (32)
and (33). a

Lemma 7 Let 0 < e < <1, f, € C5(Q) be uniformly bounded in CP(Q),
[ fo = foll — 0 for n — oco. Let X,, be from Lemma 2 and uniformly bounded
in CY(Q), || X, — Xo|| — 0, for n — oo. Then

1 (X) = folXo)ll ) — 0.
Proof. We have
Fa(Xa(@)) — Fa X)) < (F) 51X (@) — Xul@)l® < (Fu)all Xl — .

which gives | fn(Xn)llcs < [ fnll + (fn>5||Xan1 Consequently f,(X,) are
bounded in C?(2). Then by using the theorem on compactness of inclusion

10



CP(Q) in C=(Q) (see, e.g., [13]) we obtain that there exists a subsequence
Jrn(Xn,) of the sequence f,(X,) such that f,, (X,,) converges in C*(Q) :
frn(Xn,) — ¥ € C°. Let us show that ¢ = fo(Xp) :

1 = fo(Xo)l| < [[¢ = fu(Xa) [l + [ /n(Xn) = fu(Xo) | + [[fn(Xo) = fo(Xo)[| <
< W = fa(Xa)ll + (F) sl Xn = XolI” + 1 £ = fol.

The right hand side goes to zero as n — co. At the same time the left hand side
does not depend on n, thus we have ¢ = fo(Xj).

We showed that any convergent subsequence f,,(X,,) in C¢(£) converges to
fo(Xo), and it, clearly, means convergence of f,,(X,) to fo(Xo) in C5(Q). O

Lemma 8 Let(0<e < 4. Then a map F is continuous on Sa, p in the topology
C([0,T}; C=(%2)).

Proof. Let ¢,,¢ € Sap and ||¢, — ¢|le — 0 for n — oo. Let V,,, X, V, X
are defined as earlier for ¢, and ¢ respectively. Then with a help of Lemma
1 we have ||V,, — V|j14e — 0. Therefore X" — X uniformly with respect
to t,s,x because of a well-known theorem on dependence of a solution to an
ordinary differential equations on a right-hand side. By (17) we see that VX"
are uniformly bounded in C([0,T]?; C?(Q)). Next, from Lemma 7 we have

IVV™(X"™(t;8,2),t) — VV(X(t;s,w),t)HCE@) — 0, t,s€]10,7T],

which gives (using the matrix inequality from the proof of Lemma 4 (i), case

()
[9X" = VX ey <

t
< [TV (75,2, ) = WV (X 5.0). ) ey — O
Consequently, using Lemma 7 we get
X7, (055, X7 (s:,2)) — Xy (038, X (558, 2)) | ey — 0, £ € [0,

Now we recall that VX" and X™ are uniformly Lipshitz with respect to ¢ and
s (from Lemma 4(#) and (44)). It means VX" (0;s, X"(s;t,z)) are uniformly
Lipshitz with respect to t and s. Then

X7, (05, X7 (531, 2)) — Xy (05, X (550,0))| e () — O

uniformly with respect to ¢t and s. In other words, (§ — (3 uniformly with
respect to ¢t. This, with the help of Lemma 7 for Vwy(X™), gives convergence
of ¢% to (5. The same Lemma for a(X™) shows convergence of (} — (; in

C([0,71; C* (). O
Convexity of the set Sa p is ostensible. To use the fixed point theorem we
have only to show its compactness in the Banach space C([0,T]; C¢(2)).

11



Lemma 9 Let ¢ be from Lemma 5 and € be such that 0 < e < 4. Then Sa p
is compact in C([0,T); C¢(Q)).

Proof. We have ¢ < § and S4, p is bounded in C°(Qr). Recalling the fact
on compact inclusion C% (Qr) f—>7C‘5(QT) for ¢’ > & (see [13]), we conclude
that Sa4 p is a compact set in C*(Qr) and, therefore, in C([0,7];C*(2)). O

5 Existence.

Let ¢ € Sa p be a fixed point of F, ¢ = ( = F(p), and let X(¢;s,2), V(z,t),
w(z,t) be functions according to this ¢. Because X (t;s,x) is a continuously
differentiable function, and wy € C*9(Q)), from (12) we have w € C'(Qr).
From Lemma 4(7) we have

IVX(t;s,2) — VX(£35,7) < Li (B, T) (Jr —y° + [t — | + |s — 3])

and, consequently, X (¢;s,z) € C1T99(]0,T]? x ). Then from (12), we conclude
that w € C'*%9(Qr). Now all the conditions of the theorem on existence of a
classical solution to the 2-D Euler equations in [10] hold for b = w. Our map F'
is F' from [10] and, consequently, the following lemma holds:

Lemma 10 (Lemma 3.1, Lemma 3.2, Lemma 3.3; [10])

i) VV € C199(Qr) for any &' < 6;

ii) Vy exists and is from C(Qr);

iii) There exists a scalar function p € C19(Qr) such that {V,p} is a solution

to (1),(2),(4),(5).(7)-

6 Uniqueness.

Let us suppose there is another solution (V, @, p) of the equations (1)~(7), which
satisfies the conditions of the theorem. After subtracting the equations with the
solution (V,w,p) from the equations with the solution (V,w,p) and denoting

U= (u,uz) =V -V, W=w—w, q=p— p, we have:

U+ (VYU + (UV)V = —Vg+ AW,0) (34)

W, + VYW = —lu —UVuw. (35)

We take the scalar product of (34) with U. Then, noting that (U, (VV)U) =
—((VV)U,U) =0 and (U, Vq) = 0 we get:

1d
557 (UU) + (U UV)V) :)\/Qdez. (36)

12



By (35) we have

W(x,t):—)\/o ul()z(s;tw),s)ds—/o U()?(s;t,x) s)Vw (X X (s;t,z), s)ds.

Let us denote these two terms by W7 and W5 respectively. By using this notation
for W we obtain an estimate for the right part of (36):

//Q X(s;t,3), s)u(x, t)deds| <

t{/QUQ(y,s)der/QUQ(x,t)de}dS < H(U U)+ . G0

< A2 (37)

W1u1 dzx
Q

2 0<r<

W2 U1 dzx
Q

IN

Q (s;t,x),s)Vw(X X (s:t, ), s)uy(z, t)ds| <

< 5/0 {/Q( (y, $)Vao(y, ))Qdy—l—/QUz(x,t)dm}ds.

Here we used the substitution y = X (s;¢, z) and the fact that its Jacobian equals
1 from Lemma 2. It is known that w € C'(Qr), therefore, the last inequality
can be rewritten as:

/ Wouidx

We have V € C1(Qr), therefore (36), (37) and (38) gives

< —Kl Jnax (U U)+ E(U U). (38)

A+ A2

(U, U), < Ky(U,U) + T((U,U) + max (U,V)).

Evaluating the integral fst of this inequality and denoting (U, U)(t) = ¢(t), we
obtain

P(0) < pls) 4 K [ p(r)dr + Kalt = s| s, (1), (39)

where K3 = Kp + 2T and Ky = 27T
Let us define M maxg<7<t (1) and take s = 0 (it is known that ¢(0) = 0)

and t =t Lef W Then (39) can be rewritten (because of monotonicity

)
of the right part of the inequality (39) we can substitute ¢(¢) by M):
< (K3 + Ky)ti M.
In this case, clearly, M = 0, i.e., p(t) = 0 on [0,tg]. Constants K3, K4y do not

depend on ¢, so, repeating the arguments for s = ¢; and t = 2t;, etc, we can

13



conclude that ¢(t) =0, t € [0,T].
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gestions to Mihail Fokin and Susan Friedlander. Their encouragement and help
made working over the manuscript a highly enjoyable experience.
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