HEEGAARD DOCUMENTATION
by John Berge

1. INTRODUCTION

This file includes some detailed information about the mathematical underpinnings of the pro-
gram and also takes a closer look at many of the program’s routines.

The design decision to have the program use presentations of compact orientable 3-manifolds as
its basic data, and the subsequent need for the program to be able to efficiently solve“realization”
problems in order to recover Heegaard diagrams of the 3-manifolds involved, turns out to lead to a
surprisingly complex program. In this file, we try to indicate what some of the problems are which
the program faces, and to also indicate what the program’s current strategies are for dealing with
them.

Ultimately, the goal is to make understanding compact orientable 3-manifolds easier, and to
make Heegaard diagrams as useful a tool in that understanding as possible. The program attempts
to take a step in that direction, but it should be thought of as a provisional step, with the program
itself, its approach and its routines all subject to revision and improvement. We wish to also
mention that we do not believe that the road to understanding compact orientable 3-manifolds must
lead through Heegaard diagrams. Rather, the idea is only to make such diagrams as useful as they
can be. In this respect, it is probably worth stressing, that once the program has determined that
a presentation is uniquely realizable, then the program“knows” the 3-manifold, and, in principle,
additional routines could be added to the program to compute any of one’s favorite 3-manifold
invariants, or routines could be added to search for“interesting” features of the 3-manifold.

Finally, to facilitate making modifications, improvements, and additions to the program, we will
make the source code available to those who wish to proceed further.

2. SOME USEFUL DEFINITIONS, NOTATION, AND GENERAL INFORMATION.

Def. Let P be a finite presentation on a setgpfenerators withm relatorsR;, 1 <i < n, such thaR,

is freely and cyclically reduced for4 i < n. We sayP is “realizable” if there exists a handlebody
H, of genugy, and a se€i, 1 <i < n, of n pairwise disjoint simple closed curves embedded in the
boundary oH, together with a complete set of cutting digk$or H, such that when the members
of C andD are appropriately labelled and orient&d,freely and cyclically reduces to a cyclic
conjugate oR;, for 1 <i <n.

Remark. Note that, ifD is a Heegaard diagram with genus greater than oneDarehlizes a
presentatiorP, then there are an infinite number of diagrams obtainable foohy performing

Dehn twists along curves which bound disks in the underlying handleblodyuch that each of
these diagrams also realizeés

Remark. We will give an example later which shows why it is necessary to allow free and cyclic
reductions in the definition of realizability unleBshas minimal length.

Note: The program always assumes that the “realization” of a presentation is accomplished by
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adding 2-handles to the handlebddyalong the set of curvesS, and then any resulting 2-sphere
boundary components are “capped-off” with 3-balls to yield a 3-manifbld

Note: The program does not keep track of the orientations of Heegaard diagrams, and so does not
keep track of the orientations of the corresponding 3-manifolds. In particular, homeomorphisms
may be either orientation preserving or orientation reversing.

Remark. Many 3-manifolds have “inequivalent” Heegaard splittings. The program does not cur-
rently make any explicit attempt to search for such inequivalent splittings. They may arise nat-
urally, however, as the program produces diagrams from an initial presentation by eliminating
primitive relators in different ways. For example, this is essentially what occurs when the pro-
gram finds distinct 1-relator presentations of the exteriors of tunnel- number-one knots, such as the
(—2,3,7) pretzel knot.

Remark. The program contains routines which will recognize the 3-sphere and lens spaces under
certain conditions. These routines are not claimed to be algorithmic. On the other hand, we do
not currently know of any examples for which these routines fail. It would, of course, be very
interesting to have such examples.

Remark. The procedures which the program uses to generate new presentations are often not
invertible, or at least not easily inverted. This is one of the major reasons that the program saves
what eventually turn out to be superfluous presentations. These presentations are saved in case the
program runs into a dead end and needs to backup to a previous stage in order to continue.

Def. Let P be a presentation, and IBtbe a relator which appears ih The “algebraic length”

of Ris the total number of letters which appeaRmafterR is freely and cyclically reduced. The
“algebraic length”|P|, of P is the sum of the algebraic lengths of all of the relators which appear
in P.

Def. Let D be a Heegaard diagram. The “geometric lengB; of D is the total number of edges
which appear irD.

Notation. We will often use upper-case and lower-case letters to denote generators and their
inverses in presentations.

Def. A “defining relator” is a relatoR, which is freely and cyclically reduced, and which has the
property that there exists a generator &such that the total number of appearanceS ahdg
in Ris one.

Recall that this allow® to be used to express in terms of the other generators appearing in
R. Then the resulting expression can be used to eliminate all appearanGeasnoffg from the
remaining relators.

Def. A “primitive” is a relator which represents a free generator of the free group generated by the
generators of the presentation.



By “deleting” or “eliminating” free generators, the program can reduce the rank of a free group
and reduce the Heegaard genus of the associated manifold.

Def. A Heegaard diagrar®, of a closed orientable 3-manifoM, is “pseudo-minimal” if there
do not exist any automorphisms which reduce the length of either of the two dual presentations
associated witip.

Def. Supposés is a graph and is a vertex ofG. The “link” of V in G is the set of vertices db
which are joined t&/ by one or more edges.

Def. SupposeG is a graph. A “component” o6 is a subseC, of the vertices ofG, which is
maximal with respect to the property that any two verticeS tan be joined by a path i@.

Def. Supposé/ is a vertex of a grapls, andG hasn components. If deleting from G yields a
graphG’ which has more than components, then we s&yis a “cut vertex” ofG.

Def. Let P be a presentation on generatdges B,C, ...}, such that the relators &t are freely
and cyclically reduced. (Assunkedoes not contain any empty relators.)Xliis a generator, let

denote the inverse &f. The “Whitehead graph” d? is the graph with verticegA a,B,b,C,c,...},

and an undirected edge joining verteto vertexY for each occurrence of the pair of lettet¥ in

the relators.

Note: It will be useful to think of the Whitehead graph of a presentafoon g generators and
freely and cyclically reduced relators, as the graph obtained in the following way:

(1) LetH be a handlebody of gengswith a complete set of cutting disk3.

(2) Orient and label the membersBfso they correspond to the generator$of

(3) Embed pairwise disjoint simple closed curves in the interioHo$o that they “represent”
the freely and cyclically reduced relators®f taking care that the total number of inter-
sections of this set of curves with the member®gpequals the total length of the relators
of P.

(4) CutH open along the members Dfto obtain a 3-balB with 2g disks in its boundary.

(5) Identify the 2) disks in the boundary d with the vertices of the Whitehead graph.

(6) WhenH is cut open along the membersdf the simple closed curves that represent the
relators ofP are cut into a set of arcs. Identify these arcs with the edges of the Whitehead
graph.

Note that in general, there are multiple edges joining any given pair of vertices in the Whitehead
graph. It will often be convenient to pass to a simpler graph which does not have any pair of its
vertices joined by more than one edge.

Def. LetW Gbe the Whitehead graph of a presentato he “reduced Whitehead graph” Bf is
the graptRW Gobtained by replacing any sets of multiple edges, joining a pair of verticé&®f
with a single edge joining that pair of vertices.



3. THE BASIC THEORY WHICH UNDERLIES THE PROGRAM.

Most of basic theory which underlies the program is fairly simple, and has its roots in fundamen-
tal results about automorphisms of finitely generated free groups due to J.H.C. Whitehead in 1936,
together with more recent results of Zieschang, which show that the algebraic results of Whitehead
can be realized topologically in the case of Heegaard diagrams.

While the results of Whitehead and Zieschang form the mathematical basis for much of the pro-
gram, the actual development of a program which effectively exploits their results requires more.
In particular, it must be possible to find and perform certain simplifications of Heegaard diagrams,
which Whitehead and Zieschang guarantee exist, in an efficient manner. This is important, be-
cause although efficiency is largely irrelevant from a mathematical point of view, it is a crucial
consideration when it comes to the development of a practical program.

4. WHITEHEAD'S RESULTS ABOUT AUTOMORPHISMS OF FINITELY
GENERATED FREE GROUPS.

Def. Let F be a finitely generated free group, and &be a set of free generators fBr An
automorphismp of F is a “T-transformation” if¢ permutes the generators @ or if, for some
fixed generatoAin G, ¢ carriesAto A, and¢ carries each of the remaining generatis G into
one ofX,AX,Xaor AXa

Note: There are only a finite number of T-transformations in the automorphism grduploéieed

it is not hard to see that the number of nontrivial T-transformations which are not permutations of
the generators, in a free group of ragkg > 1, is g(49~! — 2) up to conjugacy. Note further,
however, that although this number is finite, it grows exponentially in the rafk of

Theorem. (Whitehead) LefP be a finite presentation on a finite $gtof g generators such that
the relators oP are freely and cyclically reduced. LEtbe the free group freely generated by the
members ofG. If there exists an automorphismof F which reduces the length &, then there
exists a T-transformatiop of F which also reduces the length Bf

Def. A presentatiorP has “minimal length” if the relators d® are freely and cyclically reduced,
and there do not exist any automorphisms of the free gfFgupeely generated by the generators
of P, which reduce the length &.

Def. SupposeP is a presentation which has minimal length. ¢lfis a T-transformation which
transformsP into a presentatio®’, such thaP andP’ have the same length, thenis a “level-T-
transformation” or simply “level-transformation”.

Theorem. (Whitehead) LeP andP’ be finite presentations on a finite €2bf g generators such
that the relators of botR andP’ are freely and cyclically reduced. LEtbe the free group freely
generated by the members @f Suppose botl? andP’ have minimal length, and suppose there
exists an automorphism of F such thatt(P) = P’. Then there exists a finite sequence of level-T-
transformations which also transformasnto P’.

Cor. (Whitehead) LetP be a finite presentation on a finite 8tof g generators such that the



relators ofP are freely and cyclically reduced. LEtbe the free group freely generated by the
members ofs. There is an effective procedure which finds a sequence of automorphishibatf
reduceP to minimal length.

Cor. (Whitehead) LetP be a finite presentation on a finite $8tof g generators such that the
relators ofP are freely and cyclically reduced. Suppd3@as minimal length. Lef be the free
group freely generated by the membergofThen there exists an effective procedure to generate
and enumerate the set of all minimal length presentations into whican be transformed by
automorphisms of.

5. SOME RESULTS OF ZIESCHANG WHICH RELATE WHITEHEAD’S RESULTS
TO HEEGAARD DIAGRAMS.

Def. Let D be a Heegaard diagram, andfebe the underlying handlebody. Suppétéas genus
nand thatdi, 1 <i <n, is a complete set of cutting disks far. We assume that the intersections

of the curves of the diagram with the cutting disks are minimal up to isotopy in the boundary of
H. Supposel is a nonseparating disk id such that is disjoint fromd; for 1 <i <n. Ifitis
possible to replace one of tltys) with d so as to obtain a complete set of cutting disksHor
which has fewer intersections with the attaching curves of the 2-hand@stbén we say that a
“geometric-T-transformation” has occurred.

Theorem. (Zieschang) Suppode is a Heegaard diagram with underlying handlebétiand P

is the presentation of the fundamental group associated with the handlebddlyhere exists a
T-transformation which reducéB|, then there exists a geometric-T- transformation which reduces
DI

Cor. (Zieschang) Suppode is a Heegaard diagram with underlying handlebétignd P is the
presentation of the fundamental group associated with the handlébo8yippose tha® is any
minimal length presentation obtained fréhvia a finite sequence of T-transformations, then there
exists a finite sequence of geometric T-transformations which trangomo a Heegaard diagram
D’ such thatD’| = |P’| andD’ realizesP'.

Def. SupposeD is a Heegaard diagram with underlying handlebétigndP is the presentation
of the fundamental group associated with the handledddySupposeP has minimal length,
ID| = |P|, andZ is a geometric-T-transformation which carriBsinto D’ such that|D’| = |D|.
Then we say is a “level-geometric-T-transformation”.

Cor. (Zieschang) Suppode is a Heegaard diagram with underlying handlebétgndP is the
presentation of the fundamental group associated with the handlého8ypposé> has minimal
length,|D| = |P|, andP’ is a presentation obtained frofby a level-T-transformation. Then there
exists a level-geometric-T-transformation which carizénto D’ such that|D’| = |P/|, andD’
realizesP’.




Remark. SupposeD is a Heegaard diagram with underlying handlebétlyand P is the pre-
sentation of the fundamental group associated with the handledod8uppose thap is a T-
transformation which reduces the lengtiPoZieschang’s results guarantee that there is a geometric-
T-transformatiork which reduces the geometric lengtifNow 2 induces some T-transformation

of P, butitis not necessarily the case that ¢. Indeed, there may be no geometric-T-transformation
which inducesp. It is also not hard to produce examples where any geometric-T-transformation
which reducesD|, must actually increas®.
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7. HOW THE PROGRAM INSURES THAT THE DIAGRAMS IT PRODUCES ARE
ALL HEEGAARD DIAGRAMS OF THE SAME 3-MANIFOLD.

It is obviously important that the Heegaard diagrams which the program produces all be Hee-
gaard diagrams of the same 3-manifold. In order to guarantee that this is the case, new presenta-
tions must be obtained from previous presentations only in certain ways. Here we describe how
the program does this, and we indicate when it is possible to recover a Heegaard diagram of the
original 3-manifold from the transformed presentation.

SupposeP is a realizable presentation of a 3-maniftélid The program is allowed to produce a
new presentatio”’ from P in one of following four ways, provided the stated conditions hold.

(1) If P does not have minimal length, IBt be any presentation obtained frd?by reducing
P to minimal length.

(2) If P has minimal length, |eP’ be any presentation obtained fréhby a sequence of level-
transformations.

(3) If P is a minimal length balanced presentatiéhhas a unique realization as a Heegaard
diagramD, where|D| = |P|, andD is a Heegaard diagram of a closed manifold,Rdie
the dual presentation correspondindtoThen letP’ be any presentation obtained frat
by reducingP to minimal length.

(4) If Pis a minimal length presentatioR, has a unique realization as a Heegaard diagram
D, where|D| = |P|, andR is a relator ofP, let P be a presentation obtained frafnby
replacingR with a new relatoR, whereR' is a geometrically realizable bandsumRénd
another relatoR’ of P. Then letP’ be any presentation obtained frdrby reducingP to
minimal length.

The next lemma follows from the preceding results of Whitehead and Zieschang.

Lemma 1. SupposeéP is a realizable presentation of a 3-maniftd Suppose tha®” is a presen-
tation obtained fronf? by reducingP to minimal length olP has minimal length ang” is obtained
from P via a sequence of level-transformations. Théhas a Heegaard diagrad! such thaD”

realizesP” and|D"| = |P"|.



Lemma 1. SupposeP is a realizable presentation of a 3-maniftMd Suppose tha? is a presen-

tation obtained fronf? by reducingP to minimal length oiP has minimal length ang' is obtained

from P via a sequence of level-transformations. Suppose furthermore, that there is a unique Hee-
gaard diagrand’, with |D’| = |P’|, which realized”. ThenD’ is a Heegaard diagram bf.

Proof. This is an immediate consequence of the existence provided by Lemma 1) and the unique-
ness provided by Lemma 2).
Applying these lemmas to the four situations above yields the following theorem.

Theorem. SupposéP is a realizable presentation of a 3-manifédd Suppose tha® is a minimal
length presentation obtained frofin one of the four ways listed above, and suppose there is a
unique Heegaard diagrabl, with |D’| = |P/|, which realized?’. ThenD' is a Heegaard diagram

of M.

Remark. The program’s manipulations of presentations are based largely on this Theorem. In
particular, this means that the program places a premium on obtaining minimal length presentations
whose realizations by Heegaard diagrams, with geometric length equal to the algebraic length of
the presentation, are unique.

Remark. SupposeP is a minimal length presentation and there are several distinct Heegaard di-
agrams, with geometric length equal |, which realizeP. Then one of the diagrams which
realizesP is a diagram oM. However, determining which realization is “correct” requires addi-
tional information. At this point, we have not settled on an efficient scheme which the program
can use to do this.

8. AN EFFICIENT METHOD FOR FINDING T-TRANSFORMATIONS THAT
REDUCE THE LENGTH OF A PRESENTATION.

As has been alluded to, a practical program needs an efficient method for locating and perform-
ing T-transformations which reduce the length of a presentation. We describe such a procedure
below. The fact that such an efficient procedure exists does not seem to be well-known. We also
wish to point out that the procedure we will describe can be applied to any presentation, and so it
may well have other applications elsewhere. For these reasons, we will give a fairly detailed and
complete description of the procedure.

The key to finding T-transformations which will reduce the length of a given presentgin
ciently, is to look at the problem of finding such a T- transformation as one of finding a minimal cut
set of edges in the Whitehead graphRyfwhere the cut set of edges separates the vertices corre-
sponding to the “operating” generator and its inverse from each other. This reduces the problem of
finding a T-transformation that will reduce the lengthRofo a well-understood problem in graph
theory of finding a maximal flow in a network. There are extremely efficient methods known for
solving this type of problem.

Here are some of the details. Supp&ss a finite presentation on a finite $gtof g generators
such that the relators &f are freely and cyclically reduced. LEtbe the free group freely gen-
erated by the members &f. LetW G be the Whitehead graph & and IetRW Gbe the reduced
Whitehead graph oP. Let A be a generator i5, and let a be its inverse. Suppose that a



T-transformation which is not a permutation of the generatofG.iifhen if isX is a generator in
G, ¢ acts onX, (up to conjugation by), in one of the following four waysX — AX, X — Xa,
X — AXaor X — X.

Lemma. There is a one-to-one correspondence between T-transformations in which the generator
A acts as a multiplier on the remaining generator&p{up to conjugacy) and partitions of the
vertices of the Whitehead graph Gfinto two disjoint subsetsSA Sa whereA lies in SA anda
liesinSa

Proof. Define a correspondence of the required type by the following rule:

(1) AliesinSA and a lies irSa

(2) ¢(X) = AXifand only if X lies in SA andx lies in Sa
(3) ¢(X) = Xaifand only if X lies in Sg andx lies in SA
(4) ¢(X) = AXaif and only if bothX andx lie in SA

(5) ¢(X) = X if and only if bothX andx lie in Sa

Now, consider the Whitehead grahG of P as being embedded in a 3-bBlwith 2g disjoint
disks ondB, which can be identified in pairs to yield a handlebddlyof genusg, as described
above. LetSAandSabe the partition of the vertices ¥ G determined byp using the rule given
by the preceding lemma. Observe that we may con$gdes being divided into two hemispheres
N andS by an equatorial disB, such that all of the vertices &Alie in N, while all of the vertices
of Salie in S, We also suppose that the arcs which represent the edyé&aire embedded iB
so that they interse@ minimally, up to homotopy B, keeping their endpoints fixed.

Choose a poinb € S to serve as the basepoint of the fundamental group.ofhen, for each
pair of vertices{X,x} of WG, choose an oriented path which leal®goes to the disk oadB
representingX, and returns td from the disk ondB which represents. Suppose these paths are
chosen so that they intersdatminimally. Clearly, these paths form a set of generatorstfoH ),
which we may view as representing the current set of generators.

Next, observe that since the dislies in N, and the disk a lies i, we can replace the cutting
disk corresponding to the generadpwith the diskD. Suppose this is done. The result is a new
set of cutting disks foH, with the change of cutting disks inducing an automorphisof m; (H),
and we see that D is relabelled a#\, thenu = ¢.

Observe that the number of times generatand its inverse a appear B in this new basis
for my(H), is completely determined by the number of edge®vd which join vertices inSAto
vertices inSa while the number of appearances of the remaining generatd*ssrnunchanged.
Observe also, that becauskG corresponds t®, andP is freely and cyclically reduced, all inter-
sections of the simple closed curvedHnwhich represent relators & are essential intersections
with this new set of cutting disks fa.

The following definitions will now be useful.

Def. If X is a vertex of a grapks, letV (X) denote the number of edges®fmeetingX.
Def. Let G be a graphX andY vertices ofG, and letC be a subset of the edges®f Let G’ be

the graph obtained by deleting the edge€ifrom G. We say that “C is a cut-set of edges®f
separatingk and Y”, if X andY lie in different connected components®@f.



Def. LetC be a cut-set of edges of a gra@h Define the “capacity of C” to be the number of edges
which C contains.

Def. Let G be a graphX andY vertices ofG, and letC be a cut-set of edges of G separatkignd
Y. We sayC is a “minimal cut-set of edges separatiig@nd Y”, if no subseD, of the edges 06,
such thaD contains fewer edges @ thanC contains, separatésandy.

Note that a cut-set of edges separatihgndY may be empty.

We can now prove the main theorem of this section.

Theorem. SupposéP is a finite presentation on a finite Setof g generators such that the relators
of P are freely and cyclically reduced. LEtbe the free group freely generated by the members of
G. LetW Gbe the Whitehead graph &t Let A be a generator is, and leta be the inverse oA.
There exists a T-transformation which reduces the number of appearantesdfits inverse in

P, if and only if there exists a cut-s€tof edges of the Whitehead graphG, such thaC separates

A and its inverse, and the capacity df is less thatV (A).

Proof. The preceding discussion shows that if there is a T-transformation which reduces the num-
ber of appearances of the generator A together with its inveBgtiren there is a cut-set of edges
C of WGsuch thaC separates vertek from vertexa, and the capacity € is less tharv (A).
Conversely, suppose thatis a cut-set of edges 8% Gwhich separates vertexfrom vertex a
in WG, and suppose the capacity ©fis less thaiV/ (A). Let G’ be the graph obtained when the
edges ofC are deleted fromV G. Let SAbe the set of vertices of the componen@fcontaining
vertexA, and letSabe the remaining vertices &'. Define a T-transformation, in which A acts
on the remaining generators @, by using the rule given in the preceding lemma above. Now
consideW Gto be embedded in a 3-bd| as in the preceding discussion. We see the¢duces
the number of appearancesAand its inverse, ifP.
For the next theorem, we will assume that the Whitehead graphi®tonnected. We do this
only to simplify the statement of the theorem. The appropriate statement, in the case where the
Whitehead graph d® is not connected, is not hard to find.

Theorem. Supposé is a finite presentation on a finite £ebf g generators such that the relators of
P are freely and cyclically reduced. LEtbe the free group freely generated by the membe of
Suppose tha has minimal length. And suppose the Whitehead graph Wisisttonnected. Let
Abe agenerator i, and leta be the inverse oA. There exists a non-trivial level-T-transformation
in which A acts on the remaining generatorgfif and only if there is a cut-s& of edges of the
Whitehead grapkV Gsuch thaC separateé and its inversa, the capacity o€ equalsv/(A), and
neither component, of the graph obtained by deleting the edgéd$rom W G, consists of only a
single vertex.

Proof. Observe that the grap@’ obtained by deleting the edges ©ffrom WG, has only two
components. LeBAbe the set of vertices of the componen@fcontaining vertex A, and lesa

be the set of remaining vertices Gf. UseSAandSato define a T-transformation, and proceed as
before.



Up to this point, we have only shown that there is a strong connection between T-transformations,
and cut-sets of edges. In particular, we have seen that if we wish to reduce the number of appear-
ances of say, generatérand its inverse in a presentatié then we should look for a cut-s€t
of edges of the Whitehead graG of P, such thatC separates verteX from vertexa in WG,
andC has capacity less thah(A). But, the number of appearances of generAtand its inverse
in the transformed presentation is equal to the capaci@ dthis suggests we should be “greedy”
and look for minimal cut-sets of edges separating veftéom vertexa. This turns out to be the
right thing to do, because there are very efficient ways to find such minimal cut-sets.

9. FINDING T-TRANSFORMATIONS EFFICIENTLY BY FINDING MAXIMAL
FLOWS IN NETWORKS.

The efficient way to find minimal cut-sets and hence T-transformations, is to dualize the problem
and to look for a “maximal flow” in the network given by the Whitehead grapB.ofhis problem
has been intensively studied in many areas, including computer science, graph theory, and opera-
tions research, so it should not be hard to find numerous references. Since this is the case, we will
only include a sketch of the basic ideas.

Suppose we wish to find a minimal cut-set of edges separating variexm vertex a in the
Whitehead graph of some presentati®n Consider the verteA to be the “source” vertex and
vertex a to be the “sink” vertex of a network given WG. Now the idea is to find a maximal
collection of directed paths MW G, such that each path runs from the source to the sink, and such
that no two paths have any edges in common and no path traverses a given edge more than once.
Let F be such a maximal collection. Then the duality Theorem of Ford and Fulkerson asserts that
the number of paths iR equals the capacity of a minimal cut-set of edges separating source and
sink.

Suppose thaF is given, then there is no directed path, which joins source to sink, and which
does not have directed edges, with identical directions, in common with pathdiet SAbe the
set of vertices oW G, which are accessible from the source veAdy directed paths which share
no directed edges, with identical directions, with memberk .ot et Sabe the set of remaining
vertices oMW G. Then the edges which join vertices#to Saform a minimal cut-set of edges of
W G separating verteR from vertexa.

As far as efficiency goes, we mention only that there are ways to find “maximal flows” and,
by duality, minimal cut-sets in a graph with vertices andE edges in time which is at worst
O(VE(logV)).

Remark. Note that these same ideas can be applied, essentially without change, to find T-transfor-
mations of sets of “true” words in a free group. In this case, the Whitehead graph has an additional
vertexb, which serves as a basepoint for all of the paths involved, but aside from this, there is no
basic difference.

10. APROOF OF ZIESCHANG’'S THEOREM

At this point, we can give a proof of Zieschang's Theorem which uses the idea of looking
for minimal cut-sets of the Whitehead graph of a presentation. The proof will show that, under
most circumstances, the T-transformations, which the program uses to simplify presentations, are
actually geometric.
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Theorem. (Zieschang) Suppode is a Heegaard diagram with underlying handlebétignd P

is the presentation of the fundamental group associated with the handlebdfiyhere exists a
T-transformation which reduces the lengthRyfthen there exists a geometric- T-transformation
which reduces the geometric lengthf

Proof. We assumeP is freely and cyclically reduced. There are two casesiDl)> |P|, 2)
|D| = |P|. SupposeéD| > |P|. Then there exists an edgeof D and a vertexX of D such that both
ends ofE lie ondX. LetN be a regular neighborhood ihof X unionE. ThendN consists of two
simple closed curves, one of which, dayseparateX from its inverse X, inD. Then replacing
the cutting diskX with a disk inH, whose boundary i€, is a geometric-T-transformation which
reducegD|. So we may suppose thid| = |P|. Then no edge oD has both of its endpoints on
the same vertex db. ThusD is essentially an embedding of the Whitehead gifiBof P, in the
plane.

Now suppose thap is a T-transformation in which generator A acts on the remaining generators
of P, |¢(P)| <|P|, and that no other T-transformation, in whigfacts on the remaining generators
of P, reducegP| more thanp does. LetSA Sabe the partition of the vertices 9% Ginduced by
¢ using the correspondence described in the lemma aboveC hetthe cut-set of edges W G
consisting of those edges \0f G which join vertices inSAto vertices inSa ThenC is a minimal
cut-set of edges oV G separating verter and vertexa.

Now consider cutting the set of edgesfwhich correspond to the edges@ Note that the
minimality of C implies that the number of componentsfincreases by at most one. LEA
be the component dd — C, which contains verteA. Let N be a regular neighborhood b of
CA. ThenN is a connected planar surface, and the closure of each complementary dorNain of
is a disk. LetDa be the disk which contains vertaxn its interior. Observe that minimality &
implies that the only edges 8 Gwhich intersecoN N dDa. Replaced A with dDa. Note this is
a geometric-T-transformation.

Then we have the following corollary.

Cor. SupposeD is a Heegaard diagram with underlying handlebdtly P is the freely and
cyclically reduced presentation of the fundamental group associated with the handi¢pbadg

|ID| = |P|. Suppose thap is a T-transformation in which generataracts on the remaining gen-
erators ofP, |¢(P)| < |P|, and that no other T-transformation, in whighacts on the remaining
generators oP, reducegP| more thang does. IfD is connected, there exists a geometric-T-
transformatiork which inducesp. If D is not connected, there exists a geometric-T-transformation
>, such tha&(P) =¢(P).

Proof. If D is connected, all of the vertices W G except those iICA, lie in the interior ofDa.
ThusZ induces the same partition of the verticed/{ as doesp, and soZ induces¢. If D is
not connected, there may be verticed¥6 which lie in other components of the complement of
N. However, the action of a T-transformation Bis completely determined by the sebf edges
which join the vertices in the s&Ato vertices in the seBa This set is identical in both cases.
Hence, even though we need not have ¢, it is still the case thaZ(P) =¢(P).
So we see that, in most cases of interest, e.g. wbeén- |P| and the Whitehead graph Bfis
connected, the T-transformations, which the program uses to modify presentations, are geometric.
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11. ATTEMPTING TO RECOVER A HEEGAARD DIAGRAM FROM A MINIMAL
LENGTH PRESENTATION.

Suppose is a minimal length presentation which is realizable and the program wishes to pro-
duce a Heegaard diagrdinwhich realizes?. ProducingD involves several steps. The first step is
motivated by the following result which follows from the results of Whitehead and Zieschang.

Lemma. Suppose is a minimal length presentation which is realizable wh@is the Whitehead
graph ofP. ThenW Gis planar.

Proof. By the results of Whitehead and Zieschang above, there exists a Heegaard diagram D which
realizesP such thatD| = |P|. If we considelD as a graph by identifying the disks Dfto points,
then the resulting graph is an embedding of the Whitehead §&plof P in the plane.

Remark. This lemma is false without the stipulation tiahas minimal length. That is, there exist
realizable presentations which do not have minimal length, and whose Whitehead graphs are not
planar. We will give an example later.

Now the program is essentially in the position of attempting to recBvéom P, so the pro-
gram’s first step is to obtain the Whitehead gr&ts of P, and then to pass to the reduced White-
head graptRW Gof P. It follows from the preceding lemma th#f G and henceRW Gmust by
planar. The next step is to find an embeddindR@¥ Gin the plane. Suppose for the moment that
RW Ghas a unique embedding in the plane. Then the embeddiRyVdEcan be extended to an
embedding oV Gin the plane. This extension of the embeddindrRu¥ Gto an embedding oV G
is unique. (See the section titled THE DEFINITION OF “PAIRS OF SEPARATING VERTICES”
for an explanation as to why this is the case.) If we then replace the vertis®#<afith small
disks, we have recoverd&aexcept for information about how pairs of disks corresponding to pairs
of inverse vertices oW G should be identified. The last step is to determine how these pairs of
inverse disks should be identified. The basic procedure, which the program uses to do this, is
described a following section.

We now briefly consider the situation whelR¥W Gdoes not have a unique embedding in the
plane. SupposF' is a presentation obtained frafwvia a sequence of level- transformations. Then
P’ is realizable, and there exists a Heegaard diagpamhich realizes’ with |[D’| = |P’|. If the
RW Gof P’ embeds uniquely in the plane, the program will try and recover the diaQfamstead of
D. GenerallyD’ serves as well d3, so not havind itself is no great loss. Itis a fortunate situation
from the program’s point of view, that if the reduced Whitehead graph of a presentation does not
embed uniquely in the plane, then there exist level-transformations. It is also a fortunate situation
from the program’s point of view, that when this situation occurs, there is generally a sequence
of level-transformations which leads to a presentation whose reduced Whitehead graph embeds
uniquely in the plane. Since level-transformations seem to be fairly effective in this situation, the
program has made the use of level- transformations a major part of the tactics which it uses in order
to find a diagram that realizes a given presentation.

However, the exact set of circumstances under which it is possible to pass via level-transformations
from a presentation whose reduced Whitehead graph does not embed uniquely in the plane, to a
presentation whose reduced Whitehead graph does embed uniquely, are not completely clear. This
guestion is discussed in more detail below.
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12. EXAMPLE: APRESENTATIONP, WITH THE PROPERTY THAT ANY
REALIZATION OF PHAS GEOMETRIC LENGTH GREATER THANP].

Here is the example promised above. We like this example because it helps to justify the effort
the program makes to reduce presentations to minimal length, before it attempts to determine
whether they are realizable.

Let P be the following presentation whose relators are freely and cyclically reduced.

R1: AAAAABBAACCC
R2: AAABBBCCCCC
R3: AABDCCBD

If you obtain the reduced Whitehead gragW G of P, you will see thaRW Gis not planar. This
shows that if there exists a Heegaard diagEamwvhich realized, then|D| > |P|.

If P had minimal length, the fact that the reduced Whitehead graghisfnot planar would
imply thatP is not realizable. HoweveR, does not have minimal length, since the automorphism
D — bD reduces the length & by 2. Applying this automorphism yields the following presenta-
tion P':

R1: AAAAABBAACCC

R2: AAABBBCCCCC

R3: AADCCD

Now you can easily verify th& has minimal length ang' is realizable, which, of course, implies
thatP is realizable.

13. THE STRATEGY WHICH THE PROGRAM USES, WHEN IT ATTEMPTS TO
DETERMINE WHETHER A PRESENTATION IS REALIZABLE.

Before discussing the procedure which the program follows when it attempts to determine
whether a presentation is realizable, it is important to point out that determining whether a pre-
sentation is realizable and finding all possible realizations if they exist, is essentially solvable.
This is another of Zieschang results. Some care is necessary here because of the fact that one can
obtain many different diagrams that realize a presentation by performing Dehn twists about curves
that bound disks in the underlying handlebody. To avoid this problem, we observe Ehest &
presentation which we wish to check for realizability, @ids any presentation obtained frafh
by reducingP to minimal length, ther® is realizable if and only iP’ is realizable.

Theorem. (ZIESCHANG) Suppos® is a finite presentation which is freely and cyclically re-
duced. Suppose th& is obtained fromP by reducingP to minimal length. Then there is a
constructive procedure to determine whetRéiis realizable, and to find all possible Heegaard
diagramsD such thaD realizes® and|D| = |P/|.

Proof. Let WG be the Whitehead graph &f. There are only a finite number of distinct embed-
dings of WGin the plane up to homeomorphism. Then for each such embedding, and each pair
of vertices ofW G which are inverses sa¥,x, there are only a finite number of distinct ways to
identify the ends of the edges\ofGwhich meetX with the ends of the edges W Gwhich meet
X.

While this gives a constructive procedure for solving the realization problem, and a constructive
procedure for finding all possible realizations of a minimal length presentation, its brute force
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approach is much too inefficient to be used in any but the simplest situations. Hence we seek
more efficient procedures. We have not completely solved this problem. The procedures that the
program currently uses seem to be quite effective in practice, but we do not know to what extent
they provide an algorithm for determining realizability. We will discuss this more below after
giving an outline of the procedures the program currently uses.

When the program tries to determine whether the original presentation passed to it is realizable,
it first attempts to do so without reducing the number of generators involved. Then, if the program
is not initially successful in determining whether the original presentation is realizable, the program
will start looking for primitive relators which it can use to reduce the genus of the associated
Heegaard diagram. However, some care is required here for the following reasons.

Note that ifP is a realizable presentation, aRtis any presentation obtained from P by deleting
a sequence of primitive relators, thBhis also realizable ang’ determines the same 3-manifold
asP does. So, ifP’ turns out to be not realizable, then neithePisOn the other hand, i is
realizable, then one cannot conclude, in general,Rhatrealizable. Under certain circumstances,
however, one can infer the realizability Bffrom the realizability of?’. This is the case, whel
was obtained fronk by deleting what the program calls “trivial generators”. Here is the definition
of a “trivial generator”.

Def. Let P be a presentation, a generat®appearing irP, is a “trivial generator” if:

(1) The total number of appearances@ftogether with its inverseg, in the relators oP is
less than or equal to two.
(2) There is exactly one relator P of length one which has the forfa or g.

It is not hard to see tha& is realizable if and only iP’ is realizable, provide@ is obtained from
P by deleting a sequence of “trivial generators”. So when the program looks for primitive rela-
tors, which it can use to reduce the number of generators appearing in the original presentation,
it looks first for “trivial generators”, and if it obtains a realizable presentafoftom P by delet-
ing a sequence of “trivial generators”, then the program asserts that the original presentation is
realizable.

If the program is not successful in determining whetRes realizable by deleting a sequence
of “trivial generators”, then the program looks for other primitive relators which it can use to
eliminate generators. In this case, if the program finds a presentation P’ which is realizable, the
program will assert th&' is realizable, but the program will not assert that the original presentation
P is realizable.

Finally, here is an outline of the procedure the program uses to determine realizability.
Check_Initial_Presentation_For_Realizability(){

1. ReduceP to minimal length.

2. Obtain the Whitehead grapiiG, of P.

3. Obtain the reduced Whitehead grdpv G of P.
4. Check whetheRW Gis connected.

A. If RWGis not connected, the associated 3-manifold is a connected-sum. Split the
relators ofP into two disjoint sets which correspond to presentations of the summands,
and return.

B. If RWGis connected, continue.

4. CheckRW Gfor pairs of separating vertices.
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A. If RWGhas pairs of separating vertices, call the program’s routine
Level_Transformations(),and have it look for new presentations by sliding the
components of separations around.

a. If Level _Transformations()finds an annulus, report the existence of the an-
nulus and return.

b. If Level_Transformations()finds a presentation which has no pairs of sepa-
rating vertices in its Whitehead graph, go to 5).

C. If Level _Transformations ()finds a presentation whose reduced Whitehead
graph is nonplanar, report that the initial presentation is not realizable, and re-
turn.

d. Otherwise, see if the current presentation has any “trivial generators” which can
be eliminated.

1. If such “trivial generators” exist, eliminate some, and go to 1).

2. Otherwise, look for other relators which represent “primitives”.
A. If such “primitives” exist, use some of them to reduce the rank of the
presentation, and go to 1).
B. Otherwise, declare that the program cannot determine whether the pre-
sentation is realizable, and return.

B. If RWGhas no pairs of separating vertices, continue.

5. CheckRW Gfor planarity.

A. If RWGis not planar, declarB not realizable and quit.

B. Otherwise RW Ghas a unique embedding in the plane. Find this embedding, extend
the embedding to an embeddingWiG, and continue.

Note: Because of way the program defines pairs of separating vertices, the embedding
of WGis completely determined by the embeddindé.
6. Try to determine how ends of edges at pairs of inverse vertices in the Heegaard diagram
must be identified.

A. If there are generators which appear in the presentation with only one exponent, up to
absolute value, and this exponent is large enough to cause nonuniqueness, report this
fact and calNonUnique_Initial_Diagram().

B. If there is a “valence-two-annulus” present, report this fact and call
NonUnique_Initial_Diagram().

C. Otherwise, the identifications of the edges at pairs of inverse vertices are uniquely
determined; compute what these identifications are, and continue.

7. Check whether the diagram just determined realizes the current presentation.

A. If the diagram does not realize the current presentation, declare the initial presentation
not realizable and return.

B. If the current presentation was obtained by eliminating “primitives” which were not
“trivial generators”, declare that the current presentation is realizable.

C. Otherwise, the current presentation was obtained from the original presentation by
“level-transformations”, and eliminating only “trivial generators”. Declare the original
initial presentation realizable.
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Question. It would be interesting to have an example of a presenta®amith the following
properties.

(1) Pis notrealizable.

(2) The program cannot detect thats not realizable.

(3) There is a sef; of relators ofP, each of which is a primitive, such that the presentaBpn
obtained by forming the quotient &by the members d¥, is realizable, ané; uniquely
determines a 3-manifolfi1.

(4) There is a se®, of relators ofP, each of which is a primitive, such that the presentaBion
obtained by forming the quotient &by the members d¥, is realizable, an& uniquely
determines a 3-manifolil,.

(5) M1 andM; are not homeomorphic.

14. THE DEFINITION OF “PAIRS OF SEPARATING VERTICES”.

Supposer is a presentation which has minimal leng®W Gis the “reduced Whitehead graph”
of P, andRW Gis connected. The definition of “pairs of separating vertices” has been chosen so
that if RW Ghas no pairs of separating vertices, then both RWG and the Whitehead\Wr@ph
of P have unique embeddings in the plane up to homeomorphism. Uniqueness of the embedding
of W Gfollows from uniqueness of the embeddingRMV G when no pairs of separating vertices
exist, because all of the edgesMfG, which join a given pair of vertices W G, must be embedded
so that they are parallel to each other, thus forming a “band” of parallel edges.

Note: BecausdRW Gcorresponds to a presentation which has minimal lerR¥(Gdoes not have
any “cut vertices”.

Before giving the definition of “pairs of separating vertices”, we need the following preliminary
definitions.

Def. LetV be a vertex oRW G the “valence” olV is the number of distinct vertices joined Yo
by edges oRW G

Def. A vertexV in RW Gis a “major vertex” ofRW Gif V has valence greater than twoRwW G

Now suppose that1 andV2 are two major vertices ®W G Let RW G be the graph obtained
by deletingv1 andV2 from RW Gand suppose th&W G has more than one component. We say
that the paifV1,V2} form a “pair of separating vertices” of RWG provided one of the following
holds:

1) RWG has only two major vertices, namely the gaid,V2}, and:
a) V1 and henc& 2, has valence greater than 3 or,
b) There is more than one edge joinid andV2 in the Whitehead graph WG &%
2) RW G has more than two components RW G has two component¥,1 andV 2 are joined
by an edge and at least one compone®RW G contains a major vertex ®@W G
3) RWG has two component¥,1 andV2 are not joined by an edge and each component of
RW G contains a major vertex ®@W G
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15. HOW THE PROGRAM DETERMINES THE IDENTIFICATIONS OF THE EDGES
MEETING A VERTEXV WITH THE EDGES MEETING THE INVERSE ON
WHEN THE PROGRAM IS RECOVERING A HEEGAARD DIAGRAM FROM AN
EMBEDDING OF THE WHITEHEAD GRAPH OF APRESENTATION IN THE
PLANE.

SupposeP is a minimal length presentation with Whitehead grdgis, reduced Whitehead
graphRWG RW Gis connectedRW Ghas no pairs of separating vertices, and P is realizable.
ThenRW Ghas a unique embedding in the plane, and this unique embedding can be extended to a
unique embedding oV G. Suppose this has been done. In order to recover the Heegaard diagram
determined byP, the program needs to be able to determine, for each pair of inverse vertices,
how the edges which meet one vertex are to be identified with the edges meeting its inverse. The
problem falls naturally into two cases:

1) The corresponding generator appear only with exponents less than or equal to two in
absolute value.

2) The corresponding generator appearP with an exponent which is greater than two in
absolute value.

We treat case 1) first. Suppose thaty} is such a pair of vertices. Assume for the moment that
there are no relators i which are powers of. Then among the bands of parallel edges that join
vertexY or vertexy to other vertices o¥V G, let M be a band which contains a maximal number

of edges. Let m be the number of edges\6Gin M. Let E be the total number of edges\WG
meetingY (which is of course equal to the total number of edge®/@ meetingy.) Note that if

one of{Y,y} has valence two iiRW Gand the other has valence greater than twB\WMG then

we may choose the band M such that it meets the vertex of valence two. Next, note that it is a
consequence of the minimal length®that 2n < E.

Suppose, for the purposes of illustration, that the bein@ins verticesx andY. The program
then reads through the relators and their inverses, looking for appearances of subwords of length 3
which start withXY. Suppose it findg; appearances ofY F, n, appearances ofY gand sayns
appearances ofY h Thenm= n; 4+ ny + n3, and the m edges meetiiygmust be identified with
m consecutive edges meetiggo thatn; of these edges go to vert& n, of these edges goto
vertexg andns of these edges go to vertéx If either vertexY or vertexy has valence greater
than two inRW @G there is only one way to make such an identification. If both verteand
vertexy have valence two iRW G then there are no more than two possible ways to make such
an identification. (When there are two possible ways to make this identification, the program will
later call its subroutin&alence_Two () which will attempt to resolve the ambiguity.)

This takes care of case 1) except when there are relators which are powersiofvever, it
is quite easy to make the appropriate modifications to handle this situation, so we will omit the
details.

Finally, we treat case 2). So suppose thaty} is a pair of vertices such that the corresponding
generator appears Piwith an exponent which is greater than two in absolute value, and suppose,
for the moment, that there are no relators in P which are poweYs 8inceY appears irP with
an exponent which is greater then two in absolute value, there are edgé& jnining Y and
y. Furthermore, all such edges are parallel to each other. This implie¥ tdyapears irP with
exponents which take at most three distinct absolute values, and these values are of @ form
andp+ g, with p andq relatively prime. (See the lemma below for a proof of this.)
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In this case, the program counts the total number of appearand€s ®f, andYP*9, in the
relators and their inverses. Suppose the number of t¥ragsgpears with each of these exponents is
respectivelyd, eand f and at least two of these numbers are nonzero. Then proceeding counter-
clockwise around verteX, starting with the first edge that joinsto a vertex distinct frony, one
must meet eithed consecutive edges which repres¥htfollowed by f consecutive edges which
represeny P9 and finallye consecutive edges which repres¥fior one must meet consecutive
edges which represeit, followed by f consecutive edges which repres¥ht9 and finally d
consecutive edges which represgft

If one of {Y,y} has valence greater than twoRW G the program can easily determine which
of these two alternatives holds. Suppose, for exampleYthat valence greater than twoRNV G
And suppose that the first vertex followirygn counter-clockwise order aboMtis x and that the
vertex preceding in counter- clockwise order abowtis z. Thenx andz are distinct. The program
again reads through the relators, this time looking for subwords of theXdffandZY® whereeis
one ofp,q, p+q. The values oéwhich appear give the program enough information to determine
which of the two alternatives above is correct. It is then an easy matter, involving a simple formula,
to determine explicitly what the appropriate identifications of the edgésaatly must be.

As in case 1), if both verteX and vertexy have valence two iRW G then there are at most two
possible ways to identify the edgesvawvith the edges at. (As before, if this ambiguity arises, the
program will later call its subroutinéalence_Two () which will attempt to resolve the ambiguity.)

This takes care of case 2) except when there are relators which are powersrof appears
in the relators with only one exponent. Note that if there are relators which are powérshei
Y must appear with only one exponent. Andifappears with with only one exponent, there is a
genuine ambiguity.

The next lemma extends a result due to Osborne for Heegaard diagrams of genus two to minimal
length diagrams of arbitrary genus. It also underscores how obtaining diagrams without pairs of
separating vertices simplifies the situation.

Lemma. SupposeP is a minimal length realizable presentatiofijs a generator oP, x is the
inverse ofX, the pair of verticed X, x} do not form a pair of separating vertices of the reduced
Whitehead grapRW Gof P, andX appears irP with an exponeng, wherele| > 1. Then, up to
absolute valueX can appear i® with at most 3 distinct exponents, which must be of the form:
p,qandp+ g, wherep andq are relatively prime.

Proof. Let D be a Heegaard diagram which realizswith |D| = |P|. LetH be the under- lying
handlebody. SincX appears irP with exponent e, wherge| > 1, there exist edges & joining
vertexX of D to vertexx of D. Since{X,x} do not form a pair of separating verticesrR{ G alll

of the edges ob which join X to x must be parallel to each other. é¢te a regular neighborhood

in D of X,x and an edge dD joining X to x. Note that up to isotopy iD, we may assume that all

of the edges oD which join X to x, lie in the interior ofN. Note dN cuts off a punctured torus
from the Heegaard surfagdH. The attaching curves of the 2-handles which redHzare either
disjoint fromdN, or they are cut into sets of arcs B\. It is well-known and not hard to show,

that there can be at most 3 distinct sets of properly embedded arcs on a punctured torus, such that
no two arcs in distinct sets are parallel. This implies that if a subarc of an attaching curve of a
2-handle lies irN, then it intersect®X in one of at most 3 ways. But successive subarcs of an
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attaching curve, which lie ilN, are separated by intersections of the attaching curve with cutting
disks ofH, from other handles, distinct froi. Thus the claim holds.

16. SOME REMARKS ABOUT OBSTRUCTIONS TO REALIZING A
PRESENTATION UNIQUELY.

Suppose tha® is a minimal length presentation. There are essentially three types of obstructions
to uniqueness which arise as the program attempts to determine wRathezalizable, each of
which is fairly easy to understand. The most obvious obstruction occurs when the underlying
handlebodyH contains an essential disk, such thatdX is disjoint in dH from the attaching
curves of the 2- handles of a diagram. Xfseparate$d, the minimal length ofP implies that
the associated 3-manifoM is a connected sum. However, the program will often not be able to
determine whether the sum is along a disk representeq] by along a 2-sphere formed Byand
a disk lying in a 3-ball used to cap-off a boundary componentofif X does not separatd,
then again the associated 3-manifold is a connected sum, but the situation can be somewhat more
complicated than the previous situation. There are essentially 3 possibilities.

1) dX is an essential separating curvedhl, so thatX represents a 1-handle which joins two
distinct boundary components bf— N(X).

2) dX is an essential nonseparating curvé M, so thatX essentially represents a disk connected
sum ofM — N(X) and a solid torus.

3) dX is capped off by a disk in a 3-ball used to cap-off a boundary componévit df this
caseX essentially represents & x S connected summand M.

Often, the program will not be able to determine which of these possibilities is correct, and
it should admit that it does not know. If the program does know Mvis constructed, then
it should describe the boundary structureMdf and list the number of summands of the form
| x D?,S! x &,S! x D? that are involved. The program does this in a somewhat cryptic way,
however, which we will try and explain. What the program does which may be a little confusing,
is it lumps all of these “handles” together. For example, suppbsas 3 summands/;, Mo, Ms.

And supposéVl; is closed,M; is a handlebody of genus 2, aiM} is a handlebody of genus 3.

The program will lump the handles tf, andMj3 together and tell you that there ar&5x D2(s)
present. However, it should also tell you thvi is closed, and tha¥l has 2 boundary components,

one of genus 2, and one of genus 3, this allows you to deduce thaShe B?(s) are partitioned

into a handlebody of genus 2 and a handlebody of genus 3, and thus you have enough information
to determine howM is constructed.

17. PAIRS OF SEPARATING VERTICES IN THE REDUCED WHITEHEAD GRAPH
OFP.

The second type of obstruction, and the one that seems to arise most frequently in practice, is
the existence of pairs of separating vertices in the reduced Whitehead gr&phrbis topic is
discussed in several other places, so we will not say any more about it here, and instead pass on to
the third type of obstruction.

18. “ANNULI” AS OBSTRUCTIONS TO REALIZING A PRESENTATION
UNIQUELY.

The third type of obstruction, is perhaps the most interesting from a topological point of view,
because, when it arises, it tends to give some topological information about the structure of the
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3-manifoldM, which might not otherwise be easily detected. This obstruction arises when there
is an essential annulusin the underlying handlebody such thatdA is disjoint indH from the
attaching curves of the 2-handles of a diagram which reakzéa&/e note that if such an annulus
exists, thenA may or may not represent an essential annulus, disk or 2-sphétedepending
upon whetheA is incompressible iM and whether one or both boundary component lobund
disks inM. At the present time, the program alerts you to the fact that it has found such an annulus
in the underlying handlebody, but it then leaves further disposition of the situation up to you.

As far as what characterizes uniqueness of realizability in general, we have considered the ques-
tion, and believe we can show that the following result is true.

Theorem. Supposd is a minimal length presentation grgeneratorsy > 1, such that the reduced
Whitehead graph oP is connected, and suppose titand D’ are distinct Heegaard diagrams
of genusg with |D| = |D’| = |P|, such that bottD andD’ realizeP. LetH be the underlying
handlebody ofD. Then there is an essential annulusn H, with JA disjoint in dH from the
attaching curves of the 2-handlesf Similarly, there exists such an annulus in the underlying
handlebodyH’ of D'.

The proofis too long to give here, but we can indicate the general ideas. Suppd3eslaanin-
imal length presentation obtained frdevia a sequence of level-transformations. If the reduced
Whitehead graph d® embeds uniquely in the plane, then either there exists a unique di&jram
with |D’| = |P’|, which realized”’, or a Valence-Two-Annulus exists, or there is a gener&tof
P’ which appears with only one exponent, which is greater than two in absolute value, and again
an annulus exists. Hence every presentation obtainable Frema level-transformations, has a
reduced Whitehead graph which has pairs of separating vertices. In particular the reduced White-
head graph oP has pairs of separating vertices. Next, we use, what are essentially covering space
techniques, to show that there exists an essential singular amiutughe underlying handlebody
H, with dA disjoint from the attaching curves of the 2-handle®ofOne can then do surgery én
in order to obtain the desired essential annulus.

19. HOW THE PROGRAM HANDLES PRESENTATIONS WHICH CONTAIN
DUPLICATED RELATORS.

The program will accept and handle presentations which contain relators which are identical up
to taking cyclic conjugates or inverses, but it is not very tolerant of them. The reason for this is not
hard to see, and comes from the fact that the program places a heavy reliance on the uniqueness of
the realization of a minimal length presentation in order to insure that it is preserving the homeo-
morphism type of the associated 3-manifold. Suppose, for exampld that presentation which
contains two relator®; andRy, which are identical up to taking cyclic conjugates and inverses.
LetH be the underlying handlebody and suppbDss a realization oP with |D| = |P|, and suppose
thatR; andR; are realized by simple closed curv@sandC; in dH, such thatC; andC, are not
parallel indH. ThenD is clearly not unique, sinde obviously has another realization in whiCh
andC, are embedded idH such that they are parallel. Thus the situation is the following: Either
P does not have a unique realization, in which case, the program will make no further Bse of
or P has a unique realization, in which case, copies of duplicated relators are redundant, and the
program can and will delete the extraneous copies.
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20. AN EXCEPTION TO THE RULE THAT PRESENTATIONS IN WHICH A
GENERATOR APPEARS WITH ONLY ONE EXPONENT, WHICH IS GREATER
THAN TWO IN ABSOLUTE VALUE, ARE NOT UNIQUELY REALIZABLE.

Generally, if a generator appears in the relators with only one exponent, and that exponent is
greater than two in absolute value, then the Heegaard diagram is not unique. There are exceptions
to this however. These exceptions occur when the “reduced” Whitehead graph is homeomorphic to
a circle and there are not too many edges in the Heegaard diagram. The program contains a routine
which is called to check whether uniqueness holds in this special set of circumstances. Without
this special check, the program would declare that the diagram corresponding to theA&kaBiB
was not unique because generat@ppears only with exponent 3. However this diagram is unique
because there is an involution of the diagram which exchanges the two major faces of the diagram.
Here is an outline of this test for uniqueness.

Test_Uniqueness(){

(1) If more than one generator appears with maximal exponent greater than two in absolute
value, declare the diagram not unique and return.

(2) If the generator which appears with maximal exponent greater than two in absolute value
appears with exponemtande is not 3,4 or 6, declare the diagram not unique and return.
Note that 3,4 and 6 are the only integers greater than two which have the property that at
most two smaller integers are relatively prime to them.

(3) If there is a vertex of the reduced Whitehead graph which is joined to more than two other
vertices, declare the diagram not unique and return.

(4) If i and j are vertices of the Whitehead graph, which are not inverses aatdj are joined
by more than one edge in the Whitehead graph, declare the diagram not unique and return.

(5) Declare the diagram unique and return.

}

This routine has been involved when the program produces messages like the following:

(1) “The diagram is not unique because there is a generator which appears with only one
exponent and that exponent is greater than 6.”

(2) “The diagram is not unique because there is a generator which appears only with exponent
57

(3) “The diagram is not unique because there is a generator which appears only with exponent
3 or only with exponent 4 and this exponent occurs more than once.”

(4) “The diagram is not unique because there is a generator which appears with only one
exponent, either 3,4 or 6, and a needed symmetry does not exist.”

21. HOW THE PROGRAM ATTEMPTS TO FIND PRESENTATIONS, WHICH HAVE
NO PAIRS OF SEPARATING VERTICES IN THEIR REDUCED WHITEHEAD
GRAPHS, BY PERFORMING LEVEL-TRANSFORMATIONS.

The program puts a premium on obtaining minimal length presentations which have no pairs of
separating vertices in their reduced Whitehead graphs. It does this since such graphs have a unique
embedding in the plane, and this unique embedding can be extended to a unique embedding of the
Whitehead graph of the presentation in the plane. And this, in turn, makes finding the Heegaard
diagram which realizes the presentation fairly easy.
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Supposé’ is a minimal length presentation whose reduced Whitehead gaphonnected and
{X,Y} is a pair of separating vertices & Let x denote the inverse of, and lety denote the
inverse ofY. We need to distinguish between two types of separating vertices, and so we make the
following definition:

Def. Let G’ be the graph obtained by deletiXgandY from G. Say{X,Y} is a “Type 1" pair ifY
= X, or if there exists a compone@tof G’ which contains bottx andy. If no such componer®
exists, say thafX,Y} is a “Type 2" pair.

Now, becaus® has minimal length, the following lemmas hold.

Lemma. Let the notation be as above. Suppose {aty } is a Type 1 pair of separating vertices
of G. LetC be a component d&’ such that neithexory lies inC. Let m be the number of edges of
the Whitehead grapW G of P which join vertices ofC to vertexX. Similarly, letn be the number
of edges ofV Gwhich join vertices ofC to vertexy. Thenm=n.

Lemma. Let the notation be as above. Suppose {xaty } is a Type 2 pair of separating vertices
of G. ThenG' has only two components, and there is no edge joining véttexvertexy in G.

Lemma. Let the notation be as above. Suppose gty } is a Type 2 pair of separating vertices
of G. LetC, be the component &’ which contains vertex, and letCy be the component d&
which contains vertey. Let m be the number of edges of the Whitehead ghajik of P which
join vertices ofC, to vertexX. Similarly, letn be the number of edges @ G which join vertices
of Cy to vertexY. Thenm=n.

These lemmas imply that P has minimal length, and the reduced Whitehead gi@pif P
has a pair of separating vertices, then there always exist level-transformations. In particular, there
always exists level-transformations which can be viewed as “sliding” around a subgra&ah of
which is attached to the rest &f at only two vertices. However, as indicated by the lemmas, the
level-transformations involved differ according to whether the pair of separating vertices is a Type
1 or Type 2 pair. The program includes routines designed to deal with each of these two cases. The
program’s routind.evel_Transformations ()deals with Type 1 pairs, and the program’s routine
Level_Transformations_2()deals with Type 2 pairs.

Here is a brief description of how these routines warkvel _Transformations()and
Level_Transformations_2()call each other recursively, wiltevel_Transformations ()
being called first. Each invocation @kvel_Transformations() “owns” a presentation. On
entry, the routine first checks that the presentation being passed to it is distinct from those passed
to all previous invocations. The routine also checks at this point whether the previous invocation of
Level_Transformations()has managed to get rid of all pairs of separating vertices in the graph.
If so, the routine saves this presentation and returns. Otherwise this presentation “belongs” to this
invocation, and the routine saves a copy of the presentation.

The routine then looks for a pair of separating vertices. If it finds a paif{ Xay }, then it looks
for a component “TheComp”, of the separation produced by deldtiiy' }, with the property
that neitheiX inverse orY inverse are in TheComp.

Then, the objective is to “slide” the component TheComp around the Whitehead graph, sliding
first to the “left” and then (if necessary) to the “right” until either TheComp is attached to the
main body of the graph at more than two distinct vertices, or we arrive at a vertex of attachment
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V of TheComp with the property that inverse is a member of TheComp, or we manage to slide
TheComp completely around the graph along some path, and the presentation has returned to the
original presentation. If the last case occurs, then there is an “annulus” present. Otherwise we call
Level_Transformations() recursively and pass it the new presentation. (See below for more
precise details about what it means to “slide” a component around.)

Finally, whenLevel _Transformations()has done all it can with the presentation passed to
it, Level_Transformations()callsLevel _Transformations_2() ,which deals with any Type
2 pairs. Except for differences in the sets of vertices which it tries to slide around,
Level_Transformations_2()is similar toLevel_Transformations() .Outlines of these two
routines are given below. In particular, the outlindé.efel_Transformations_2()indicates how
the sets of vertices which it tries to slide around differ from the sets of vertices that
Level_Transformations ()slides around.

Level _Transformations(P){

1) Check whether presentati®tbelongs” to a previous invocation of
Level_Transformations().If it does, return.
2) Check whetheP has any pairs of separating vertices.
A) If P has no pairs of separating vertices, seRig “new”
a) If Pis “new”, save a copy o and return.
b) If the program already has a copy®bn file, return.
B) P has pairs of separating vertices, so continue.
3) Save a copy oP. P now “belongs” to this invocation dfevel _Transformations().
4) Find the components produced by deleting the current set of separating vertices from the
reduced Whitehead graph Bf
5) If {X,Y} are the current separating vertices, look for a component “TheComp” of the
separation, with the property that neithxaor y lie in TheComp.
A) Slide TheComp over as many handles as possible; starting with hxndlet P’ be
the presentation obtained frof) by this slide of TheComp.
B) If there is an annulus present, return.
C) CallLevel_Transformations(P’).
D) RestoreP.
E) Slide TheComp over as many handles as possible; starting with handiet P’ be
the presentation obtained fra) by this slide of TheComp.
F) If there is an annulus present, return.
G) CallLevel_Transformations(P”).
H) RestoreP.
[) If there are other components of the separation which we can slide around, go to 5).
6) Look for another pair of separating vertices.
A) If there are other pairs of separating vertices, go to 4).
B) All pairs of separating vertices have been checked for Type 1 separations. Call
Level_Transformations_2(P).
C) Return.

}

Level_Transformations_2(P){

1) Find a pair of separating vertices of the reduced Whitehead gsaytP.
2) If the current pair of separating vertic€¥,Y}, is a Type 2 pair, do the following:
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A) Let G’ be the graph obtained by deletiXgandY from G. LetC, be the component of
G’ which contains vertex, and letCy be the component &’ which contains vertex
y. Let CXx beC, union vertexX. Let CYy beC, union vertexy.

B) Slide CXx over as many handles as possible; starting with handleet P’ be the
presentation obtained froR\ by this slide of CXx.

C) If there is an annulus present, return.

D) Call Level_Transformations(P’).

E) RestoreP.

F) Slide CYy over as many handles as possible; starting with hatidleet P” be the
presentation obtained froR by this slide of CYy.

G) If there is an annulus present, return.

H) Call Level_Transformations (P").

I) RestoreP.

3) Look for another pair of separating vertices in the reduced Whitehead gr&ph of
A) If there are other pairs of separating vertices, go to 2).
B) If all pairs of separating vertices have been checked, return.

22. AMORE DETAILED EXPLANATION OF WHAT IT MEANS TO “SLIDE” A
COMPONENT OF A SEPARATION AROUND.

Suppose thafX,Y} are a pair of separating verticesR#W G and “TheComp” is a component
of the separation. Here are is a more precise description of what the program does when it “slides”
TheComp around. Suppose tiahas been realized by a Heegaard diagiamwith |D| = |P|. Let
n> 1, be the smallest integer such that there exists &%ef oriented paths i, which have the
following properties:

1) Each path ir6Xs a union of oriented edges Bfwith the head end of edgadentified in
D with the tail end of edgée+ 1 for 1<i <n.
2) The first edge of each path 8Xhas its tail end at a vertex in TheComp and its head end at
vertexX.
3) If1jijn,theith edges of all paths BXjoin the same pair of vertices &V G
4) If i = n, either a), b) or c¢) below holds:
a) Thenth edges of two distinct paths BX have their head ends at distinct vertices of
RW Gand c) has not occurred.
b) The head end of thath edge of each path i8Xlies at a verte¥ of RW G such that
the vertex oRW Gwhich represents the inverseVf lies in TheComp.
c) The tail end of theth edge of each path BXlies at vertexy, and the head end of the
nth edge of each path i8Xlies at a vertex in TheComp.

Now there is a sequence of- 1 level-transformations, which topologically amounts to sliding
TheComp over handl¥ and continuing until:

1) If a) holds TheComp is now attached to resRdY Gat more than two distinct vertices.

2) If b) holds TheComp is still attached to the restRW Gat only two distinct vertices, but
the vertices of attachment form a Type 2 pair of separating vertices.

3) If ¢) holds the underlying handlebod contains an essential annuliswith dA disjoint
from the attaching curves of the 2-handles which redhze
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Remark. We mention that these routines, while they seem to work quite well in practice, are only a
means by which to search for a presentation which has no pairs of separating vertices in its reduced
Whitehead graph, or failing that, to locate an essential annulus in the underlying handlebody. In
particular, they do not provide an algorithm to either find such a presentation or to find an annulus.
Thus answers to the following questions would be helpful in either placing these routines on a
firmer footing, or in suggesting alternatives.

QUESTION 1) What characterizes the set of minimal length, realizable, presentations which
have the property that some presentation obtainable from them via level-transformations, has a
reduced Whitehead graph without any pairs of separating vertices ? In particular, is the answer to
Question 2) yes ?

QUESTION 2) SupposP is realizableP has minimal length, and there is no essential annulus
A, in the underlying handlebodyl, such thatdA is disjoint from the attaching curves of the 2-
handles ofP. Suppose the reduced Whitehead grapP bias a pair of separating vertices, does
there exist a presentatidt, obtainable fronP via a sequence of level- transformations, such that
the reduced Whitehead graphRfhas no pairs of separating vertices ?

QUESTION 3) SupposP is a realizable minimal length presentation such that some presenta-
tion P/, obtainable fronP via level-transformations, has a reduced Whitehead graph without pairs
of separating vertices. What is the most efficient way to Rh@

23. LEVEL TRANSFORMATIONS OF PRESENTATIONS (ENERAL CASE)

Let P be a minimal length presentation whose Whitehead g¥i|eh is connected. Here is a
short description of an efficient procedure we have devised, which uses network flows to find all
of the nontrivial level-transformations &. We apologize for being fairly sketchy about many of
the details, and for leaving most of the proofs to the reader.

Suppose that is a vertex oW G, and a is the vertex oV Gwhich represents the inverse Af
We consider the problem of finding all nontrivial level-transformations, in which genehadots
on the remaining generators Bf By the preceding results, this is equivalent to finding all of the
minimal cut-sets of edges W G, which separate verteX from vertexa. LetC be such a minimal
cut-set. We can look fd€ in following way. Consider verteA as the source vertex and vertex a
as the sink vertex of a flow W G, and then find a maximal flow in the networkV Gfrom vertex
Ato vertexa. InterpretF as a maximal collection of directed paths from verdeto vertexa, such
that no two paths ifr have any edges in common.

Let G be a network all of whose edges are undirected. Note thHatisfa flow onG, then we
may view those edges @&, which are traversed by pathsfkn as assuming an induced direction.
Note this is well defined, since an edge®fs traversed by at most one directed patin

Def. Suppose thaK andY are a pair of vertices of, which are joined by edges ofG. Say
that the set of edges joining andY is “saturated” if alln of these edges have the same induced
direction, and otherwise say the set of edges joirandY is “unsaturated”.

The objective is to produce a sequence of new networks by identifying vertices in WG, and new
maximal flows on these networks, until finally, we obtain a netw@rind a maximal flowF on
G, such thafF is acyclic and each set of edges, which joins a pair of verticds, a$ saturated.
The point is that these changes can all be made without affecting the set of minimal cut-sets that
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separate source and sink. And, the set of minimal cut-sets can be easily enumerated, when the flow
F is acyclic, and all bands of edges, of the network, are saturated.

Let G be a network, and |€t be a flow onG. Observe that iX andY are vertices ofs and
some of the edges of joining andY are directed fronK to Y and some of the edges joining
andy, are directed fronY to X, then we can do “surgery” on the pathsHrto obtain another flow
F’ such that any two directed edges joinlgandY have the same induced direction, dfchas
the same number of paths joining source and sirnk dees.

Suppose this has been done for all pairs of verticeS.oThus, we may assume that{fand
Y are vertices of5, which are joined by edges &, then any two directed edges joinixgandY
have the same induced direction.

The following lemma is an immediate consequence of minimality and the fact that a maximal
flow containsV (A) independent edge-wise disjoint paths.

Lemma. Suppose&X andY are vertices o5, which are joined by an unsaturated set of edgés,in
thenX andY lie on the same side of any minimal cut-set which separates source from sink.
SupposeX andY are joined by an unsaturated set of edges, then we can form a new@raph
from G, by identifyingX andY and deleting any edges which join¥do Y. We do this operation
repeatedly, and if necessary, perform surgery on the Hp®wo that all sets of edges joining pairs
of vertices ofG’ are saturated.
Next, suppose thds is a network,F is a maximal flow onG, from source to sink, anB has
a cycle. Then we can do surgery Brand obtain a new maximal flow d& from source to sink,
such that~’ has the property that the sets of edges in the cycle are unsaturated. This allows us
to identify all of the vertices of the cycle to a single vertex, to delete all of the edg@swhich
join vertices in the cycle to each other, and to further contract the graph. It is also not hard to find
another maximal flow on the contracted graph.

Def. Supposés is an acyclic directed graph. LEtandY be vertices ofz. SayyY is a “descendant”
of X, if there is a directed path iB from X to'Y.

Def. Let Sbe a subset of the vertices Gf Sis “hereditarily closed” if whenever a vertéklies in
S then each descendantXfalso lies inS.

Each hereditarily closed subseof the vertices o6 partitions the vertices @& into two subsets,
Sand its complement. This partition in turn induces a partition of the vertic&¥ Gfinto two
subsets, and the edges/8iGwhich join vertices in one subset to vertices in the other subset, form
a minimal cut-set oW G. These minimal cut-sets give us the desired set of level-transformations.

24. THE STRATEGY THE PROGRAM USES TO OBTAIN NEW PRESENTATIONS
BY FORMING BANDSUMS.

SupposeP is a minimal length presentation whose Whitehead graph is connected &nd
Heegaard diagram witlD| = |P| which realizes?. LetH be the underlying handlebody. The rela-
tors inD, intersect the boundaries of the cutting disk$Hoin points, which cut the boundaries of
these cutting disks into arcs. When the program forms bandsums, it uses subarcs of the boundaries
of the cutting disks as the “band” along which the sum is formed. In a typical diagram, many of
these arcs are “parallel” and hence lead to the same bandsum. The program therefore restricts its
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attention to bandsums formed along those subarcs, of the boundaries of cutting disksroth
correspond to “corners” of the faces of the reduced Whitehead graph of

When the program forms bandsums, it is in one of two modes. In the GoingDown mode, the
program is attempting to reduce the length of a diagram by performing automorphisms and band-
sums. So, in this mode, the program checks bands corresponding to all of the corners of the faces
of the reduced Whitehead graph®fand it looks for a bandsum which reduces the length aé
much as possible.

Otherwise, the program is in its GoingUp mode, and it looks for bandsums which increase the
length ofP. This mode is an exploratory mode, and so the program needs to be able to generate a
spectrum of presentations. Here is a brief description of how it currently does this.

Each presentation, which the program saves, can be used by the program as the root of a new
branch of the program’s search tree. The program will try to grow a new branch of the tree from
a given presentation up tag2imes, provided the presentation is a presentatiog generators.
Supposeiis an integer with Begn< 2g, and this is theath attempt by the program to grow a new
branch of the program’s search tree from presentdtion

The program selects, at random{28— n) edges, as above, which will serve as trial bands.
Then the program finds, in this set of trial bands, a band which yields a bandsum that increases
the length ofP by the smallest nonnegative amount, and performs that bandsum, yielding a new
presentatio”. The program then obtains the diagranPafand returns to form another bandsum,
again selecting a subset of28) — n) random trial bands. This process is continued until one of the
following occurs.

1) There exists an automorphism which reduces the length of the new preseRtation
2) The lengths, of the new presentations produced, are more than double the length of the first
presentation, on which the program formed the original bandsum.
3) The number of bandsums formed, without anything interesting happening, is greater than
4q.
4) The program is unable to find the diagram correspondirigj.to
If case 1) occurs, the program redu&$o minimal length, saves a copy Bf as the
“Top_0f_Chain”, and switches to GoingDown mode. After returning from GoingDown mode,
the program replaces the original presentaRonith the copy ofP’, saved aSop_0f_Chain, and
the program resumes forming bandsums, starting from this presentation. This process is continued
until terminated by cases 2), 3) or 4) occurring, or the program has generated and explored a
sequence of more thanTop_0f _Chainpresentations.
Finally, when the program exits this loop,is incremented, so the next search will be over a
smaller set of trial bands.

25. HOW THE PROGRAM ATTEMPTS TO DETERMINE THE IDENTIFICATIONS
OF EDGES OF THE HEEGAARD DIAGRAM AT PAIRS OF VERTICES, EACH OF
WHICH HAVE VALENCE TWO IN THE REDUCED WHITEHEAD GRAPH.

Here is a brief description of the routine which attempts to resolve ambiguities about how edges
should be identified, in the Heegaard diagram, for a pair of vertices both of which have valence
two in the reduced Whitehead graph of a presentation.

Supposd is a minimal length presentation, with Whitehead gréy@, and reduced Whitehead
graphRW G Suppose thaRW Ghas no pairs of separating vertices, so that RWG\aitehave
unique embeddings in the plane. Suppose that both v&r@ExRW Gand the the inverse vertex
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of X in RW G have valence two iRW G And, suppose that the program has determined that there
are two possible ways to identify the edgesMdE, which meetX with the edges oW G, which

meetx. Let B be one of the bands of parallel edgeS\iG;, which meet verteX, and suppose the
edges inB do not join vertexX to vertexx. We note that, since there is an ambiguity about how
these identifications should be madecontains at least two edges. The program has computed
the two possible ways that the edges meeting vexte@an be identified with the edges meeting
vertexx, and has stored these possibilities in two arrays, which we will call id1[] and id2[]. Next,
the program assumes that the identification in id1[] is correct. Using the information in id1[], the
program can trace the left-hand edgeBpand the right-hand edge Bf backward over verteX,

and it can follow the paths taken by the left-hand and right-hand eddgsiatil they leave vertex

X, and split apart, with each path going to a distinct verteWwa3. (If this “splitting” did not occur,

then there would not be any ambiguity about how edges should be identifkedraix.) Suppose

the splitting takes place so that one path leaves veréexd goes to vertex a 9 G, while the other

path leaves vertex and goes to vertex b 8 G. The program now reverses direction, and traces
these paths in the opposite direction, starting from vertex a in one case, and starting from vertex
b, in the other. The program continues to trace these two paths through the diagram, using known
information about identifications at each new vertex reached, until one of the following occurs:

1) The two paths traced out have each become longer than the longest reRtoinirnhis
caseP is not realizable, and the program reports that fact.

2) The two paths diverge, and proceed to distinct verticé¥ &f

3) The two paths have reached a vertex ¥ayvhich is one of a pair of vertices of valence
two in RW G and the identification of the edges\WfG meetingY with the edges ofV G
meetingy is still ambiguous.

Suppose 2) occurs, and suppose that the path which originated at agyoes to vertexC of
WG, while the path that originated at vertex b goes to veRexf WG. Thus, if P is realizable,
and the identification in id1[] is correct for the pdiX,x}, then subwords of the forlAWC and
BWD must occur in the relators &, whereW is the “word” traced out by the two paths up to the
point where they diverged. While, if the identification in id2[] is correct for the girx}, then
subwords of the form BWC, and AWD must occur in the relator®pivhereW is the “word”
traced out by the two paths up to the point where they diverged. Now it is not hard to show
that, under these circumstancespPiis realizable, then at least two and at most 3 of the the 4
subwords{ AW C BW D, AW D,BW C} can occur in the relators &. Thus, by scanning the relators
in P, the program can determine which of these possibilities occurs, and then it can determine
which identification, of the edges meetiXgwith the edges meeting is correct. This reduces
the number of pairs of vertices with ambiguous identifications, and the program can now use this
information to try to resolve ambiguous identifications of other pairs of vertices.

26. VALENCE-TWO-ANNULI IN DIAGRAMS

If case 3) occurs, the program marks the b&naks having been traced, and looks for another
band of edges which it has not traced. If the program cannot find any band of edges, which it has
not traced, and which leads to case 1), or case 2), then the diagram contains a cycle of valence
two vertices, which form a “Valence-Two-Annulus”. In this situation, there is an anrAilis
the underlying handlebodyl, such that:0A swallows an ambiguous vertex of valence two, then
dA follows the left and right hand edges of the band of parallel edges, which leave this vertex, to
another ambiguous vertex of valence two, swallows that vertex, and continues, in this manner, until
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it returns to the original vertex of valence two. If a Valence-Two-Annulus exists, then the program
can arbitrarily choose either of the two possible ways to identify the edges meeting one pair of
valence-two vertices, provided at least one vertex of the pair lies in the cycle which constitutes
the annulus, and then this choice determines the identifications of all other pairs of ambiguous
valence-two vertices, for which at least one vertex of the pair lies in the cycle. By repeating this
step, the program can eventually determine the identifications of all ambiguous pairs of valence-
two vertices. There are a couple of degenerate situations which can occur. One possibility is that all
of the vertices irRW Gare of valence-two, and the annulus in question has swallowed everything.
In this case, we can ignore the annulus and proceed. Another possibility is that the annulus in
guestion has swallowed all but two verticesRMVG In this case, the omitted vertices form a

pair of inverse vertices, and again the annulus does not cause a problem, so we can ignore it and
proceed. (Observe that in this ca8é represents a power of a free generatoP 9f

27. SOME RESULTS ABOUT REALIZING WORDS BY “PARALLEL PATHS” AND
THE EXISTENCE OF “ANNULI".

SupposeP is a presentation which has minimal length, &dds a word such thatV makesn
pairwise disjoint appearances in the relator®aind their inverses. L& be a Heegaard diagram,
with |D| = |P|, which realizes. It will be useful to have some results which indicate under what
conditions the pairwise disjoint subarcs which “realize” theppearances & in the relators,
must all be “parallel” to each other D. We start with the following definition of “parallel edges”:

Def. Suppose thaX andY are two vertices of a Heegaard diagrByand there ara edges joining
vertexX to vertexY in D, wheren is greater than one. We will say that thesedges are “parallel
edges” oD if there exists a paiE1l andE?2 of these edges, such that one of the two complementary
regions of the 2-gon, formed iyl andE2 together withX andY, contains the othan— 2 edges
joining X andY and this complementary region also contains no vertic&s of

If W is a word of lengthK + 1, andw is an oriented arc that “realize$V in D, thenw is cut
into a set oK successive oriented edges by the verticed.df W appears n times in the relators,
wheren is greater than one, and we want to say thatrtlaecs which “realize’'W are “parallel”,
then we certainly want each of tikesets of edges, into which threarcs that realiz®V are cut by
the vertices, to be sets of parallel edges. However, it is not enough for each oKtlsese ofn
edges each to be sets of parallel edges, we also want successive sets of parallel edges to “match
up” properly. This motivates the following definition:

Def. Suppose tha§is a set ofn pairwise disjoint oriented arcs each of which is a uniorkKof
coherently oriented edges of a Heegaard diagtarand suppose each arc $trepresents” the
same wordV. We will say that the members &fare “parallel” if there exist two members 8fL
andR such that for I< i < K, there exists a complementary regignof the 2-gon formed by the
edged.j andR; and the vertices joined hy; andR;, such that the interior of Ni lies to the “right”
of the oriented edgk;, N; contains no vertices d), and theith edge of each member 8flies in
the closure ofN;.

The next lemma essentially shows that if the members of a set of edges are parallel in a realiza-
tion of a minimal length presentation, then the members of the “next” set of edges are also parallel
and the successive sets of parallel edges “match up”.
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Lemma. Suppose thaBis a set ofn pairwise disjoint oriented arcs each of which is a union of
two coherently oriented edges of a Heegaard diagdaeach arc in S “represents” the same word
W, D “realizes” a minimal length presentati®) and the first edges of the arcsSiare all parallel.
Then the members @are parallel.

Proof. Consider the wordlV, W has one of four formsXY Z XYY, XXY or XXX, whereX, Y and
Z are distinct letters. By drawing representative diagrams for each of these cases, and making use
of the fact that a Heegaard diagr&@nwith |D| = |P|, which realizes a minimal length presentation
P, has no cut vertices, one can easily show that the desired conclusion holds.
The next corollary follows immediately by induction &n

Cor. Suppose thaSis a set ofn pairwise disjoint oriented arcs each of which is a uniorKof
coherently oriented edges of a Heegaard diagbamach arc ir “represents” the same wolil,
D “realizes” a minimal length presentatiéh |D| = |P|, and the first edges of the arcsSrare all
parallel. Then the members Sfare parallel.

28. ANNULI

Under certain conditions, the program will assert that an “annulus” exists in a diagram. We can
now use the preceding results to explain and justify the program’s claims.

Suppose thaP is a minimal length presentatiol is a Heegaard diagram which realizés
ID| = |P|, the pair{X,Y} is a pair of separating vertices of the reduced Whitehead g&aph
P, andC is a component of the separation obtained by deleting vettaxd vertexy from G.
Suppose that each “path” which leaves compoii@mta vertexX returns toC via vertexY and
in addition each such “path” represents the same WérdThen the program will assert that an
annulusA exists inD such thatA “swallows” C and otherwise\ follows the paths that leav@ via
X and return tcC via Y.

We can apply the preceding results, by observing that since the paths in question only have their
endpoints inC, we can collaps€ to a point, and treat it as a “vertex” @. Then consider these
paths as tracing out realizations of the wakl C and apply the above results. We see that these
paths must all be parallel. Hence the required annulus exists.

Note that this yields an essential annufJsn the underlying handlebodyt, since there exists
a vertexXV of D, distinct fromX andY, such tha¥ does not lie irC. ThusAis not parallel into the
boundary oH, andA is, of course, incompressible .
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